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① Class recordings will
P⑤

be put on canvas .

② Class lecture notes will be

on the course website .

③ I'm using your
calstatela

email to send

announcements
to the class .

If you want

me to use a different

email then let me know .

You can just email me

with 4570 and the

email you
want me to use ,



Defoe A field F is a set with pg②
two binary operations denoted by t

and •

,
such that the following are true .

⑤ For all a
,

BEF there exist

unique elements at b and a. b in F
.

For all a
CEF we

haveli:÷÷÷÷i÷÷÷÷¥÷÷s÷÷:÷÷::
(

distributive

There exist elements

oandr.FI?e#
F where at 0=0 't a = a and

a . I = 1. a = a for all a E F

For each a E F
,

there exists

DEF with a td = dta = O
.

For each a E F
,

where a # O
,

then there exists f EF with

a. f  = f. a
= I

.



HI 0,1 ,
d

,
f from Pgl

are unique .

We call 0 the

additiveidentityof F .

the multiplicative identity

We call 1 -

of F .

We denote d in as
- a

and call it the add the inverse
-

ota
.

We denote
f in as

at

and call it the multiplicative

fa.
-



E.
.

He
The set of real numbers IR

is a
field .

#t
IR

a = 5
,

- a =
- S ( additive inverse )

a=
2

,
a-

' =L ( multiplicative inverse )

-
E The set of rational

numbers Q={ F/a ,
BEZ ,

b to }

={ 1,0 ,
s

,
I , 'S 5¥ . . .}

is a
field .

=3
a = if,

- a= ,
a-

I

no

-

~ multiplicative
additive inverse

inverse



Ft The complex numbers P③
E- { xtiy I x. YER }

(where i 2=-1 ) is a field
.

-

E Zp={ IT ,
I

,
. . ,

PT }

where p is prime
is a field

Zp is set of integers
modulo p ,

-



Deft Let F be a field
.

A vcaE over F is a set V ④
with two operations .

The first operation

is

addition
which takes two elements

V
, ,Vz E V and produces a unique

ingen:' IIe:EnvoisIii'sscalar multiplication ,
which

set of

takes one element a E F uvect
and one element v EV

and produces a unique
element AV EV

.

-

The following properties
must hold .

can also

④ For all vi. vz
EV we wari⑦

have ytvz
= Vztv ,

.

④ For all V , Nc , vs E V we have

V
,

t ( Vzt Vz ) = ( v
,

t Vz ) t Vz .

④ There exists an element 8
'

in

VBwhere Ot v = v t 8 = ✓ for

all v EV .



④ For each v EV there

exists WEV with
vtw-wtv-O.PL

④ For each v EV
,

we
have

Iv = V
.

[ Here 1 is from F)

⑧ For a ,
BEF and VE V we

have ( ab ) v = a ( b v )
.

For all AEF and risk E V

we have a ( Vit Vz ) = av
,

talk .

⑧ For all a ,
BEF and REV

we have ( at b) V = avtbv

#Later we
will show that O

' from

④ and w
from ④ are unique .

I
'

is called the terrorof V
.

w is called theadditives
of

v and is denoted by -
V

.
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Exe F = IR
,

V= IR
'

p④
then V= IRZ is a vector space

over F  = IR using the operations
vector

( x
, y ) t ( a

, b) = ( Xta , Ytb ) addition

scalar

a ( x , y ) = ( 2x , dy ) mutt
.

-

field
Vectors

µ#IRa¥¥
-

( I
, 2) t ( - I

, 5) = ( 0,7 )

- 10 ( I
,

3) = ( - lo
,

-30 )



EXT Let F be a field . P④
Let V= F

"

where n is an

integer n 71 .

Then V = Fn is a vector space

over F using the following operations .

Let X = ( ai , az ,
. .  .

,
An )

and y = ( bi ,
bae ,

. . . ,
bn ) be in KF ?

and L E F
.

Vector
addition will be defined as

X t y
= ( a

,
t bi

,
aztbz ,

. . . ,
ant bn )

and scalar multi will be defined as

L X = ( La , ,
Laz ,

ooo ,
Lan )



proofs ⑤
Let x , y ,

ZEV = Fn where

X = ( ai
,

Az ,
.

. .

,
an )

, Y= ( bi ,
bz

,
ooo ,

bn )

and Z  = ( Ci ,
Cz ,

ooo , Cn ) .

Let a ,
b EF

.

④ We have

Xty = ( a , ,
az , . . . ,

an ) t ( bi
, by .  

bn )

ME( ai tb , ,
aztbz ,

. . . . ,
Ant bn )

d⑧ = ( b
,

ta
, , bztaz ,

in ,
but an )

A

¥¥÷¥ II' I' x' ' i'h " " "
"

"  " " "



④ We have pg@

( Xt y ) t Z

d÷4h21 " Yan ) t (bybz , . . ,
bn ) t ( a ,

ca
, icy Cn)

to ( a
,

t bi
,

aztbz , •..g- ant bn ) t ( 9 ,
Cz

,
Cn)

to( Ca ,

tb.7tcigCaztbdtc4qanfbnytcyEsIEI@a.us

, taiga at ( batch
sa: bn ten , )

u①

¥( a. ,
az , , . . , an ) t ( bite , ,

bath ,
. . .

,
bn ten )

HEf away . . . ,
an ) tfb.bz ,

bn ) tfa , cu . . .

,
end

= X t ( y t Z )



④ Let 8=10,0 ,
. . .

,
o ) p④

Where O is the zero element of F
.

Then

⑤ t X = ( 0,0 ,
. . .

,
O ) t ( ayaz , nyan )

= ( Ota , ,
Otaz ,

. . . ,
Ot an )

= ( at ,
Az , i . .

,
An )

= X

and

x to = ( a , saz ,
. . . ,

an )t( 0,9 . . . ,
O )

= ( a
,

to ,
azto ,

. . . ,
Anto )

= ( ai ,
Az ,

in ,
An )

= X

Thus , ×t8=8tX=x .



④ Given x=( a. , as , . . ,an )
PSC

define w to be w = fai
,

- Az ,
" ,

- an)
Note that w exists because given[ AEF there exists - a EF

.

]
Then ,

Xtw = ( ayaz ,
. .

,
an ) t fai ,

- ay . . .

,
- an)

= ( a
,

- a
, , Az - az ,

i.  y an - an /

= ( O
,

O
,

. . . ,
O ) =

8

Similarly ,

W t X = ( - ai ,
- Az ,

.
. . ,

- an ) t ( Ayaz ,
in ,

an )

= ( - ai tai ,
- aztaz ,

. . . ,

- ant an )

= ( O
,

O , . . . ,
01=8 ,

So given x EV
,

there exists w EV

where x t w = w tX=→O
.



④ We have p⑦
1 X = 1 ( a.

,
a

a ,
. .  . ,

An )

( 1a . ,
Laz

,
. . .

,
1 an )

§¥④
= Cai , ay . . .

,
an ) = x

CYsoft¥
④ we have

( ab ) X = ( ab ) ( ai
, as

,
.

.
.

,
an )

ME( (ab ) ai , ( ab ) az ,
. . . ,

( a b) an )

m&Ff
= ( alba ,

)
,

a C bad ,
. .  . ,

alban ) )

I
= a

bail ,
C bad, . .  .

,

CbanlBdm.a@EEoaE.a.  . and



① We have ④
acxty ) = a ( (amazon.hn/tCbyby..ybnD

= a ( a ,
tbi

,
aztbz , ooo

, Anthon )

(
aCaitbibaCaztbzb.ogaCantbnDdtmkIF@Ifaa.tab

, ,

aaztabzg.ogaantabnJFhastdhpetnhmyt@Fzfaayaayo.o
,

aan ) tfabyabz,
ooo

,
abn )

=
a ( ayaz ,

. . . ,
an ) ta ( bybz ,

in ,
bn )

d¥F-axtay



⑧ We have p④
( at b) X = ( at b) ( ai

,
az ,

ooo

, an )

= ( ( at b) ai
,

( at b) as ,
ooo

,
( at b) an )

sdmtIE@Ifaa.tbayaaztbay.o ,
aan than

:÷÷m

qs( Aai ,
aaa ,

.
. .

,
Aan ) t (baybay .

.

,
ban)

¥a ( a. ,
as ,

. . .

,
an ) t b ( away .  "

,
an )

¥k"a×
t b x

since ④ - ⑧ are true

✓ = Fh is a
vector space cover

F



E± IRS is a vector space over R
PIC

¢
"

is a vector space over ¢

-
-

-

E Let F be a field .

Let V= Mmm (F) be the set

of all mxn
matrices

With entries
from F .

Then V

is a
vector space over

F

where vector
addition is defined as

is:÷i÷÷÷÷÷H÷÷:÷÷÷ :
- faith::;:::c .::S:innit;

-

am bmi ,

amitbmz
, . . .

,
am

!tbmn)



and scalar multiplication is

defined as

i

:÷:÷÷÷÷
,

④

i÷÷÷÷÷÷÷:
Here at :&

.
:::&:o) .

-

Exec F= IR

V -

- Mz ,zHR)={ ( Ibd) ) as bride IR)
E- ( oooo )⇐kHtHIH'Ilol's's 1=6:Yo )
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EI : Let F= IR or F- a
. P①

Let n 30 be an integer .

Define the set Pn ( F ) to be

the set of all polynomials with

Coefficents from F of degree

less than or equal to n
.

So
,

Pnff )={ a. ta
,

xtazx 't . . . tan x
" /

Ao
, Ayaz ,

ooo ,
an E F }

Then V=Pn( F I is a vector space over

F where vector addition is given by

( aota ,
Xtoootanxn ) t ( both ,

Xt . . . tbnxn )

= ( a. t b.)tfaitb , ) xt.at/antbn/x
"

and scalar multiplication is defined as

tfaotaixtoootanx ] = ( La
.

)t( La
,
)X

to . . . thanx
"



Here the zero vector is pg

= Ot 0×+0×7  ooo t Ox
" €

We define equality as follows :

Let fcx ) = Aeta ,
Xt . . . t an X

"

and glxl = both ,
Xtoootbnxn

we define f -

- g
iff

Ao = bo
,

a ,
= b

, ,
.

.
. .

,
An = b

n

-

E
BURK { a. tax tax 't qx3/

Zecb-
9%9,92 ,

as ER }

= { O
,

I
,

ltx ,
It x ? It ex

10 XII
,

ooo }
-

( It X
' I t (10×71)=2+11×3

lo ( It x 7=10 t 10×3



theorem. Let V be a vector PGL
space over a field F

.

① The element 8 from v 3 is unique .

@here 8tx=xt8=x for ,,a¥v]

② Given XEV ,
theelementWEVfrom V4 where

Xtw=wtx=o

is unique . [ From now on
we

will

Write - x for w ] .

proof :

# p pose
OT,

OIEV where

8
,

tx=xt8,=x and →Oztx=xtJz=X

for all XEV .

Then
→

8
,

Otto .

= Oz

P
p a

f¥E
Eta .



② Let XEV . PL
Suppose W

, , Wz EV →

Where w
,

TX = Xtw ,
= O

and Wztx = Xtwz = 8
.

We have Xt w
,

=
.

Adding we to both sides gives

wz t ( Xt w
,
) = wet 8

.

r¥¥ I
associativity

So
,

( wat X ) t w
,

= Wz .

F

Thus ,
t w ,

= We .

It follows that w
,

= Wz .



pg

Def : Let V be a vector ↳
space over a field F

.

Let W be a subset of V
.

We say
that W is a

Suisse
of V if W is

a
vector space

over F using

the same
vector

addition

and scalar
multiplication

as in "

⑤



theory Let V be a vector PS

space over a field F
.

