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givetheproofof this thereatthe
Theorem:

atZo.
Suppose I

has a zero
of order

m>, 0
atzo

and h has a zero
of order

178 at20. [If
m
=0, this

means g(z0) +0].

(i) If
mask, then

f(z) =
has

a
removable singularity

atZ0.

mak,then-are

roof:We
know g(z) = (z-zu,(z)

and h(z)
=(z-z0lgn(z) where

4. (Zo170
and 9.(zr) FO

and

-, and 4are
analytic atZo.

Since 4,192 me analytic
atZo

there exists - 30 where



4, and 42 one analytic or ⑮

D(Zo;F).

By Math 4680 since in is continuous

atz. and 42(Zr)F0
there exists

E30 where 4u(z) F0 for
all

z =D(Zri).

Letr =minEr,3.

So, 9,9 me analytic an Dlzojr)

and 92(z)F0 un D(Zor).

,
· ZoI!/Ener



⑳

Thus, if zt D*(z.ji) then

EY,/

f(z)==e·I :z-
case (i)m,

R.

-

Then if zED*(Zojr)
then

f(z) =(z - zm
-r/)

Butalso since m-R>, 0 We know

(z-z.(m-(!) is analytic
in all of D(z0ir),

So,(z- zom-(!] =an(z-z."
n =0

for zeD (zoir)



Butthatmeans ⑰

f(z) =an(z - zo"
n
=

0

for all zeD*(Zojr).

So, this is f's Laurentseries

atZo.

So, we have
a
removable

singularity at Zo.

cuse (i) - Suppose R>M
-

Then if ze D* (zoir) we have

(z -z014,(z)
f(z)=
EE*4(E)

/9.121 mo- so

-

(z - z0)
k-m



⑰

Since 4,92 one analytic
in D(zrir)

and 4r(z) FO when zeD(zojr)

we know itis analytic

in D(zor).

so,

=anlt-zo
n
=0

for all zeD(zujr).

Also, ar=S? FO because 9, (zo) 0.

Thus, if
ztD*(zoi) then

f(z) =xe(z)
(z - zoR

-M



-zo),k-m an(z-zo
- Eznm[a+a.(z-zo)+.]

Ap-m-1
+ -- 1

↓eot
(z - z0)

- Ek-

m(z - 70)

->

-Ap-mt Ap-mti(z-Zolte

Since do to we see we

have a pole of
order k-M.

#
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proof?
-

()) Suppose there exists r, 4
where

f(z) = Em for all zeD*(z0jr)

and 4 is
analytic in D(zojr)

and 4(zo) =0.

From the above we can write

y(z) =2)(z
- z0)

N

n!
n
=

0

for all zeD(Zoj5)

So if z D*(zojr) then

f(z) =azmq(z)

e



-zim)it-to

-m(9(z) +( - zo)+o)

-(t+3 +12!
z - zom-2

S -! totoo

/ (z - z0)

No

t -z (z - z0) + ...

Sere (m+ 1)!

So, o has a pole
oforder m

(m-1)

atzu and Res(fiz) =3r)
(m -1)!

j



15) Suppose of has a pole

oforder m atZo.

Thus, there exists
an iso

where

f(z) = [Em+...)
+Ean(z-zo

n
=0

for all zeD*(z0j)i
and where byFO.
[

Then ifZED* (zoji) then

(z - zof(z)
=bu+bm-(z - zolt

+... +bi(z- zr/m-+an(z-zo

e



Fur ze D (zoir) set

G(z) =bm +bm -(t - zot ...
+b,(z - z.(m+
-

+[an(z-zo)ntm
n
=0

So y is analytic in D(zoir)

and y(z0) =bm FO.

And,
f(z) =in

=

(z0jr.

]
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