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1 Introduction

In the world of recreational mathematics, an area that was near and dear to
Richard Guy’s heart, many problems involve properties of integers and their
multiples, squares, or powers, respectively. These types of puzzles or problems
have natural appeal because they are easy to state, easy to understand, and
for the most part, rarely require more than the four basic arithmetic operations
and basic properties of numbers to understand. Some of these puzzles can be
solved by reasoning alone, others require some programming to find answers or
conjectures that then need to be proved properly. Often, it is not immediately
obvious from the statement of the problems whether there is an easy solution
or whether it is a hard problem to solve. Here is an example, which is listed as
Problem F24 in a compilation of unsolved problems edited by Richard Guy [1]:
“Which integers have squares that contain at most two different digits?” An
easy answer is that there are infinitely many such integers, namely 10k, 2×10k,
and 3 × 10k for any k > 0. The more interesting question is whether there
exist any other squares with at most two different digits that do not end in a
zero. The first few examples of such integers are easy to find – the integers
from one to nine that result in two-digit squares. A computer search turns up
a total of 24 such squares, with the two largest being 31142 = 9696996 and
816192 = 6661661161 (see https://oeis.org/A018884). A very convincing
probabilistic argument (which is not a proof) seems to indicate that there are
no others. The enterprising reader can investigate similar questions regarding
squares that have exactly three different digits, and so on. Many more squares
problems can be found at [2].

1

https://oeis.org/A018884


2 Squares With Large Digit Average

The question we will investigate is a somewhat related property of squares,
namely the average of their digits, which we will refer to as the digit average
and denote by DA(n). As we have seen from the introductory problem, some
squares have very low digit average, for example the sequence of infinitely many
squares that have only two digits, many of them zeros. In fact, the digit average
of (10`)2 equals 1

2`+1 . Thus, we can make the digit average arbitrarily low.
What about the other extreme? Can we find arbitrarily large integers whose

squares have high digit averages? The maximal digit average of any integer
can be at most nine, namely for an integer that consists of all nines, such as
999. The only such square is 9, because the k-digit number 99.....99 for k ≥ 2
is congruent to 3 mod 4 (since it is one less than a multiple of 100), and this
remainder cannot occur for a square. So, how close to the ideal can we get as
the number of digits in the integer we square gets larger and larger? And which
integers would produce the squares with large digit average?

Claim. For k ≥ 1, we have that

(2 9 . . . 9︸ ︷︷ ︸
k

8 3 . . . 3︸ ︷︷ ︸
k

)2 = 8 9 . . . 9︸ ︷︷ ︸
k−1

8 9 . . . 9︸ ︷︷ ︸
k

82 7 . . . 7︸ ︷︷ ︸
k−1

8 . . . 8︸ ︷︷ ︸
k

9 (1)

(2 9 . . . 9︸ ︷︷ ︸
k

8 3 . . . 3︸ ︷︷ ︸
k

27)2 = 8 9 . . . 9︸ ︷︷ ︸
k−1

8 9 . . . 9︸ ︷︷ ︸
k+1

89 7 . . . 7︸ ︷︷ ︸
k−1

9 8 . . . 8︸ ︷︷ ︸
k

929 (2)

with digit averages of 8.25− 5.75
4k+3 and 8.25− 3.5

4k+6 , respectively.

While it would be sufficient to list only one of these two sequences to answer
our question, we present both of these sequences here. The first one has a simpler
structure (and usually, simpler answers are preferred), while the second one has
a slightly faster convergence to 8.25. For a given ε > 0, we need k > 23

16ε −
3
4

for the first sequence to have a digit average of 8.25 − ε, while we only need
k > 14

16ε −
3
2 for the second sequence. We now prove our claim for the first

sequence.

Proof. The first task is to write the integer in a way that is friendly for squaring,
so we define the notion of the position of a digit, which is the power of ten
it corresponds to. Thus, the rightmost digit has position zero, and then the
positions increase from right to left. An integer consisting of k repetitions of
the digit d that end at position a and are followed by zeros has the value

d . . . d︸ ︷︷ ︸
k

0 . . . 0︸ ︷︷ ︸
a

= d · 10a(1 . . . 1︸ ︷︷ ︸
k

) = d · 10a(10k − 1)/9. (3)

For example, the sequence of four 5s in 34555589 has value 5
9 · 102(104− 1). We

will also use that

(90x2 − 5x− 1)2 = 8100x4 − 900x3 − 155x2 + 10x + 1. (4)
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Now we are ready to prove the expression for the square in equation (1). We
show the identities that were used in the derivation underneath the equal signs.
Any other identities result from rearrangements and basic algebra.