Let W 6L
be a

subset of V
.

IN is a subspace of V iff

the following conditions hold :

① JEW

②

Eaten"x7E¥w
.

] Yunis:'d:*:

③ If LEF and X E W
,

then xx Ew .

]In÷d
scalar

mutt
.

proof : HW .-



Ex : V= IR
'

over F- IR
. PIL

Let W={ ( a ,b ,
o ) I a ,bER}

Is W a subspace of V ?

w=4;%9;÷'g'↳g
① set a = O

,
b=o then we

get 8 = ( o
,

o
,

o ) EW .

② Let X= ( a , is , ,
O ) and f- ( ask ,o )

be in W .

Then Xty = ( ai taz
,

b. tba ,
O ) EW

③ Let LE IR and X
= ( a. ,

b
,
,0)EW.

Then ,
LX= ( Lai

,

Lb
, ,

O ) EW .

By ① 120/30
,

W is a subspace

of V
.



EI : Let p&
V -

- Ma
,

.GR/-- { ( Ibd ) I asked
ER }

and F  = IR
.

Let w -

- { ( 8b) I a. be R }

Is W a subspace of V ?

w-fldtbfodbltib.TL
-

① ( I: ) Et W
-

so n'otwaisubspace
.

② ( :: ) , ( It ) EW

but
C gilt Csiro : ) et w

So ,
W is net closed under t

.

③ W isn't closed under scalar
mutt ,

since

c :: ) Ew
but 98,4=18# w

.



So ,
W is not a subspace Pg

of V
.

You can use any
9L

of ① - ③ not holding to

show this
.

I
-

-

Note Let V be a rector

space
over a field F

.
V has

at least these subspaces :

w = EE 3 ←th%ta'
VV = V

-

Done with HW I stuff
.

Now starting Hw 2 stuff .



Basest 93L

Defee Let V be a vector space

over a field F
.

Let

Vi
,

Vz
,

. . .

,
Vn E V .

① The spay of the vectors

Vi
,

Va ,
. . . ,Vn is defined to be the set

Span ( { Vi ,Vz ,
. . . ,Vn } )

= { GV ,
tczvzt . . .

tcnvn / Ci ,G ,
. . . ,CnEF}

② If V= span ( { V
, ,

Vz
,

. . . ,Vn } )

we say
that v , Nz ,

. .  Vn span
V

,

or We say Vi ,
Vz ,

.  .g
Vn

form a

sparringfor V
.

③ The expression Gvitczvzt
.

. . tenth

is called a linear.com#aion
of

Vi
,

Vzga
. →j Vn .



Ex : KITE
,

F = IR PK
Let V

,

= ( 1,0 )
.

span ( Ev
,
} )={ Civ ,

/ GEIR }
={ c. ( 1,0 ) / a

,
EIR }

={ ( a
, go ) IGER }

Picture
V=lRZ

,µspanq#
✓

VtpaR
V

,
spans the x - axis .



Ex: V -

- IR
'

,
F- IR 73L

V
,

= ( 1,0 )
,

Vz=( 0,1 )

span ( { v
, Nz } )

={94,0 )tCz(0,11/9
,

GEIR }

= { ( 4,0 ) t ( o
,

a ) I Ci ,
GEIR }

= { Cci , call a ,
ca ER }

= R2

So
,

V. NzSpan
IR?
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Last time we showed that PS

V
,

= ( 1,0 ) and vz = ( o
,

I ) span IR? £
Let V= Caio) ,

" "

PEET.i¥a¥s
.

HeV = all ,
o )tb ( 0,1 )

= a v
,

t bvzI
⇐ Let V = IR

'

and F- IR
.

Let V=( 2,1 ) and w = f 1,1 ) .

Do V
,

w span IR
'

?
Cais )

7tetanus:"
is :

.
Can we always find

Ci , Cz E IR
' where

( a
,

H = c. Vt Czw §



That is we want to see if
p@

we can always solve

(E) = a (7) taft )
T =

We have

%)
-

- Ki it
-

it

Add a constant multiple of one row

to another row

Hilal
'

kill
Emery ;;I Eir .



→ coil:* , ⇐

atg.EE#=-zatEbJTc,=b-cz=b-ffatFb/=ztatstbcz=

- Iz at } b

So we can solve the system no

matter what Ca ,
b ) is .

We have

( a
,
b) = C

,

Vt Czw

= ( Eat 's b) v tf - stat 's b) w

Thus , span ( Ev ,
w } ) -

- IR
'



( Hw I # 4 a )

Lega : Let V be a vector PGL
space over a field F .

Let 8 be the zero
vector

of V and 0 be the zero

element of F
.

Then

Ow= 8 for all w EV
.

p : We have that

Ow = ( Ot o ) w
=

Owt Ow

Add - ( ow ) to both sides to get

- Ow t Ow =
- Ow t Ow t Ow

.

-

- .

→
O

O

So ,

8=8 tow .

Thus ,

O' = Ow
. ⑥



theorem Let V be a vector

PLS
space over a field F

.
Let

✓
i > Vz

,
. . .

,
Vn E V

.

Let W= span ( EV , ,
Va ,

. . .

,
Vn } )

= { C
,

V
,

tczvzt . . . tcnvn I Ci
, 9) ooo , Cn EF }

Then :

① W is a subspace of V
.

② If U is any
subspace

of V

that contains Visva,
. . .

,
Vn [ that is

,

if v. is ,
.  . ,

Vn E UJ ,
then WE U

.

-

proofed

① Let 's show W is a subspace of V .

→ f' + J
'

t . . . t I
'

Ii ) O =

-
n times

= Ov ,
t 0kt . . . torn C- W



Iii ) Let x. YEW . pgL
Then X = C

,
V

,
tczvztoootcnvn

and y= div
,

tdzvztoootdnvn

Where Ci ,
CL )

ooo , Cn ,
d

, gdz , ooo ,
In E F

Then ,

Xty = ( Gtd , )V ,
t ( cztdz ) Vat . . .

.
a. tfcntdn )VnEW

( iii ) Let LEF and ZEW .

Then
,

Z  = e
,

v
,

teak too . tenth

Where e , ,ez ,
o.o ,

en E F
.

So

£z=L[ e. Vitez Vat . . . tenth ]

= He ,v,ltL(ezkltoo.tt/enVn/--(Le,)VitCLez)Vzto.otC2en)VnEW



So
,

by lil
, Iii )

,
Ciii ) PIL

W is a subspace of V
.

② Suppose U is a subspace of V

and V
, ,Vz , . . .

,
Vn EU .

Let 's show W E U .

Let x EW .

Then X = C
,

V
,

t Cava to . .
t Cn Vn

where C
, , Cz , . . . , Cn E F

.

Since V , ,Vz ,
ooo ,

the U and U

si÷÷÷÷:÷¥u÷÷.

Mutt
.

I ,
Cz V2,

ooo ,
Cn Vn E U

and U is a subspace ,

c. v
,

t czvzt . . . tcnvn E U
]¥I÷&

Thus ,
X = c

, Vitez Vet . .  otcnvn E U
.

So
, WE U

.



Defoe Let V be a vector space PLL
over a

field F
.

Let Vi ,
Va , . . .

,
Vn EV .

We say
that Vi

,
Va ,

.  oo

,
Vn Are

linearlydependent
if there exist

G ,
Cz

,
ooo ,

Cn EF ( not all equal ztoro)
→

such that

C
,

V ,
t Cava to .  o t Cn Vn = O

If V. ,
Va ,

. .  . ,
Vn are not linearly

dependent then we
call them

linden
.

-

Note You can always write

OV
,

t OV
,

t . . . t Orn = 8

To be 1in , deep .

means you can write 8

in more than one way in the form

I =L
,

v , t Czvztooootcnvn



EI : Are these vectors 1in
.

ind
.

P9

or 1in
.

deep . in Rs ? 9L
v

,

= ( 1,0 ,
I )

,
Vz= ft ,

2
,

I )
, 4=10,34

Let's see if we can
solve

C
,

V
,

t Cz Vzt Cz Vs =

We have

c. (f) too (F) to , (E) =/ :o)

I :÷÷::c:X :L

Finish next time .
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Continued ) BC

⇐ Are these vectors 1in
.

ind
.

or 1in
.

deep . in Rs ?

v
,

= ( 1,0 ,
I )

,
Vz = ft ,

2
,

I )
, 4=10,34

Let's see if we can
solve

C
,

V
,

t Cz Vzt Cz Vs =

We have

c. (f) too (F) t 's (E) =/ I )

I :: :# tool

e.i. ÷:p ,



iii.÷ , Eine ⇐
O O O

- '

So ,
C

,
v

,
t Cz Vat Cs Vs = 8

has solutions →

- tv ,
- tutty

-

-
o

for any t ER .

So
,

t -4 gives - v
,

- Vztv ,

=P

The vectors are linearly dependent
.



You have pgc
Vs= V

,
the ← (dingdongs

"

)
ie you can write one of the vectors

as a linear combo of the other vectors

I

E Let

V =

Pfe
) = {

atbxtcxlaigcec

}

F  = Cl

Are the following vectors linearly

independent or dependent ?

V
,

= It 2x

Vz =
- i

Vz = X
z

Vy = Stix



Find the solutions to
→ pg4L

C
,

V
,

t Cz Vz t Cz Vest Cy Vy = O

That is

c
,

fltzxltczfiltgfxltcyfstix
)

-0+0×+0×2
which becomes

4th ,
x - icztcsx -1 Say t icy XZ

-0+0×+0×2

which is

( c
,

- ist Sey ) the ,

t g) Xt icy XI

Ot OX t 0×2

so ,

%iut+g"÷



f I
-

II8 I :o) pgsh
O 0 O i

' toiIt :o)
O O O i

fo::
O O O I

aq#a÷¥ic¥i÷¥



ci÷÷%÷¥←

I T c
,

= t

a =ii÷÷:*÷÷÷:÷
So

,

- It v
,

t It V z t try to u
,

= G

t=2si _ytiVzt2VztOVy=J#



So
,

Vi
, Va , Vz , Vy are lie

. deep .
P⑤

in Pace )
.

-

⇐ V -

-
R2

,
F -

- IR

Are these vectors lin
.

deep .

or lin
.

Ind .
?

V
,

= ( 1,0 )
,

Vz= ( O
, I )

Consider c
, (b) tcz(9) = ( 8)

.

Then
, (E) =L :/ .

So
,

C
,

= O & Cz
= O

.

Thus ,
V

,
and vz are tin .

independent .



DEI. Let V be a vector PI

space
over a field F

.

Let

Vi
,

Vz ,
ooo , Vn EV

.

We say

that p= { v
, ,Vz ,

. . . ,
Vn } is a

taisfor V if

① span (B) = V

and

② p is a linearly independent

set of vectors

IM¥13
v

,
= ( 1,0 ) and VE ( 0,1 )

,
p={v , ik }

span (B) ={ C
,

Vitczvz Ici ,
GEIR }

= { a (b) th (9) Ici ,
cat IR }

= { ( Ed ) Ici ,
GEIR } = IR

'



So
, 13 spans 1122

. pg9L

E (1) = 2 (
'
o ) - I (7) =2v

,

- k

We already checked that p is

a linearly independent set .

So
, p

-

- { C ! ) , (9) is

a
basis for f- IR

'

over F-

R-EI.tl#R=adbabdeTRgF=lR

v. =L :: ) ,
v. =L :: ) ,

v. 4%1,4=189

Let p= { Vi ,
Vz ,

Vs
,

Vy }



teeny
pgio

Yes .
Let ( Ebd ) C- Ma

,
24121

.

