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Defy A sequence ( Zn )n?,
of complex ②

numbers

congee
to LEE if

for every E > o there exists

an
integer N 70 such that if

n > N then I Zn - LICE .

If this is the case
,

then we

write Iim Zn =L or Zn → L

n -7ns
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thmeo Let fznh?
,

be a sequence ③
of complex numbers

.

Let L E Cl
.

Suppose Zn = Xntiyn forn 71 .

Suppose L= X ti Y
.

We have that Iim Zn =L

nsx

iff Inigo Xn = X and Liz
,

Yn=Y
.

taints
proof's (G) Suppose him

,

Xn=X and

Liz
,

Yn=Y .

Let 's show Life Zn
=L

.

Let E 70 .

Since Xn → X
,

there exists N ,
> O where if
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Let N=maxENyNz } . ④
Ifn > N then

I Zn - LI

'

= llxntiyn ) - ( Xtiy ) )

=/ ( xn - Xlticyn - Y ) I

⇐ lxn - Xltlicyn - Y ) I

=lXn - Xlt Lillyn - YI
I

=lXn - Xlt Hn - YI

< Ez t Ez -
- E

.

Thus
,
if n > N ,

then I Zn
- LICE .

So
, Inigo

Zn =L
.



⇐ ) Suppose tinyZn=L=XtiY ⑤

Let 's show lim xn=X and limy
.
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Let E > O .

Since Iim Zn =L we have that

ntx

there exists N > 0 where if n > N

then I Zn - LICE .

So if n > N ,
then

lxn - X 1=1 Refn
- LYE lzn -

LICE
.

P

So Inigo xn =X .

Hewlett

Also if n > N ,
then
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Ext Zn=Lnti(sinn +5 ) ⑥
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Defy A sequence
of complex ⑦

numbers ( Zn ) is Cauchy

if for every E > o there

exists an integer N > O

such that if n
,

m N

then I Zn - Zm/s
E

-

Theorems A sequence
fZn )

of complex numbers is Cauchy

iff there exists w E Cl

with lin Zn = W .

n→x

proofs (a) Suppose II,zZn=w
where w E Cl .



Let E 7 o
.

⑧

Since him Z =w
,

there exists N > O

where
ifn

"

> N ,
then Izn - w/ s I .

Then if n
,

m > N we have

I Zn - Zml =/ Zn - wt w
- Zml

⇐ lzn - wltlw - Zml

=/ Zn - w It /
- C Zm - w ) )

tZ=/zn - wltlzm - w/

< It E

= E
,

So
,
( Zn ) is Cauchy .



¥D) Suppose that #n ) is Cauchy . ⑨

Let Zn = Xntiyn for all n .

By HW 8 # 3
,

since ( Zn ) is Cauchy
,

both ( xn ) and ( yn ) are

Cauchy sequences
in IR

.

From 4650,
since ( xn ) and

( yn ) are
Cauchy and IR is

complete ,
there exists X and

y in IR with lim xn=x
intro

and Liff yn =y .

Let w=
xtiy .

So
,

WEE .

And ,
lim Zn = him

,

xnti his Yn

mm

= ×+iy= w . ④