(2 9 . . . 9︸ ︷︷ ︸
k

8 3 . . . 3︸ ︷︷ ︸
k

)2

=
(3)

(
2 · 102k+1 + 10k+1(10k − 1) + 8 · 10k + 1

3 (10k − 1)
)2

=
(
30 · 102k − 5

3 · 10k − 1
3

)2
=

(
1

3

[
90 · (10k)2 − 5 · 10k − 1

])2

=
(4)

1

9

[
8100 · 104k − 900 · 103k − 155 · 102k + 10k+1 + 1

]
= 900 · 104k − 100 · 103k − 155

9 · 102k + 10
9 · 10k + 1

9

= (800 + 100)︸ ︷︷ ︸
900

·104k + (800 + 100− 1000)︸ ︷︷ ︸
−100

·103k +
(
7
9 + 82− 100

)︸ ︷︷ ︸
−155/9

·102k

+
(
− 70

9 + 80
9

)︸ ︷︷ ︸
10/9

·10k +
(
9− 80

9

)︸ ︷︷ ︸
1/9

= 8 · 104k+2 + 103k+3(10k−1 − 1) + 8 · 103k+2 + 102k+2(10k − 1)

+ 82 · 102k + 7 · 10k+1(10k−1 − 1)/9 + 8 · 10(10k − 1)/9 + 9

=
(3)

8 9 . . . 9︸ ︷︷ ︸
k−1

8 9 . . . 9︸ ︷︷ ︸
k

82 7 . . . 7︸ ︷︷ ︸
k−1

8 . . . 8︸ ︷︷ ︸
k

9.

To compute the digit average, we simply multiply each digit that occurs by its
frequency and divide by the total number of digits to obtain

DA(2 9 . . . 9︸ ︷︷ ︸
k

83 . . . 3︸ ︷︷ ︸
k

2) =
2 · 1 + 7(k − 1) + 8(k + 3) + 18k

4k + 3
=

33k + 19

4k + 3

=
8.25(4k + 3)− 5.75

4k + 3
= 8.25− 5.75

4k + 3
.

The proof for the second sequence follows using the same steps.1

This result tells us that we can achieve a digit average as close as we want
to 8.25 (from below), so the question now becomes whether we can do better
than this value. We will answer this question in the next section.

1Use (4’): (9000x2 − 500x− 19)2 = 81 · 106x4 − 9 · 106x3 − 92000x2 +19000x+361 instead
of (4) and work from both sides of the equation.
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3 Can we do better?

Having looked at countless squares with reasonably high digit average, we are
convinced that there is no other sequence that generates infinitely many squares
with digit average above 8.25. Empirical evidence (which is not a proof) from
computer programming output strongly suggests that any squares with digit
average above 8.25 are bound to be “sporadic”, that is, they are not numerous
and do not have a particular structure. Below we present an argument why we
are strongly convinced there are nevertheless infinitely many of them with digit
average above 8.25 and below a threshold value t0 that is around 8.3.

First, let’s assume that M is a very large finite set and A and B are subsets
of M , with magnitudes |M | = m, |A| = a, and |B| = b. Now suppose that the
values of a and b can be determined exactly using a counting argument, while
the value of c = |A ∩ B| cannot be determined expliclity, and that the size of
M makes a brute force enumeration using a computer program infeasible. We
know that max{a + b −m, 0} ≤ c ≤ min{a, b}. If this range of possible values
for c is large, then knowing this interval does not provide much information at
all. However, if properties A and B are “independent” in a probabilistic sense,
that is, knowing that an integer n belongs to A provides no (or very little)
information about whether n belongs to B, and vice-versa, then probability
pAB for an element to be in A∩B is simply the product of the two probabilities
pA and pB . Assuming strong independence between A and B gives that the
expected number of elements in A ∩B is given by

c ≈ m · pAB = m · pA · pB = m · a
m
· b
m

=
ab

m
.

Now, given an integer n, let M be the set of integers with n digits (so
m = 9 · 10n−1), B be set of perfect squares in M , and At be the set of integers
in M for which DA(n) ≥ t. The number of elements in B is easily calculated as

b = b10n/2c − b10(n−1)/2c ≈ (
√

10− 1)10(n−1)/2.

Note that the difference between the actual value and the approximation quickly
tends to zero as n increases, so we will use equality instead of ≈ in any equations
relating to the value of c. Substituting the values of b and m into the equation
for c and simplifying leads to

c = c(n, t) =
(
√

10− 1)

9
10−(n−1)/2 · a(t, n),

where a(t, n) = |At|. While there is no explicit formula for a(t, n), it can be
determined recursively using the following algorithm.