Then

ease :: he :H : :H ::L

= a
tbc ::b cc : toy:D

=
a v

,
tbvz t c Vs t d Vy

Ispalin.int ? ⑤z•
Suppose

a tea Itc ,(9%4189)=1%9
Then CE;En f- ( oooo)
so ,

c
,

= cc
-

- c
,

-_ Cy
-

- O is theof
"

?

sina.isiiiiiiiiiiiim.ATover IR
.



Theory Let V be a vector µ
space over a field F .

Let

D= EV
, ,Vz ,

. . . , Vn } be a subset of V
.

Then p is a basis for V iff

every vector X EV can
be expressed

uniquely
in the form

=

X = C
,

V ,
tczvz too . t Cnvn

where C , ,
Cz )

oooo
,

Cn E F .

-

proof's
⇐D) Suppose p

is a
basis for V

.

Let XEV .

Since p is abasis ,
13 spurs

V
.

So
,

there exist c , ,
Cz ,

. . . , Cn E F

Where X = C
,

V
,

t Cave tooo tCnvn ( * )

We want to now
show that

Ci
,

ca
,

.
.  .

,
Cn Are unique ,



Suppose we also have pg€
Ci ,

ci
,

. . .

, on
' EF with

X = c.
'

v. t civet . . . tcnvn Ht )

Then ( t I - ( txt ) gives
→

O = ( c
,

- city t ( a
- G) Vat . . . t

( on - Cn
' ) Vn

Since p is a tin
.

ind
.

set

of Vectors ,

C
,

- c
,

'
= O

Cz ?Cz
'

= O

a

c n
I Cn

'
= O .

So
,

c
,

= C
,

'

,
CE CI ,

ooo

,
Cn= Cn

'

.

So
,

the expression is unique .

⇐ next time
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Intimate pgc

theorems Let V be a vector space

over a field F
.

Let

D= { V
, Nz ,

. . .

,
Vn } be a subset

of V
.

Then p
is a

basis for

V iff every
vector XEV can

be written uniquely in the form

X = C
,

V
,

t Czk too . t Cn Vn where

C
i ,

Cz ,
ooo ,

Cn E F
,

proofs C ED ) last time .

(B) Suppose every
rector x

EV

can
be written uniquely as

X= C
,

V
,

t Czvzt  ooo t Cn Vn
wheel Ci

EV
.

This tells us
that every XEV

is in the span
of 13 ,

So

p spans V
.



Why is p are 1in
.

ind
.

set ? pgc
Suppose we want to solve

→

C
,

V
,

t Cz Vat . . . t Cn Vn = O

We definitely have this solution :

Ov
,

to vz t . . . to Vn = 8
.

But by assumption ,
there a unique

Solution .

So the only
solution

to Civet Czk t .
. . t on Vn = 8

is C
,

= Cz = .
. .

= Cn = O .

Thus ,
p={ v. ,

vz ,
. . .

,
rn } is

a linearly
independent

set .

So
, p is a

basis for V
.

④



Notation PGL

Consider the system

10x ,
-3 Xz t 4×3=0

5×2 - Xs = O } ( H )

- X ,
t Xz

= o

-
Let A

,

= ( 10 ,
-3

,
} )

Az = ( 0,5 ,

- I )

As = C- I
,

I
,

O )

X = ( X , ,Xz,X3 )

Then equations
C * ) can

be written

A
,

. X = 8

A . X = E } saaye

As . X =

ft )



Adding To # row I to row 3g,↳P9YL
10X

,

- 3XztIXs=0
5×2 - Xz = O

¥ Xz -150×3=0

which can be represented by
→

A
,

. X = o
→

Az . X = o

( TAITA , ) . 11=8



theorem: Let pgc
Ai ,

X
,

t a
,z Xz to . . t a ,nXn=0

Az ,
X

,
tazz Xz tooo t Azn Xn = O

.

:
+ a

:*
.

) "

Am ,
X ,

tama Xzt . . .

be a system of m equations
and

n Unknowns where aij E F for

some
field F

.
If n > M

,

then ( HI has a non -
trivial

Solution . Thatis
,

there is a

Solution ( x , ,Xz , . . ,
Xn ) E F

"

with ( x , ,Xz ,
.

. . ,
Xn ) # 8

. )

proof's ( We follow the proof

from Lang ,
Intro .

to Linear

Algebra,
2nd edition , pg

68-69 ]



We induct on m Ctheettynof) .

@

Suppose m =L .

So
,

n > m =/ .

C ie n > 2 ( atfeasutiah.us/)

So our system C * I becomes

A
,

,X
,

ta
,zXz

tooo t a
,n

Xn = O

If au = a ,z= .
. .  = am = O then

we get a non - trivial solution

by settingX
,

= Xz = .
. .

= Xn = I
.

Suppose one of the coefficients

isn't 0 .

Without loss of generality ,
assume

a , ,
# O

.

Then the efh At is equivalent to

X
,

=
- ai ,

' ( aizxzt . . . t am Xn )

Set Xz = Xs = .
. . = Xn =/ and

X
,

=  
- aii ( art .

. . tan )
.



This gives a non - trivial solution
.

p9zL
So the base case m=l is true .

÷÷:÷÷÷i÷÷±e¥
equations

with more than

M - I Unknowns .

Suppose we have a system ( * )

with m equations
and n

Unknowns
with n > m >

I
.

If all the ai ;
=O then

Set X ,
= Xz = . . o

= Xn =/

is a non
-

trivial solution .

Now suppose some
coefficient any 't O

.

By renumbering the equations

and variables we may assume

auto .



Set pg

A
,

= ( all
, Giz ,

. .  o , Ain ) 8L
Az = ( Az , , Azz, ooo , Azn )

a
:m= Can ,

am . ,
.  am )

X = ( X , ,
Xz ,

. . . ,
Xn )

Then Ctl is

Ai . X = O

Az .X = O ( * * )

:

e

:

A! . x
= o

By subtracting a multiple of

the first row
and adding it

to the rows below we can

eliminate X ,
in row

2 through

row M .



That is
,

Htt is equivalent to Pgl

i:÷÷÷÷÷:÷:

i:÷÷÷÷÷÷:* .?
is a system with m - I equations

and n - I > m - I unknowns .

Thus ,
by the induction hypothesis

we can find a non
- tri Val solution

( Xe, Xs ,
. .  , Xn ) to 1K¥



Now using this solution pg

( Xz , .oo , Xn ) to C*** )
€

we can also solve A
,

-11=0

by setting

X
,

= - AT
'

( aizxzt .  . otainxn )

[ Because the first earn Aix = O

is aux ,
ta.zxztooota.nl/n=O ]

Set X= ( x , ,Xz ,
. . .

,
Xn ) from

above ,

We have A

,•X=0
.

And also ,
if i > 2 then

A :X = a. ,
ai

'

A
,

. X = O
.

p -

C * KH
O

So we have solved A
,

.X=0 with

Az . X
= O nona

- trivial
: Solum

Ain .X=O



pg
theorem: Let V be a vector ↳

Space over a field F
.

Let Vi ,
Vz , . . .

, Vm EV where

V = Spanky ,
ve ,

.
. . .vn } )

.

Let

Wi ,Wz ,
. . .

,
Wn EV .

If n > m
,

then w , ,wz ,
. . .

,
Wn are linearly

dependent .

proo Since V= Spanky ,Vz , .ogVm } )

we have that

W
,

= an V
,

t

Az
,

Vat . . .
t Am ,

Vm

Wz = A V
,

tazz
Vat . . .

tame
Vm

12 a

•

°

•

O

O

Wn = a,nV,taznv.at.
. .tamnvm

Where aij E F
.



pgFor any C
, ,cz ,

. .

, Cn EF ↳
we have

C
, Wit Czwzt . . . t Cn Wn

= ( C
,

a
"

t Cz art . . . t Cn Ain ) V
,

t . . .
t

+ ( C
,

am ,
tczamzteootcn Ann )Vm

By the previous theorem
,

since n > M
,

C
,

ai , t Cz 9,2 t  ooo t Cn Ain = O

aa a

•

o

I am
,

t Czamztoootcnamn =o

has a non -
trivial solution

( a
, ,cy . . .

,
Cn ) # 8

.

This solution →

will yield c
, wit Cz . Not  ooo t cnWn=0

Making Wijwz , roy
Wn

linearly
dependent.
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( Continuation of HW 2 topics ) PL
-

Lasttimeog If f- span ({ Vi
,

. .  

, Vm} )

and Wywz ,
ooo ,

Wn EV
.

If

n > M then VV , ,Wz ,
ooo

,
Wn are

linearly dependent ,

-

Corollary : Let V be a vector space

over a field F .
Suppose

13 ,
-_ { v

, ,V→ . . .

,
Va } and

BE { wywz ,
ooo , Wb } are both bases

for V .Then ,
a = b

.

proof's Since p ,

is a
basis for V

,

V= span ( Ev , ,Vz ,
. .

,
Va} ) .

Since Bz

is a
basis ,

BE E wiswz ,
ooo ,

Wb }

are
linearly independent .

If b > a

then Pa would be a
linearly dependent set

,

Which isn't the case ,

So ,
BEA .



Since Pz is a basis for V
,

pg
V = Span §wi , wa ,

.  og Wb } )

↳
Since p ,

is a basis ,RTV
, Nz ,

.  Va} is

a linearly independent set
.

If a > b
,

then from the previous them

B ,
would be linearly dependent .

So ,
a Eb .

Thus
since

b Ea
and a Eb

,

we
have

a =b
.

I
Defy Let V be a vector space over a

field F .

We say
that V is finite

dimensional
if it has a basisInsisting

of a
finite number

of elements . If

✓ has
a

basis with n elements

then we say
that V has dimension

I and write dim C Vk n
.



A special case is the when pg

V = { 83 .

This vector
3L

Space has no basis .

We define V={ 83 to have

dimensionzero.ie#im(Eo3)=O-Exj
Let F be a field and

F
n

is a
vector

V = Fn where
n >

I
.

space over F
.

Then
dim ( Fn ) = n

proof's Let Vi be the vector with

1 in the ith spot and O 's elsewhere .

That
is

,

V
,

= ( I ,
O

,
. .

. ,
O )

Vz = ( O
,

I ,
.

.  -
. , O )

= ( o
,

o
,

.
.

. ,
I )



let f- { Vyvyan ,
rn }

.

Pg

If we show p is a basis
4L

for V over F
,

then dim ( V )=n .

pspan %

Let XEF ?

Then x = ( f
, ,fz ,

. .  gfn ) where fief .

Then

X= ( fi
,

O
,

. . .

,
O ) t ( Gfa ,

. . . ,
O )

+ .. . t ( 0,9 .
. . ,

fn )

= fi ( 1,0 ,
. . ,

tfz ( 0,1 ,
. . . ,

O )

+ . . . tfn ( 0,0 ,
. .  .

,
I )

= f
,

V
,

tfzv.to . . t fnvn

So
, XE span ( 13 ) .



pis-aeayiqet.PL
Suppose

C
,

V
,

tczvzt . . . t Cn Vn = 8

Where Ci
,

Ca ,
.

.  .

,
Cn E F

.

Then

c. ( 1,0,
. .y0)tG( 0,1 ,

.
. ,

O ) t . . .

•  . .
t Cn ( 0,0 ,

. . . ,
I ) = ( 0,0 , ooo ,

So ,

( c. ,
Cz ,

.
. .

,
Cn ) = ( 99 .

. . ,
O )

,

Hence
,

c
,

= O
,

Cz = O
,

ooo ,
Cn = O

.

