
Topology Comprehensive Examination, Fall 2021. 
 

Akis*, Hajaiej, Mijarespalacios 
 
Do five out of seven problems.  If you attempt more than five, the best five will be considered.  
The symbol ℝ! denotes the plane with the standard (Euclidian) topology. 
 
 
1.  Let 𝑋 be a set, and let 𝒯 = {𝑈 ⊆ 𝑋:	the	complement	𝑋\𝑈	is	finite	or	𝑈 = ∅}. 
 
a.  Show 𝒯 is a topology for 𝑋.  We call it the co-finite topology. 
 
b.  Let 𝑋 be equipped with the co-finite topology, and let 𝐴 ⊆ 𝑋.  Describe the boundary 𝜕𝐴 of 𝐴. 
 
Hint:  Consider all cases where 𝐴 or 𝑋\𝐴	is finite or infinite.  
 
 
2.  Suppose 𝑋 is a compact Hausdorff space.  Prove a subset 𝐴	of	𝑋 is compact, if and only if, 𝐴 is 
a closed subset of 𝑋. 
 
 
3.  Let 𝐷 = {(𝑥, 𝑦): 𝑥! + 𝑦! ≤ 1}, be the closed unit disk in the plane ℝ!.  Prove or disprove that 
the open punctured disk {(𝑥, 𝑦): 0 < 𝑥! + 𝑦! < 1} is homeomorphic to ℝ!\𝐷. 
 
 
4.  Let 𝑋 be a topological space.  A component of 𝐴 ⊆ 𝑋 is a connected subset of 𝐴 that is not a 
proper subset of a connected subset of 𝐴.   
 
a.  Show that each point of 𝑋 belongs to one and only one component of 𝑋. 
 
b.  Prove or disprove that each component of an open set 𝐺 ⊆ 𝑋 is open. 
 
c.  Prove or disprove that each component of a closed set 𝐹 ⊆ 𝑋 is closed. 
 
 
5.  A topological space 𝑋 is Lindelof if every open cover of 𝑋 has a countable subcover.  Prove that 
the plane ℝ! is Lindelof. 
 
 
6.  Let 𝑋 be a set, and let 𝒯", 𝒯# be topologies on 𝑋.  If 𝒯" ⊆ 𝒯#, we say that  𝒯# is finer than 𝒯" (or 
equivalently 𝒯" is coarser than 𝒯#).   
 



a.  Suppose 𝑌 is a set with topologies 𝒯", 𝒯# such that the identity map 𝑖𝑑$: (𝑌, 𝒯") → (𝑌, 𝒯#) is 
continuous.  What is the relationship between 𝒯"	and	𝒯# (is one finer than the other?). Justify 
your claim.  Note: 𝑖𝑑$(𝑎) = 𝑎, for all 𝑎 ∈ 𝑌. 
 
b.  Suppose 𝑌 is a set with topologies 𝒯", 𝒯#	where 𝒯#	is	finer	than	𝒯".  What does connectedness 
in one topology imply about connectedness in the other? 
 
c.  Under the same assumptions as in b, what does convergence in one topology imply about 
convergence in the other. 
 
 
7.  Let (𝑋,𝒯"), (𝑌, 𝒯#)	denote	topological	spaces.			Recall that a function 𝑓:𝑋 → 𝑌 is continuous, if 
𝑓%#(𝑈) ∈ 𝒯", whenever 𝑈 ∈ 𝒯#.  Show 𝑓: 𝑋 → 𝑌 is continuous, if and only if, for every 𝐴 ⊆ 𝑋, 
𝑓(𝑝) ∈ 𝑓(𝐴)UUUUUU whenever 𝑝 ∈ 𝐴̅.   
 
Note:	𝐴̅ denotes the closure of 𝐴 in 𝑋, and 𝑓(𝐴)UUUUUU denotes the closure of 𝑓(𝐴) in 𝑌. 


