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Finding primitive roots [edit]

No simple general formula to compute primitive roots modulo 7 is known.[@®] There are however methods to locate a primitive root
that are faster than simply trying out all candidates. If the multiplicative order of a number m modulo 7 is equal to <p(n) (the order of Z

,’:), then it is a primitive root. In fact the converse is true: If m is a primitive root modulo 7, then the multiplicative order of m is <p(n).
We can use this to test a candidate m to see if it is primitive.

First, compute <p(n) Then determine the different prime factors of Lp(n) say py, ..., p- Finally, compute
m?™/Pi mod n fori=1,...,k

using a fast algorithm for modular exponentiation such as exponentiation by squaring. A number m for which these & results are all
different from 1 is a primitive root.

The number of primitive roots modulo #, if there are any, is equal tol®l
@ (¢(n))

since, in general, a cyclic group with 7 elements has <p(7') generators. For prime n, this equals <p(n - 1), and since

n/p(n — 1) € O(loglogn) the generators are very common among {2, ..., n-1} and thus it is relatively easy to find one.[!

If g is a primitive root modulo p, then g is also a primitive root modulo all powersp"' unless gf"‘1 =1 (mod pz); in that case, g + p is.[10]
If g is a primitive root modulo p", then either gor g +p"' (whichever one is odd) is a primitive root modulo 2p".[1°]

Finding primitive roots modulo p is also equivalent to finding the roots of the (p — 1) st cyclotomic polynomial modulo p.

Order of magnitude of primitive roots [edit]

The least primitive root &p modulo p (inthe range 1, 2, ..., p — 1) is generally small.

Upper bounds | edit]

1
Burgess (1962) proved!'!] that for every &> 0 there is a C such that g, < C';ﬁ+E .
24
Grosswald (1981) proved!!l thatif p > €, then g, < p*49 .

Carella (2015) proved!'?! that there is a C' > 0 such that g, < C'p” '*¢1°8? for all sufficiently large primes p > 2 .

Shoup (1990, 1992) proved,!'®l assuming the generalized Riemann hypothesis, that g, =0(log® p).

Lower bounds [edit]
Fridlander (1949) and Salié (1950) proved[”] that there is a positive constant C such that for infinitely many primes &> Clogp .

It can be proved[”] in an elementary manner that for any positive integer M there are infinitely many primes such that M <gp<
p-M.
Applications |[edit]

A primitive root modulo n is often used in cryptography, including the Diffie-Hellman key exchange scheme. Sound diffusers have
been based on number-theoretic concepts such as primitive roots and quadratic residues.['4l[5]
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From Wikipedia, the free encyclopedia

This page discusses a conjecture of Emil Artin on primitive roots. For the conjecture of Artin on L-functions, see Artin L-function.

In number theory, Artin's conjecture on primitive roots states that a given integer a that is neither a perfect square nor -1 is a
primitive root modulo infinitely many primes p. The conjecture also ascribes an asymptotic density to these primes. This conjectural
density equals Artin's constant or a rational multiple thereof.

The conjecture was made by Emil Artin to Helmut Hasse on September 27, 1927, according to the latter's diary. The conjecture is still
unresolved as of 2020. In fact, there is no single value of a for which Artin's conjecture is proved.
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Formulation [edit]

Let a be an integer that is not a perfect square and not -1. Write a = a0b2 with &, square-free. Denote by S(a) the set of prime
numbers p such that ais a primitive root modulo p. Then the conjecture states

1. S(a) has a positive asymptotic density inside the set of primes. In particular, S(a) is infinite.

2. Under the conditions that a is not a perfect power and that a, is not congruent to 1 modulo 4 (sequence A085397 & in the
OEIS), this density is independent of a and equals Artin's constant, which can be expressed as an infinite product

1
Chrtin = H (1 - —) = 0.3739558136 . .. (sequence A005596# in the OEIS).
plp—1)

p prime

Similar conjectural product formulas [l exist for the density when a does not satisfy the above conditions. In these cases, the
conjectural density is always a rational multiple of Ca;p.

Example [edit]
For example, take a = 2. The conjecture claims that the set of primes p for which 2 is a primitive root has the above density Cp;p,.
The set of such primes is (sequence A001122# in the OEIS)
S(2) =48, 5, 11, 13, 19, 29, 37, 53, 59, 61, 67, 83, 101, 107, 131, 139, 149, 163, 173, 179, 181, 197, 211, 227, 269, 293, 317, 347,
349, 373, 379, 389, 419, 421, 443, 461, 467, 491, ...}.

It has 38 elements smaller than 500 and there are 95 primes smaller than 500. The ratio (which conjecturally tends to Cay;p) is
38/95 = 2/5 =0.4.

Partial results [edit)
In 1967, Christopher Hooley published a conditional proof for the conjecture, assuming certain cases of the generalized Riemann
hypothesis.?!

Without the generalized Riemann hypothesis, there is no single value of a for which Artin's conjecture is proved. D. R. Heath-Brown
proved (Corollary 1) that at least one of 2, 3, or 5 is a primitive root modulo infinitely many primes pA[3] He also proved (Corollary 2)
that there are at most two primes for which Artin's conjecture fails.