So
, p is a linearly independent set

.

-

E IR
"

is a vector space over IR

with dim ( lR7=n .



fix Let F- IR or
F- a

. PIL
PnfH={ a. ta ,xt .

.  . tanxnfaief }

One can
show that

Vo = I

V
,

=XzVz = X

°

:

Vn = X
"

is a
basis for Pn ( F ) over

F
.

So ,

dim ( Pn ( F ) ) = htt



EI : Let F be a field and pg

V = Mmm (F) be the 7L
set of mxn

matrices
with entries

trom.at#eaadetR3/basis for Ms
,

a CIR ) over R is :

c%) , " :) . " :b I . stood

So ,
dim ( Ms ,a(lRH=6-

In general ,

dim ( Mmm ( FI ) = m . n



^

Theory : Let V be a vector PLL
Space over a field F

.
Suppose

dim ( VI = n > O
.

Then :

① Let Vi ,Vz ,
ooo

,
Vm EV

.

(a) If m > n
,

then V , ,
Vz

,
. .gVm are

linearly dependent .

(b) If man ,
then V , ,

Vz
,

. .  .

,
Vm

do not span V
.

(c) If M=n
and V , ,

Vz ,
.

. .

, Vm

Span V
,

then v.

we
,

. .

,
Vm is

a linearly independent set and

hence is a
basis for V

.

(d) If M=n
and V , ,

Vz , .ogVm

are
linearly independent ,

then

V. Na ,
. .

, Vm span
V and hence

are a
basis for V

.



② Let W be a subspace Pg

of V
.

Then W is finite -

d
dimensional and dim ( WIE dirndl

.

Moreover ,
dim ( WI = dim ( V ) iff

V=W . ⑤Frogfish
dimensional vector space over F

.

Let V . ,Vz ,
ooo

,
Vm EV .

(a) Suppose m > n .

Since V is spanned by n

Vectors , by the them from Monday

Vi Nz ,
. . .

, Vm are 1in ,
deep .since

.

M 7h .



pg(b) Suppose man . ↳
Let 's Show Vi

,
Vz

,
. . .

, Vm do

not span V .

Suppose they did ,
that is suppose

V = Span Vi , Vz ,
. .  Vm } ) .

Then any set of n
vectors

must be linearly dependent

from Mondays
'

theorem . [ since man ) .

But V has a basis of size

n ,
which consists of n 1in .

ind .

vectors .

Contradiction .

So ,
V.

,
Vz ,

.
. .

,
Vm do not span

V
.



(c) Suppose m=n and Pg

D= { v , ih ,
ooo

, Vm } spans V
.

£

We want to show 13 is a tin
.

ind . set .

. ::i:rise"ii.ishii

:}P
'

is a
basis for V

.

'÷÷÷i÷÷÷÷÷f
.

But since dim CV )=n ,
the

size of 13
' is n .

So , P' =p .

Thus , p
is a linearly independent

set .



(d) Suppose m=n and pg

Vi
, Vy .

.

,
Vm are linearlyindependent

We want to show V -

- span k
, . .

, ung,
Let W = span ( { kik ,

no ,
Vm } )

.

Let 's show W=V
. ✓

÷:
Since dim ( V )=n=mand Vuk , . .

, Vm ,
V

are Mtl = htt Vectors
, by part (a)

V , ,
Va

,
. . .

,
Vm

,
V are linearly dependent

.

So there exists Ci , Cy . . .

,
Cm

,
CE Fg

not all Zero
,

with →

C
,

V
,

t Czvzt .
. . t Cmvmt CV = O

If 5-0
,

then c
,

V
, t . . . tcmvm =P with

Ci , Cy . . . , Cm not all Zero ,
This can

't

harmsen because V , ,
V2

, .
.

>
Vm Fit;D .



So
,

CFO . pµ
Thus ,

✓ = - C-
'

C
,

V
,

- C-
'

Czk -

. . .

- I
'

Cmvm
So

,

Vespa Visva ,
. .

,
Vm } )=W .

Thus ,
VE W and V=W .

② Nexttime

:
a
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) Psh

Let V be a vector space over

a field F
. Suppose dim ( V ) = n 70

.

① ( with 4 parts that we proved )

② Let W be a subspace of V
.

Then W is finite - dimensional and

dim ( w ) Edina )
.

Moreover ,
dim ( w ) -

- dim ( V )

Iff W = V
.

proofo€ I

Let 's first show that W is finite -

dimensional and dim ( w ) E dim ( V )
,

If W = { 83 ,
then W is finite -

dimensional with

dim ( w 1=0 s n = dim ( V ) ,



Suppose dim ( w ) 71 . PSC

Then there exists a non - zero vector

X
,
EW where { X , } is a

linearly independent set
.

Continue adding vectors from W to

this set such that at each

stage k ,
the vectors

{ Xi , Xz ,
. . . , Xk } are linearly

independent .

Since WE V and dim ( V ) =n
,
by

part Ca ) of this theorem

there must reach a stage ko En

Where So = { X , ,Xz ,
ooo , Xko }

is linearly independent but

adding any new vector from W

to So will yield a linearly

dependent set
.



"

÷¥÷t÷÷⇐

where *IES .
Then SU Ex }

is linearly dependent iff

XE span ( S )
.

Let x EW .

If X E So ,
then x E span ( See) .

If X Et So ,
then by the construction

of Se , we
have So U Ex }

is linearly dependent .

So
,
by Hu 2 7cal ,

in this

case X E span ( So ) ,

Thus ,
W = span ( Sol .

basis

And So is a tin
.

ind .

set
,

so
is forw .

So
,

dim ( w ) = k
.

s n = dim ( VI .



Now for this part : pg

dim ( w ) = dim ( V ) iff V -

- W .

4L

(G) If V=W
,

then dim ( w )=dim( V) .

¥ Suppose now that

dim ( WI = dim C V )
.

msn.IE
.

a .nu ⑤
elements ,

call

it 13=9 wi ,
wz ,

. . . , Wn } ,

By part
Hd ) since p is a

set of n
-

-
dim ( V1 lin ,

ind .

vectors , p must span
V

and hence be a
basis for V

.

So , W -
- span Cpl

= V . ④



Lineartransf.mu#Ts PSL

Def Let V and W be rector spaces

over a field F
.

Let T : V → W

be a function between them
.

We say that

that T is a linear transformation
-

if for all Vi , vz EV and LE F

we have that

① Tlv
,
the ) = The

,
) t ITV2 )

a TCU , )

"

÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷±÷i::
T

✓
°

.
.a v

,
.

- • THY ) =L Tq ,
-



( def continued ) PEL
We define the nvltspace ( or kernel)
of T to be NCH ={xEV/TCxl=8w }
where Jw is the zero vector of W

.

We define the ranges ( or image ) of

T to be RCT ) = { Tx ) I XEV }

%
T

We will show later thatNlt
)

is a subspace of V and RCT ) is a subspace

of W
.



pg
If NCT ) is finite - dimensional 7L
then we call the dimension

of NCT ) the nullity
and write nullity CTI = dim ( NCH ) .

If RCT ) is finite -

dimensional

then we call the dimension

of RCT ) the rankot
and write rank CT ) = dim ( RCT ) )

,



EI : Let T : IRS → IR
'

pg

LIt.IE#HxsishTislinea&
: Let risk E

1133
.

So
,

V
,

= ( Xi , Yi , Z ,
) and Vz = ( Xz , Ya ,

Zz ) ,

Let a E IR
.

Then :

① T ( V ,
t Va ) = T ( X ,

t Xz
, Y ,

tyz
,
Z

,
t Zz )

= ( X ,
t - Xz , Y ,

t Ya )

= ( X , ,Y , ) t ( Xz ,
Ya )

= TCX , is , ,Z , ) t T ( Xz , Yz ,
Zz )

= Tlv
,
) t T ( Va )

② TGV ,
)=T( Lxi , ay , ,

LZ ,
)

= ( xx , ,
LY , ) =L ( Xi ,

y , )

=
L T ( x , ,

Y , ,Z , ) =L The , ) ,

So
, by ① & ② T is a linear transform

,%
,



Nut :

Pj
NCT)={ ( x , y ,

HER
'

I This ,zI=( go , }
={ ( x ,y ,

HEIRS I ( X ,yI=( 0,0 ) }
= { ( 0,0 , z ) I z E IR }
= { z ( 0,0 ,

I ) IZ E IR } = span ( { ( 0,91131

Let p={ ( o , o
,
I ) }

.

Then
,

span ( pl -

- NCH
,

Also , P is a tin
.

ind
.

set since it

Consists of one non - zero vector .

So , p is a basis for NCT )
,

Thus , nullity ( T ) = dim ( NCT ) ) = I
.

-
1123

BANH
)

µfireJpg



Rangeofty P
RCTI = { TC x

,
y , zi I Cx , y ,

z I C- IRS }
= { ( x , y ) I C x , y , z I

E IRS }

= { C x
, y ) I x , y E IR } = IRZ

⇐'s:&7%9%9%1" ' eRD :&

rankftl-dimCRCTH-din.CN/=#
RCI'
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Ej Let psi
.

T : Pn ( R ) → Pn
. ,

C IR )

Finials TE
of degree En degree En - I F  = IR

Coefficients in IR

be defined by Tcf ) = f
'

where f
' is the usual derivativeoff .

Tisha-0
Let fi ,

f a
E Pn ( IR ) and LE IR

.

Then =THtTHd

Tff ,
tf a) = ( f. tfa ) 't f'tft

P

and
de÷:Y

TC af
,
) = ( af

,

)
't af

,

'=xTH ,)

So
,

T is a linear
transformation .



NuHspaceof : pg↳

NCTI-fa.taixtoootanxnEP.HN/Tlaota.xt..ot=anxYlg=fa.ta,xtoootanX
" ERCIR ) / a,t2azXt . . . thanx of

={ a. tanto . . tank 't RAR) / a ,
=az= . . . =an=o }

= { a .

/ a EIR } -0 all the constant

° polynomials

={ a .

. I / a. c- IR}

= span ( { I } )

So
,

a
basis for NCT )

is p
-

- { I }
.

So
,

nullity ( T ) -

- dim ( Nhl ) -

-

I

Recallabasi#R{ I ,
x

,
X } . . . ,

x
" } so

dim C RCR ) ) =
Ntl



"

÷÷:÷÷÷::÷::
We claim that RPn

- i CIR )
.

range of T

That is T is onto Pn .

ilkl .

Let a. ta
,

xt . . . tan . ,
X

" E Pn
. ,

( Rl
.

Then a. Xt # x' tooo tan ×nEPn( IR )

and IT a. xtaizx 't  ooo
t affix

" /

= Ae ta
,

X t . .
. tan . ,

Xn
- I

,

So
,

T is onto . ¥h= dim ( Pn
.
if IR ) )

= C n - 1) tl = n



Noticethat pod

dim ( Pack) ) = I t n

dimension
=

dim ( NCH ) t dim ( RCTI )

of domain
= nullity I t ) t rank C T )

I
Theorem : Let V and W be vector spaces

AfieldF
.

Let Ou and Jw be the

zero
vectors of V and W respectively ,

Let T : V → w be a function .

Then :

① If T is a
linear

transformation

then TC Jr ) = Jw .

② T is a linear
transformation

Iff

T ( xxtpy ) = LTC x ) t p Tty ) for

all X. y EV
and 4 BE F ,

③ T is a
linear

transformation
iff

Tca ,
x. t xzt . .

.

tanxnl-a.Tx.lt?..fxa!tCxn
)

for
all Xi ,

Xz ,
. .

. ,
Xn EV

Az

and a , ,az ,
. .