Let g(s, n) count the integers with n or fewer digits whose digit sum is s,
where we write every such integer with exactly n digits by adding extra zeros if
needed. For example, if n = 6, 13 is written as 000013. To evaluate g(s, n), we
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use the following recursion that is obtained from conditioning on the last digit:

g(s, 1) = 1 for s = 0, 1, . . . , 9, and g(s, 1) = 0 otherwise;

g(s, k) =

9∑
r=0

g(s− r, k − 1) for 2 ≤ k ≤ n.

Once g(s, n) is calculated, the number h(s, n) of integers with n digits or fewer
whose digit sum is at least s is simply given by

h(s, n) =

9n∑
r=s

g(r, n)

because the largest such number consists of n nines, making the digit sum 9n.
The number of integers e(s, n) that have exactly n digits and whose digit sum
is at least s is then computed as

e(s, n) = h(s, n)− h(s, n− 1).

Because our goal is to have the digit average to be larger than t, we need s/n ≥ t
or equivalently, s ≥ nt. Thus,

a(t, n) = e(dnte, n).

These functions can now be programmed, for example in Python, to inves-
tigate the behavior of c(t, n) for different values of t and n. One notices quickly
that for fixed n, the values of c(t, n) exhibit a behavior typical of percolation.
Specifically, there exists a threshold value t0(n) at which the behavior of c(t, n)
changes. For values of t slightly smaller than t0(n), the values of c(t, n) are
quite large, and if t exceeds t0(n), then c(t, n) becomes very small. Remarkably,
this threshold t0(n) is very stable when increasing the value of n (= number of
digits), showing that there is a threshold t0 that is independent of n for large
enough values of n.

So how can we pin down the value of t0? Recall that c(n, t) gives the expected
number of squares that have a digit average that exceeds t when the square has
n digits. For the threshold t0(n) to exist, we need to have at least one such
square, and the threshold would occur exactly when we go from having many
squares to not having any such square. That is, at the threshold, we would
have c(n, t0) = 1, or, equivalently, log(c(n, t0)) = 0. Table 1 shows the values
of log(c(n, t0)) for t-values near the observed threshold for n = 500, n = 5000,
and n = 10000. The values of t in the table are incremented in steps of either
1/500, 1/5000, or 1/10000, respectively, because these are the increments for
the corresponding digit averages. By linear interpolation of the two logarithm
values closest to zero we obtain observed thresholds of 8.2981, 8.29986, and
8.30006, which shows that the threshold does not depend on n very much. This
computational evidence leads to the question of the limit of the threshold values
as n grows without bound. How close is it to 8.3? This is a rather hard question
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t log(c(500, t)) t log(c(5000, t)) t log(c(10000, t))
8.292 2.681 8.2992 2.9263 8.2997 3.2297
8.294 1.801 8.2994 2.04085 8.2998 2.3438
8.296 0.920 8.2996 1.15524 8.2999 1.4579
8.298 0.037 8.2998 0.26946 8.3000 0.57186
8.300 -0.847 8.3000 -0.61649 8.3001 -0.3143
8.302 -1.733 8.3002 -1.50261 8.3002 -1.2005
8.304 -2.621 8.3004 -2.38890 8.3003 -2.0867

Table 1: Table of values of log(c(500, t)), log(c(5000, t)) and log(c(10000, t)) for
t-values near observed thresholds.

to answer since we only can compute the values of c(n, t) for finite values of n
and the formulas used to compute a(n, t) are recursive.

An easier question is to find squares whose digit average is 8.25 or above,
because we already know that we can get as close to 8.25 from below as we want
with our two specialized sequences. To find such integers, our program selected
promising integers and computed the digit average of their squares for integers
with up to 20 digits, an otherwise prohibitively time consuming task. We found

7071060740792635832 = 499998999999788997978888999589997889

and

941800402941090273132 = 8869879989799999999898984986998979999969,

with digit averages of 8.25 and 8.275, respectively. We challenge the readers to
find additional squares with digit average of 8.25 and above, and maybe even
break the current record. If you find such an integer, send it together with your
name and location or affiliation to sheubac@calstatela.edu for posting on Sil-
via’s website http://www.calstatela.edu/faculty/silvia-heubach. Happy
hunting!

Both authors last saw Richard Guy at an MSRI workshop on Combinatorial
Games in honor of Elwyn Berlekamp’s 75th birthday. Richard, then 98, was
still actively engaged in doing mathematics. We believe that if we had posed
this problem to him, he would have started to think about how to tackle it.
What an inspiration!
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