. ,
An EF .



Matrix multiplication is a

linear pg↳
transformation . ( Why ? )

-

DEI Let F be a field .

Let A be an mxn matrix with

Coefficients from F
.

[ ie ,
AE Mm.nlFD

We can construct a linear transformation

La : Fn → Fm where La ( X ) = AX

for any XE Fn
.

Here Ax is

matrix multiplication .

LA is called the left - multiplication
-byAtransformat

-

Note LA is a linear transformation

because if SPE F and x
, y EF

" then

LAG Xt By ) = Afxxtpy )

ItAlaxltttcpy )

= a Axtp Ay

= a LA ( x ) t p Lacy )



⇐ F  = E pod
A = ( to .

E Mz
,

ski )

La : E3 → a

LACE ) -

- (
'

o
II ( I )

for example

= (
'

o IIsi ) ( I ) are.

. y

↳

.

. ,:::*::÷÷÷÷÷:÷7=74%7



theorem. Let V and W be PSFL

vector spaces over a field F
.

Let T : V → w be a linear

transformation .

Then

① NLT ) is subspace of V

and

② RCTI is a subspace of W

u



proofs: Let Jr and 8W be pg8L
the zero vectors of V and W

.

① Recall NCTKEXEVITCH w
}

.

(a) From a previous theorem ( Hw)
,

T ( Jv ) = 8W .

So
, EVEN CTI

.

(b)

Let x. y EN CTI
.

Then Tcxl = Ew andT(yl=O→w .

So
, Tcxty ) = TCX ) t Tty ) =8wt8w

P

Tvline
= Jw .

Since Tcxty ) = Jw we
have

Xty EN L T )
.

(c) Let XENCT ) and LEF ,

Then T C x ) =
Jw 8-

sinaxENCT@

Then T c xx ) = 217×1=2 Ew = Ew .

TislinearFP So ,

LXENCTI .



By Cal ,
(b) ,

Cal , NCT ) is a subspace pod
of V .

② Recall that

RCTI = { Text I XEV } .

(a) We have that O→w=T( Ev ) E RCT )
.

RCT )

(b) Let x
, YERCTI.seHere exist v

et¥÷÷¥÷÷¥÷:
= T C at b) E RCT)

a.tb_
So

,
xtyE RCT )

.



(c) Let XE RCTI and LEF
.

pg¢:÷÷÷÷÷÷÷÷÷÷÷÷:
So

,

By parts Cal ,
Cbl

,
Ed

,
RCT )

is a
subspace of W .
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Todaywe will prove the rank fructifytFtweeedf€
Leming Let V and W be

Vector spaces over a field F
.

Let T : V → w be a
linear transformation ,

If Visva , .
. , Vn EV and V= span ({vyvzyiyvnl)

then

RGA
span ( { THI ,

That , . . . ,
Then ) } )

.

T T

÷÷¥.

w

( HW problem ) .

✓t.s.EE'

here exists XEV

with Text y .



pgSince V -

- span ( { risk ,
. .  Vn } ) and XEV 2L

.

we can Write X =L
, Vit 22kt  ooo t.tn Vn

Where di ,
22 , . . .

, Ln E F
,

Applying T we get

y=T( x ) = T ( Liv ,
t Lav ,

too . tank )

= 4TH ) that too . t

P

II
4Th !

So
, YE span ( { THINK ) ,

. . .

,
Think)

.

So
,

RCTI = span ( Ethel ,
That , instant } !



Bantam pgL
Let V and W be vector spaces

over a field F .Let T : V -7W

be a linear transformation .

If V is finite - dimensional ,
then

dim ( V ) = nullity ( T ) t rank ( T )

Tinney Tirith



proof: Let n = dim ( v )
.

Pg

Since NCT ) is a subspace of V
,

4L
we must have that NCH is also finite

tiescan . ¥÷
Let { V

, ,
Vz

,
ooo

,
Vk } be a basis for NCH

.

Let O'
u

and O'
w

be the zero vectors

of V and W .

case I : Suppose dim ( RCT ) ) -

- O

-

Then RCTI = { Fw }
.

÷:÷÷i÷÷÷:÷:= dim ( NIH )

+ dim C RCTI )
.



casezi.su#dimCRHIpgL
Se there exists some non - zero vector in Rct ,

and thus NCH # V
.

By HW 2 # 9 we can extend the

basis from NCT ) to all of V
,

That is there exist

✓
htt ,

Vktz ,
. .  . ,

Vn E V - NCT )

where

D= { V , ,Vz ,
ooo ,

Vk
,

Vktisvktz ,
ooo ,

Vn }
-

-

in NCT )
not in

NCT )

is a basis for V
.

T Rct )

-
÷÷w,



We will show that Pgh
Pt { That

,
)

,
Then )

,
.  

og
That } •

is a basis for RCTI .

Once thats done we've proven
the than

sina.am/jhEn=k+cn@fsite.ot#=dimCNCtHtdimCRCTllBy the previous theorem
,

since

13 spans V
,

we know that

R

#
= span ( {The

,
)

,
That ,

. . . ,T( Vn)
,

That ,
) ,

That )
,

. .;T( Vn )})

= Span (E That ,
)

,

That'd
,

. . .

,
Then)})

£sinaTCvD=TCvd=aeo=T(V4-O→w

So
, p

'

spansRCT ) ,



We just need to show p
' is a

Pg

linearly independent set
.

7L

Suppose →

tktitfvkti ) t Lutz TC Vktz ) tooo tdntl Vn ) = Ow

Where dkti ) Lutz )
ooo , Ln E F .

Since T is linear we get

T( dnt , Viet ,
tdktzvhtz tooo tank ) = §

So
, hut , Viet ,

tdutzvutztoootdnvn E NCT)
.

Since NLT ) = span ( Ev , ,Vz , . . .

,
Vu } ) we

have

Lktivht ,
tooo t Lnvn =L

,
V

,
tdzV.at .  ootdnbk

Where Li
,

Lz ,
.

.  .

,
Lu EF

.

So

-Liv ,
- have . . .  

- Wnt due ,
Viet ,

t .  ootdnvn

But 13=84 , Vy , . , ,
Vu , Vhti , , . . , Vn } is a

basis for V
,

so D= C- at = f dat =... = f- La )

= Lrt ,
= Lutz =  .*a= Ln



So
, p

' I That , Thad ,
. .

,
TCH} PIL

is a tin
.

ind .

set .

Thus
, p

' is a basis for RCTI .

So ,
the than is proved .

#



pg
Recall : 9L
Suppose f : A  → B is I - I

and onto where A and B are sets
.

Then f
"

: B → A is defined by

f-
I

(b) = a iff f (a) = b

A

f- I



Tim: Let V and W be vector
"

spaces over a field F
.

Let
↳

T : V → w be a I - I and onto

linear transformation .

Then T
"

: W -7 V is also a

linear transformation .

proofs Let a ,
da EF and

Wi ,
We E W .

We will show

T
- '

( aw ,
thaw .

) = a T
- '

Cw ,
)thT( wz )

This will show T
"

is linear .

suingits
" "

Vi ,
Ve EV where q . -

Tfr ,
)=w ,

and #
By def of T

- ' this means

T ( Vz ) =W2 '

T
- I

f w ,
) =v

,
and T

' '

( wzkvz



Thus
, 99L

T
' '

( 4W , the Wr )

= T
- '

( a The
,
) that ( vz ) )

= T
' '

( TCL ,

V
,

t Lava ) )
P

'

= L
,

V
,

t Lz Vz

T
=L

,
T

'

Yw
,

) tdzttwz )

s .
.

# is line
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pg
Test I will cover i
Hw 1 and Hw 2

-
-

-

Defog Let V and W be

vector spaces over a field F
,

① An isomorphism between V

and W is a lineartransformationT : V → W that is I - I and onto
.

w

② we say
that V and W

are isomorphic ,
and write

V EW ,
if there exists an

isomorphism
T between them ,



This def is well - defined P9

Since if T : V → w is

€an isomorphism ,
then

by Monday 's thereon

T
"

: W → V is also

an isomorphism .

That is
,

if VEW by T : VSW

then WEV by T
"

: W -2 V
.

-



theorem: Let V and W be vector PSL
spaces over a field F

.
Suppose that

V is finite - dimensional and p={ Vyvz ,
.  

og Va }

is a basis for V
.

pa Let w , ,wz , . . , Wn EW .

① There exists a unique linear
transformation

T : V → w where TCV ; ) = Wi for

w

⇒ " .

-

this unique linear
transformation

is

given by the formula

Tfcihtczvztoootcnvn
) ) ( * )

= C
,

W
,

t Cz Wz t  e  oo t Cn Wn

j

② T given
above is an

isomorphism

iff pi = { w , ,Wz ,
. .

,
Wn } is a

basis for W ,



pay
All linear transformations between

V and W are constructed as in

① above .

That is
,

if L : V → W

is a linear transformation ,
set

U
,

=L ( Vi ) for i  
= 1,3 .  " In

And then the formula for L is

L ( C
, Vit Cz Vat .

. . t Cn Vn )

= C
,

U
,

t Cz uz t . . .

t Cn Un

W

L
✓

,
o

- .
U I

÷ .

-
a .



proof: pg

① Let T be defined by ( HI
.

£
That is ,

TCCN
,

t . . . tcnvn ) = C
,

w
,

t . . . tcnwn

for any Ci EF
.

Let 's show T is a
linear transformation

and TC Vil= wi for all i
.

Whyis ?

Let x
, y EV and d ,

SEF
.

Since B is a basis for V
,

we

can write X=

e
,

V
,

to . .

tenthand y = d
,

V
,

t . . .
tdnvn whereEi

,
di EF .

Then ,

T ( xx tfy )

=T( He , Vito
.  otenvn)t8(dint .

. . tdnvn ))

= TC He ,

t8dDYt
. .

. t &

entsdn
) Vn ) =



He ,t8dDYt. .
. t &entfdn ) Va ) pµ

ItIe
,

tsd , )w ,
tent Kent Sdn ) Wn

=

Le
,

W
,

t . . . t Len Wn

+ Sd ,
wite  not Sdn Wn

=L ( e
,

w
,

tie . ten wa )

+ 8 ( di wit . . .
tdnwnl

Et' LT ( e
,

Vit . . .
ten Vn )

+ ST ( div ,
tint dnvn )

=L Tcx ) t ST Cy )
.

So ,
T is linear ,

Also ,

Tlv , )=T( 1. Vito . Vet  into .vn/=/ew,=w ,

vn1=T( o.v.to
. t . .

.tl.vn/--lrwn--wn

So
,

T ( Vi )=Wi for all i .



Why is T unique ? pg

Suppose S : V -3 w is another €

linear transformation with S (

Vi
) =

wefor i  
=

1,2
, . .  y

N ,

Let x EV ,

Then ,
since B is a

basis to -
V

,

X =
C

,
V

,

t Czvz tie . t Cn Vn .

And ,

S ( x ) =

SCciVitCzVztiiitCnVnl-gg.s@ciSCviltczSCv.cltintcnSCvn1_ciWitCzVztii.t
Cn Wn

J

sky=①
=

TC9YtczVztintcnvn1fETCx7gd@SqS-TonV.So

,
T is the unique linear

transf .

with Thit-

- wi Hi



¥;i÷÷÷¥⇒⇐
Suppose is

' is a basis for W
.

Let 's show that T defined by Ct )

is I - I and onto
,

and hence an
isomorphism

: Suppose Tcx ) =TCy ) for

Some
X

, y E V ,

Since p is a
basis for V

,

X = C
,

V
, t . . . t Cn Vn

and y =D
, Yt  n it dm

for Ci ,
di EF

.

Since T Cx ) = Tty ) , by def of Dwneaue

C
,

w
,

t . . . t Cn Wn = di wit , . . tdnwn

-
-

T Cy )
TC xD

S "
( c

,

- d
, ) w

,
t . . . . t ( Cn - dnt Wn = 8

By assumption , p
'

is a tin
.

ind .

set ,
so

0 = C
,

- d ,
= Cz - dz = .

. .  = Cn - dn



pgSo
,

C
,

=D , , Ceda ,
. . . , Cn=dn ↳

and hence

X=c ,
V

,
t . . . tcnvn = di Vit .  - . tdnvn =y .

④ : We need to show RCT ) = W
.

By a previous them ,
since p={ Vyvz ,

" y
Vn }

spans V
,

we know RCTKspan@TCv.b. . . TW )
.

So ,

RCT ) = span ( { This . . . ,T( Vn ) } )

= span ( { Wig . . . , Wn } )

= W
.

→

E÷÷÷÷÷ so
.

tis onto
W

.

Thus ,
T is an isomorphism .



¥ ) Now suppose T is an
Pg

isomorphism ,
ie I - I and onto .

⑥

Let 's show p
' is a basis for W

.

Since T is onto
,

RCT ) = W
.

Therefore ,

W -

- RCT ) = span ( { Tlv ,
)

, .  ,
That } )

= span ( { w , ,
. . . ,

Wn } )

So
, p

'
spans W

.

Is p
'

a lie
.

ind .

set ?

Suppose →

di w
,

ti . . . t dawn =

OwWhere di EF .

Since T is I - I and onto ,
T

'

exists and is linear ( from Monday )

and T
- '

( Wi ) = Vi for it ,
. . .

,
n

,



pgSince T
"

is linear
, T

- '

CEw )=8v
. ↳

So
,

o→v=TYO→w) = Ttd, wit  cut dawn )

= d
,

T
' '

( w ,
) t . . .  it dnt

- '

( an )

=
d

,
V

,
t . .

.
.

tdnvn

Since p
-

- Ev , , , . .

,
rn } is a

basis

and 8
v

=D ,
Y to . .

t dnvn

we get d
,

= dz =  ice
= dn = O

.

Thus
, p

' is a 1in .

ind
.

set
.

Since if d
,

w ,
t . ..tdnWn=8w

then d
,

= Az = in = da = O
.

So
, p

'
is a basis for W .



pg

Suppose L is a linear transformation
'd

and Ui =L ( Vi ) for i' 1,2 , " yn .

Then ,

L ( c
,

Vite . . . t Cn Vn )

= C
,

Lcr
,
) t . . . ten L Cvn )

§ = C
,

U
,

tic . ten Un
.

9i
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pg
Test I on 10/21 ¢
No class that day .

Test I covers Hw I & Hw 2

material .

It will be something like where

I email I give you the test on

10/21 in the morning .

You 'll

have I 24 hours .

You pick

a
2 hr window in that

zu
hrs to take the test

.



pg

⇐ V=IR3 and W -

- IR
' ↳

Let 's construct a linear transformation

T : IR ?-31122 using
the method

from the theorem from Weds .

Steph Pick a
basis for IR

?Let 's use the standard basis

p={ ( ! ) , ( Ili ( I )}={ v. news )
( in the thin )

Step Decide where the basis elements
,

TC ! )=

(d)
= w

,

t ( It = (4)= we

1- ( 9)
=L

-3
'

) = Ws



This will now determine a PGL
formula for T .

Let x= (E) e
1123

.

Then
,

to make T lincafey.Yeepsmuastm.la

T(xl=T( I )
as avows :

-

- Tfal ! )th( It toff ))

÷:÷÷÷"
" " " 4 Ht .to ,

=a( Htb ( 4) to

= ( attic ) .

so . TIE ) -

- faff! ) is a

linear
transformation

.



T is an isomorphism iff

PS
P'= Ell ) , it's }

4

is a basis for IR ?
¥51Bends

dim ( 1124=2 ,
so every basis

of R2 has 2 elements .

But p
'

above has 3 elements ,

So
' is not a basic for IR ?

P so T is Fatalism .

-

"



Another way to show T pg

is not an isomorphism is to SL
Show that T is not I - I

÷÷i÷÷÷÷÷÷÷÷÷÷÷÷

.

+ fool =L :/ =

tf#"
'÷. -

T is net I - I



Eli V = IRZ pgc

W -

- I? ( IR ) = { atbxla.be/R}

Let p={ C lol , lil } be.at?iidEd

Let Pt={ I
,
It x } E P

,
( IR )

.

Define a linear transformation

T : IRS P
,

C IR ) where

T ( b) = I and T ( 91 = It x

"

'
" "

(9) .
- a It x



Then to define T for all P9

of IR
'

to make it linear
€

we must have :

T ( E) =T( a (b) tbh ) )

= a . I t b . ( I TX )

= ( at b) t b X

So , Tf E) =
C at b) tbx

is a linear transformation

from 1122 to P
,
( IR )

.

-



Is T an isomorphism ? PIL
T is an isomorphism iff

Pt = { I
,

It x } is a basis forIR ?

Is p
'

a linearly independent set ?
-

Suppose

9
. I t E. ( ltx ) = 8

a

Where a
, , E E IR

.

O

We have

( c. tcz ) . I t Cz . X = Ot O X
.

t.ru
So , =oand

So
,

Ca = O and c
,

= - Cz = O
.

Thus , p
'

is a tin , ind .
set

.



pg

Since p
'

= { I
,

Itx } consists ↳
of 2 linearly independent

vectors
,

W -

- span ( p
'
) has

dimension 2
.

Since WE MIRI and dim ( 17412172

we have W =P
,
l IR )

.

So
,
W -

- span ( p
' ) =P ,

( IR )
.

So
, p

'
is a

basis for I? ( Rl
.

an

dim
"%

,

-

So
, p

' is a basis for P
,
CIRI

and T is an isomorphism .



theorem Let V and W be PLL
finite -

dimensional vector spaces

over a field F
.

We have that

V and W are isomorphic Iff

dim C VI = dim ( w ) .

proof's

( as ) Suppose
dim ( rt -

-
din ( w )=n .

Let p= { v , ,Vz , . . .

,
Vn } be a basis

for V and P' = { Wi , Wz ,
in , Wn }

be a
basis for W

,



PSI

Then ,
the function T : V -7W given by

Tfc ,
V

,
t Czk too . tcnvn )

= C
,
W

,
t Czwztoootcnwn

will be an isomorphism by thin

from Weds since pI{ w , ,Wz , . .

, Wn } is

a basis for W
.

⇐D) Suppose V and W are isomorphic .

This means that there exists a

linear transformation T : V -7W

that is I - I and onto .

-

:÷÷÷÷÷÷:÷÷:
= RID



By the ranklnullity them
, PI

dim (V ) = nullity ( T ) t rank C T )

= dim ( NCT ) ) t dim ( RCTI )

= dim ( I 8 r } ) t dim ( w )

-0
= dim ( W ) .

So
,

dim ( V ) = dim ( WI .

-



Corollary. Let V be a PSL
finite - dimensional vector space

over a field F
.

Let dim ( VI = n
.

Then
,

VE Fn
.

proof's din ( V ) =n= dim ( Fn )
.

So
,
by the previous thin

,VE
F ?

#
±

ti%n%an÷¥I



pg

Recut : 14L
A linear
transformation
T :V→W is called

an isomorphism if

T is I - I and onto
.

Some people use the term

invertible instead of isomorphism .
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test ( HWI ,
Hw 2 ) PC

Good calculation type questions
- ( proof)

- checking if a set  is a subspace

- finding the dimension and basis

of a subspace or vector space

- checking if a
set is lin .

ind .

- checking
if a

set spans
a space

- checking
if a set is a basis

- checking
if a

vector is in the

Span
of a

set
.

-

checking
if V is a

vector space

- Fn
,

RCF )
,

Mmm ( F )

-

p- practice HW



I

:IInhi÷:i
Defy Let V be a finite - dimensional

vector space over a
field F

.

Suppose that { v
, Na ,

. . ,
Vn } is a

basis for V
. We write

13 = [ Vi
,

Va
,

ooo ,
Vn ) to mean that

p
is an orderedbasis for V

,

that is the order of the

vectors in p is given
and fixed

.

Detailed
space

over a field F with an
ordered basis

13=0 , ,Vz ,
ooo ,

Vn ) .

Let X EV .

Write

X =L ,
Vit Lzvzt .

. .
t Lnvno

We write

cx%=f÷÷)
a:%in:Yes¥±t:
respecttop.EE#IfTfiitffY



EI:V=IR2 ,
F=R PSL

E- UH
.fi/Jo-7s:cina:.heYs.tihris.i::::i::.

.
.

÷÷÷÷÷÷÷÷÷

Solveig ( f) =L .CL/tLz( I )

Kiki 't'll-51¥
4TH

÷÷:÷i÷ I
4=3,2z=@



1%1=3( L ) - z f I ) pay

Thus
,

[ × ]p=[ ( GDP = G)

Let BEC'd ,
C :D .

← s¥sdF
Then

, (g) = s I b) t 4 (9)

So
, [ x ] ( 54 )

.



pg S
Ex :

L
.

F- Pz ( IR ) = { at b x t c x
'

I a
,

b
,

c E IR }
F  = IR

13 = [ I
,

I t X
,

I txt x ) ← 3%5IT is is

:÷÷÷:
:

÷÷÷÷÷÷i÷÷÷÷÷÷

2 - X t 3 x
'

= L
,

. I t da l I t x ) t 4 ( I txt x)

2 - X t 3 X ! ( a ,
that L , I . I t ( L z

t Ls ) X tBK



So,

[ v ]p=[ 2 - xt3xJp= ) PIL

#

Def Let L : V -2 w be a linear

transformation between two finite - dimensional

vector spaces V and W both over a field F
.

Let p=[v , ,Vz , . .

>
Vn ) be an

ordered

basis for V and 8 be an
ordered

basis for V.V .

The matrix

[ 4 ;=(and .
"µuBffEh§

is called the

matrixforlwithrespecttopand8.it
V = W and 13=8 ,

then we

write [ Dp instead of [ LIE .



EI: L : R' → IR
'

PIL
given by 4514¥31 JEFE" "

Finethat
'

sina.in:* on

Let p=[ ( to ) , (9) ] .

Lets compute [ Dp = [ LIPP

L (f) = (d) = I. ( lol t2 - ( Y )

491=1-

D= I . ( to ) - le ( Y )
t.EE#testni.....D

terms of B

so
. [ Drift plat KH



Letts 'Ll 'll 't :D I

÷i÷
"

t.fi/=fZaCiltc(
I )uiH¥Ei

.

¥31 of B
'

into L

Need to solve

¥÷÷⇒÷÷÷" *"Hail
= ( Ibd )
= Iii

-

II )



Let 'snow calculate [ Dj , pay
w

a

'=UiHTDx
A fell old :D

411--171=2
. (b) tie ( Y )

L ( TH = 0 . ( to ) - 3. ( Y )pigsties
into L

So
,

CD ,i=fuiDpK4iDp)

=L i: )



mi:i÷



EXT (Continued from last time ) He

÷÷i÷÷÷÷÷i÷÷÷÷÷÷÷÷÷÷



Whatsapp PLL

v= ( I )
Recall: 451=1

"

We are using the standard
basis here

p= C Cbbc :D
.

r

curses .
-- ft'd =L

Finales
ofHttp

[ v ]p=( L ) ( 31=4484
a

vi. Clot

tz.li/3.Coltol9I=l3dsIGTEDp7

us
"



Let 's now use p
's ( ( I ) , ( T ) ] . Pgl

G) p
,

= ( Iya ? ← this matrix will

re . ÷÷÷÷÷÷÷÷÷
Let's find [ v ]p '

Khalil tht 'd
So need to solve

Thus ,
r= If ! ) t

E (T ) .

so , [Dp ,

= )

, as .
.

- f ': 7%1%1=2



=f"ii.
"

sit Ha HH I

Supposedly then GUD pi
=

z
) .

Let's verify #Hittite HH
=L ( v )

So
, G) pile ] pi

= [ LHD
p

,

-



What does Cip, do ? Psc

It turns out that

ftp.wpi-GHDp
So

, [ lip ,
computes L but it takes

as input p
'

-

coordinates
and it

outputs p
-

coordinates .

For example

ftp. = ( YI ) and 4%475 )

as :.cn
.

.

- fi :) I

= ¥If = ( } )
-0

B
-

coordinates

=[uvDp
unt.in?s.coltol:To-EwDrs--l3o@



theorems Let V and W be PSC

finite - dimensional vector spaces over a field F
.

Let p=[V , Nz ,
. .

,
Vn ) be an ordered

basis for V and p '=[ We ,Wz ,
ooo ,

Wm ]

be an
ordered basis for W .

Let L : V -2W be a linear transformation .

Then ,

[ Lip'[x]p=[4xDp
,

for all

XEV .

-

proof : Since p is a
basis we may

- ,

write X =
L

,
V ,

t 22kt  ooo t Lnvn .

↳

Ex ]p= ( !! ) .

whaeaief .



Since p
'

is a basis we may write P97L

L ( V
, ) = a

, ,
W

,
t Az

,
Wz too .

t an
,

Wm
L ( vz ) = a

, z
W

,
t Azz Wat  ooo t amz

Wm
:

L n ) = aww ,
ta :Wat . . .

tannWm

Where aij E-F
,

So
,

CD :'-(GHB
.

. 1kGBP! .  of EH !
i :÷:i÷÷÷÷



We have that posse

L ( X ) =L ( L
,

V
,

t 22kt  ooo t Ln Vn )

=L
,

L ( V
, It 22L (b) too . tan L ( Vn )

→ fini=L
, ( a

, ,
w

,
t a

,
Wat  ooo t Annwn )

+ Lz ( An W
,

tazz Wat  .  o . t Anz Wm )

#
t . . .

t

+ Ln ( aww ,
t Azn We tooo tamnwm )

¥

= ( L
,

a
, ,

t Lz auto .
. t Ln Ain ) W

,

+ ( L
,

Az
,

t Lzazz too . t Ln Azn ) wz

t . . .
t

t ( L
,

am ,
t Kamat  ooo t damn ) Wm



%x%.=f
' it:::÷::Is:&:

K

A Amit Lanz te . o
t Ln Ann

)

e÷÷÷:÷÷÷x÷:L

= [ LY;
'

C x ]
p

⑥



Now we show how to make
PS

a matrix that changes one

€
Coordinate system into another

.

Defoe Let V be a
finite -

dimensional vector space over a

field F .

Let p
and p

'

be ordered bases for V
.

Let I : V → V be the

identitylineartransfrmatio_
where

I ( x ) = X for all XEV .

The matrix [ I ]Bp
'

is

called thechangeofbasismatrixfromp
'

.



EI : Let V= IR
'

,
F -

- IR
. 99L

Let p=[ ( ! )
,

( ID
and P' = [ ( f )

, ft ) ] as earlier .

Let's calculate [ IT
,

?
'

" " ' "

I (9) = (9) =

pTgpEI
wa

⇐sire



mi::i



Test 1 is on Weds
PSC

Seel
October 21st . notes

¥iayq¥
Takins

on
the test day know

Instructional
are on

the next page
→

① calculation type questions / subgroup

② proofs



Math 4570 - Fall 2020 - Test 1

• You will receive the exam on Wednesday, October 21st at 7am.

• I will email it to you and also post the test on the class website.

website: https://www.calstatela.edu/research/ashahee/

click on Math 4570

• Please send your solutions back to me by Thursday, October 22nd at 12pm in the

afternoon.

• Pick a consecutive 2-hour window to take this exam, such as 2pm - 4pm. You may only

use 2 hours of consecutive time. Do not split the time (like 12-1pm and then 5-6pm).

• You can only use your mind to take this exam. No help from any sources or people.

No books, no notes, no online, etc.

• No calculators.

• Use blank paper (like printer paper) if you have it please.

• On the first page of your exam, before any of your solutions, put these three things:

(a) Your name.

(b) The time period that you chose (such as 2pm - 4pm on Wednesday)

(c) Copy this statement and then sign your signature after it:

”Everything on this test is my own work. I did not use any sources or

talk to anyone about this exam.” your signature

• After your name and the above statement with signature, start putting your solutions

to the problems. Please put them in order. That is, first problem 1, then problem 2,

etc. You can put each one on its own page.

• Please scan your test using a scanner (such as a free one on your phone) and put it

into one pdf document with your problems in order.

• To get a clean scan, make sure there is plenty of light, the phone is held flat directly

above the paper, and the paper is placed on a flat object such as the floor or a table.

• When your 2 hour time period is done, please scan your test and email me a pdf to

ashahee@calstatela.edu.

The problems are on the next page.

80



EI . ( Continued from last time ) PLL

i.Eiiiiiii.pt-flil.fi D

as :
' "

i:)
What [ I ]pB

"

does is it turns

P
- coordinates into Pt coordinates .

For example ,
in a previous example

we looked at V= ( I ) and saw that

v=( 4=1 . (b) t 2191 so CD p

- ( I )

v= LIKE ( Ht 's fit so Cip ' =



Note that
Psc

fi: lit . Hi it
for this

So
, [ I ]Pp

"

[ v ]p= [ Dpi particular

I

Thing Let V be a finite - dimensional

vector space
over a

field F and let

13
and p

' be ordered bases for V
.

Let [ I ]lp3
'

be the change of

basis matrix from p
to p ! Then

[ IT ! p
= Cx ) pi

for all XEV .

proof's From them from last class

CITY.

'Cx3p=[ICxDp
'

as
:a%=a.¥¥¥⇐

.



Defy Let V be a finale - dimensional PSC

Vector space over a
field F

.

Let

D= [ V
, ,Vz ,

ooo ,
Vn ) be an ordered basis

for V .

Define It : V -3 Fn

by EC x ) = Cx ] p
.

Nole that OI depends on B ,
so sometimes

fear.is#naasEao:.s;:::mesnoI

We call If acanonicalisomorphism
between

V and Fn
-



Ex V = R2 ,
FAR , P = [ ( t )

, ( T ) ) of
OIL 'd = KID p

"%=÷lHtt
OIL

H=U4DpEqy⇒(Httet =L heEl9cq=ElHt'
✓

=
IR

' IR
'

.
= as Dp )¥#i%

. . .



pg

tEishm 6L

This follows from the them we proved

about how linear transformations are

Constructed .

OI : V → Fn

f- [ V
, ,Vz ,

.  
Vn ] is an

ordered basis for V

Pi
FEU ! ) , ) ,

. .

, D to be

the standard basis for Fn .

Then ,

'

OI ( v ,I=oI(to Vit 0kt
. . . torn ) = ( ¥ )

ITV .
)=oI( or

,
that . . .

torn ) = ( ! )

*Intel out onto .  iv. tf ! )



Also
,

it X =L
, Vit . . . tank EV PIL

then

OIL x ) = E Kirito .  otdnvn )

=L
, ( ! )

tdaf.gl/t.ootLnf&)--2,oI(y)tdzoI(Vzlt..otdnoICvn/

We had a thou that says this

shows OI is a linear
transformation

and since OI maps p
onto a

basis p
'

,
this implies to is

an
isomorphism .

So
, VE given by oI .



Commutation PIL
L : V → w is a linear transformation

V & W are finite dimensional Vector spaces over
F

p and 8 are ordered bases for V pea!¥ ,

dim C V ) =n and dim ( Wfm I

X I
- L Cx )

view

I:÷÷
.

!.
=GlxDs



pg

theorem: Let V and W be GL
finite dimensional vector spaces over

a field F
.

Let T : V → w be

a linear transformation ,

Let

P and 8 be ordered bases

for V and W ,
respectively .

T is an isomorphism
iff

[ T ] ! is invertible .

Furthermore ,
if this

is so then

a- is :#isit .



pg to

proof : ✓
-

C =D ) Suppose that T is an isomorphism .

So
,

T is I - I and onto and

dim ( V ) = dim ( w )
.

Let n= dim ( VH dim ( Wl
.

So
,

[ TIE is an nxn
matrix ,

Let In be the nxn
identity matrix

and let Iv : V → V and

Iw : W → w be the identity

linear
transformations

.

where

Iv ( x ) = x for all x EV

and Iw ( x ) = x
for all XEW .



Then
,

p④

IT 'S :[ TIFF CT off! - ED ? In

→÷. .

Thus ,

[t7p is an invertible matrix

and it I Cigs



Math 4570

10/19/20



Hwy Pod
⑦ Let V be a vector space

over a field F
.

Let W
,

and

wz be subspaces of V
.

Define
a

W ,tWz=Ixty I XEW., yews }

(a) Show W ,
EW ,

t Wz and

Wz E W
,

t wz .

pfota ) :

Let x E Wi .

Since Wz is a
subspace ,

E Wz ,

Then x = XtcEW ,
t We

Fw
,

in Wo

So
,

W
,

E W
,

t Wz .

Also let ye Wz ,

Since W ,

is a

subspace , FEW, . Thus ,

2=-0 t y EW ,
twz .

So
,

We EW ,tWz .



(b) W
, two

is a subspace of V . PLL

proofs
• Since W

,
and We are subspaces

,

EW
,

and 8 Ewa .

Thus ,
8=8+8 EW, two

✓
u

in w
,

inWe

• Let a
,

be W.tw and LEF .

Then a=X ,
ty ,

and b = Xztya

Where X , ,XzEW ,

and Y ,tY< E We

Since x , gxz EW ,
and W ,

is a
subspace

we have that Xlt Xz Ewi .

Since y , ,
Ya E We and We is a subspace

we have
that y ,

tyz E wz ,

So
,

atb = X , ty ,
txztyz

= ( X ,
t Xz ) t ( Yityz ) E With

-
-

in w
,

in We



pg

Since
x ,

EW
,

and y

.
Ewa ,

and ↳
WI & We are subspaces we

have

LX ,
EW ,

and Ly ,
E Wz .

So
,

La = x ( X
, ty , )

=L X ,
t dy ,

E W
,

two

-
-

in W
,

in We

By the above W
,

two is a

subspaceof V
.



Hw£#3T Pgl
Let V ,

W
,

and Z be finite dimensional

vector spaces over a field F
.

Let

x
, p ,

and 8 be ordered bases for

V
,

W
,

and Z respectively .

Let T : V → w and U : w → z

be linear transformations .

( al Uo T : V → Z

is a linear transformation

in [

void
; -

- fig :[t ] !



profit pay
Let Visva EV and 9 , EEF

.

Then
,

( UoT ) ( c. Vit czvz )

= U ( T ( GV ,
tczvz ) )

,,nFU(
cithhltcztcval )

" UH " Htsvetch , ,

= c. ( bot ) ( v. Itcz ( Uot ) ( vz)

So
,

Uot is linear .



p
: [ at ]f=

ftp.fff
pgl

Let L = [ Li ,
Lz ,

ooo

,
Ln )

,

D= [ 13 , , Pa ,
ooo , Pm ]

,

D= [ 81,82 ,
. .  .

,
Vp ]

.

Lets calculate [ TIE .

Suppose

TCL , )= ti , 13 ,
t tz , Bat . . .

t Am , pm

t.az)
= th Pitt ?

Pat . .

.tl?mzBm)
:

TCL n
) = tin 13 ,

ttznpztooottmnpm

where tij E F
.÷÷÷÷÷:÷÷÷÷÷÷÷÷÷÷÷b



Similarly we have PIL

%::::::i±::*::::i:

:]pm) = Um 8
,

t il
am K too . Upm Vp

where Ui ; E F
.

"

as :¥÷÷÷: : I
4IE:U(pj)=9unjrnI



Then
, PGL

( Uo Thai )

= U ( Tl dit )

= U ( I ,

ton
. Ps)

is E.

t.a.ucpit-E.ta-E.ua

.
- ra

tile = ( E.triumph
= !§( FE

Units
.

i ) On

-
give us the ith column of [UoT]f

The element in the k - th

row and ith column of [Voth is j£
,

Ukjtji



Pg 9a

:S: as : ÷:::::÷÷÷÷÷÷:Up ,
Upz . . . Up!

p#mxn

e÷:::qdp%t
where one.

= fhthcFm ) . fiftyF)
= Ur ,

t
, i

t Una tzi t .  oo t Ukmtmi

= If,

Uk ;t ji .

Thus , Got ] F- ftp. G)
'I



HW4J#4 pg

Let V and W be vector spaces over

a field F
.

Let L and B be

ordered bases forV and W
,

respecting .

Let T
,

:V→W and Tz :V→w .If[ t.JP = ( TD ! ,
then IT = Tz .

proof's Let 2=4 . ,
a ,

. . .

,
an ]

and 13=113 , , Pa ,
. . . , Pm ] .

Suppose

[

t.IE/t:t:::::t:
:

then ,

Em
,

tmz .
.

.tn/=CTDaB .

TCL ,
)=t , , pitta Pat . . . ttm , pm

-

-
IG ,

)

T ( be ) = tizpittzz Bat . . .
ttmaBm=Tz (a)

iii.i.t.niitt.net.
.  .time .

can



So
, Tfa I = Td di ) to ' i - sa

, .

,

,
!

Let x EV
.

Write X = C
,

d
,

t Cz 22 t . . .
t Cn an

for some Ci E F .

Then
,

T
,

( X ) = T
,

( 92 ,

t Cadet . . .
t Cn Ln )

Js
GT C a) t.TK .

It . . .
t ca TG . )

,
Tia ,

Hatin.
It . . . +

antics ,

( c
,

a
,

t ca da t . . . t Cn a
n )

T tIThx )
.

So ,
T

,
= Tz

.



ma:i:



Goat Finish HW 4 material today .

pg

#
theorem Let V and W be

finite - dimensional vector spaces over

a field F
.

Let T : V -2W

be a linear transformation .

Let

P and 8 be ordered bases for

V and W
,

respectively
.

.

T is an isomorphism / invertible

iff [ tip is invertible .

Furthermore ,
if this is the

aase then [ t 'T 'j=(CHE)
"

T

#We stated andproved
one direction

two weeks ago .

Look in notes on

website if you want to see the proof



Corollary. Let V he a finale - PLL
dimensional vector space over a field F

.

Let p and p
'

be ordered basis for V
.

Let Q = [ IT ,j
'

be the change of

basis matrix from p to p ! Here

I :V→V where ICxI=x for all XEV
.

Then :

① Q is invertible and Q'
'

= [ I ]pP ,

② If T : V → V is a linear transformation ,

then [TIP = Q'
'

[
ftp.Q#CtIpGIp '

-

proof of ① : I is invertible and I
' '

= I
. ,

Thus ,
Q= CITY

'

is invertible

ao¥a⇒÷e⇒i .

I I



P t② : Effi PGL

We have that -

Q
- ' ftp.Q-CITpictt.p.CI]pP

'

quitCETI:
'

c"I÷zr=as;EzsJ
to

= ftp.ctsii
'

theCIOTTI=[+yp~±= [ ftp.



Defy: Let A and B be 09

nxn
matrices with entries from

①

a field F
.

We say
that

A and B are similar
if

there exists an nxn
invertible matrix

Q with entries from F where

B= Q'
' AQ .

-

In the previous
Hum we

Saw
that [ t ]p and

[ TIP .are similar matrices

-



pg

theorem: Let V be a Anne - is
dimensional vector space over a field F

.

Let 13 be an ordered basic for V
.

Let T : VTV be a linear transformation
.

Supposedim ( V ) = n .

If A is an nxn matrix with

entries from F that is similar

to [ TIP,

then A  = CT }

where 8 is Some
ordered basis

for V .

-

proofs: Let n=dimCV ) .

Then

[ Ffpis nxn .

Let 13=4,4 ,
. . . ,VD

,

Since A is similar to [ TIP there

exists an invertible nxn matrix Q

with entries from F where A= Q'
' [ T ]pQ .



Let Qi ;
denote the ij - th entry PIL

of the matrix Q
.

That is
, Q -

- ( &:&I::
Qin

.

Qn .
. . .

Qin ) '

Define the vectors Wi , Was , . .

,
Wn

by the equations

n

Wj = I Qi
,

- Vj

this sun runs

over the jth

column of Q

Let 8 = [ w
, ,

we ,
- no

,Wn
]

.

We will now
show 8 is a

basis for V
.

We do this by showing that 8 is a

tin .
ind ,

set .

Then since
dim Cvt=n ,

and

0 has n elements ,
it must be a

basis for V .



Suppose pg

Li W
,

t Lz Wat  . . . t Ln Wn =

€

where Li EF
.

Then
,

x , ( Qi , YtQz ,
Vat . .  . t Qn

,
Vn )

+ do ( Q ,zV ,
t Qzzvzt . . .

t Qnzvn )
→

+  O  o  0

+ Ln ( Qin V
,

t Qznvzt . . . t Qnn Vn ) = O

Rearranging we get

( L
,

Qi ,
t La Qizt . .  . T an Qin ) V

,

+ ( L
,

Qz ,
tdz Qzzt  ii. t Ln Qzn ) Vz

to . .
t ( 4 Qn ,

the Qnzt . . .
tan Qnn ) Vn =

Since 13=0 .sk ,
.  . gun ] is a tin .

ind
.

set

we get
a

,
Q , ,

tdzQ.at . . .
t Ln Qin = O

Li Q2 ,
the Qzzt  cut Ln Qzn = O

,

O

0 o
0

O o

O

O

Li Qn ,
t 22 Qnrt . . . tan Qnn = O



Thus
,

pg

ca:÷÷÷÷÷÷÷x÷÷H¥i
'

"

a to:o) .

Since Q
- ' exists we get

c÷i=o÷l÷.

toilet
Thus ,

4=0 ,
La = O

,
. . . ,

Ln = O
.

Thus
,

8 is a tin .

Ind .

set .

So
,

8 is a basis
.



By the definition of wj , PIL
is the change ofQbasismatrix [ the .

JgEQi:ICW ,

- f- I ( EE Qi
,

- ri )÷i
So

,
the j th column of

a⇒iisl¥÷d=ino¥
Hence

,
Q

- '
= [ ITI .And ,

A-  = Q'
'

CT ]pQ=[ IT :[ Dp CITE

= [ The



ma :i:



Periods

(Eiwyiiiii99L

We define determinants recursively .

Defy Let A be an nxn matrix

with coefficients from a field F
.

Let Isi , je n .

The matrix

Ai ;
is defined to be the

( n - I ) x I n - I ) matrix obtained by

removing the ith row
and j th

Column
of A- IT

 To

Ex :

Aliff
-25 )

AoifeFit :



Def: Let A be an nxn matrix with
P '

entries from a field F
.

Let ai ;

€

be the entry in the ith row and

j th column of A
.

① If n
-

-
I and A=( a

" )
,

then

define det (A) = an

② If n=2 and A  = ( a !!aa '

I ) then

define det (A) = Au

Azz
- A 12921

③ If n > 3
,

then define def CA ) as

follows .

Pick a column j( IE JE n )

Define
detCAI-a.EC - 1)

it Jai ,det(Athis is

Tumour rows
cnah , xcn . H

column j is fixed
matrix

This is called the expansion of the

determinantalengthejth.co/umn-



Note : One can also expand along a P9

row in part ③ .
You pick

&
a row i ( Isis n ) and replace

step ③ with

det CAI = €
,

C - 1)
it

Jai
;

det ( Ai ;
)

-
Sum over

thecolumns

row i is fixed

-

Facts This defis
well-defined .

One can
show that the final

result is the same no
matter

What row
or column you

expand

on in each step

-

Notation's One also uses bars in the

minion : Me



Edetf PIL

EI det ft5) = (1) (3) - (511-1)=8

⇐A=€÷÷)
Expandonrowi-I_gf-3-ty4@3zJdetCAI-flIttandetlAnlttiIt2a.z

det C Az )

+ f 1)
' +3

a ,
det I Ab )

i÷i÷i÷÷iii÷*÷÷
""

=3 [8-12]-[4-15] to =



" it '
'

÷: it ⇐

ma

'

II "÷÷÷÷÷

a

that I }I I t I N - 4) I }I I t till 41/181

-
- -SEEMHEHHEH

= - [4-15] - 4 f 6 - D - 419 - o) = ①



For 4x4
,

the H - matrix would be PIL

at I I

ii.÷÷i÷i÷÷÷÷÷÷
"

alloy }4th Koil It =

i¥÷i¥



=KI =3 kitten Kitto
=3 [11-2] t I [2-13]

= 9+5--14
-

Propertiesofthedetamina
Let F be a field and A and

B be nxn matrices with entries

from F .Then :

① det ( AB ) = det C At det C B )

② A is invertible iff def (A) to
.

If A is invertible ,
then

det I A-
' I = ( det CA ) )

- I
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Testas
pgt

You 're grade will the max of these

two systems :

syllabus system : I test I
, I test 2

, I final

other system : I - max { test I
,

test 2 }

I -

final

-

Test 2 is on

Weds 11/18 .

Test 2 covers

HW 3 and Hw 4
.



i÷""fHws
Deft Let V be a vector space

over a field F
.

Let T :V→V

be a
linear transformation .

If XEV with x # 8 and

T ( x ) = Xx for some
X E F

,

then we
call x an eigenvector

of T and X theeigenvaluecorresponding
to X .



EI : T : IRS IR
' pod

Habitats
:D ← ¥÷÷i

Then
,

THE 1=(-4--44)
So

,
X= ( I ) is an eigenvector

with eigenvalue
4=-2 .

NIKKI's't -4%1=5

So
,

x= ( f ) is an eigenvector

with eigenvalue
6=5 .



Ex : Blk ) ={ atbxtcx '
I a ,b ,

c EIR } pg

F :P
.

( IR ) → RCR )

Tfatbxtcx ) = btzcx

[ That is
,

Tcf ,=fy

}1÷÷k
linear

Then ,

T

(1)
=

0=0.1
So

,

1 is an
eigenvector

with

eigenvalue
O .

-

Deff Let V be a
finite -

dimensional

vector space
over

a
field F

.

Let

T : V → V be a
linear

transformation .

We say
that T is diagonalize

if

there exists
an

ordered basis B

of V such
that [ TIP is a

diagonal matrix .



EXT Consider T : IRSIR
'

pgc

given by Tf 5) = ( fat}} ) as on page 3
.

We saw that ( I ) and (4) are

eigenvectors of T
.

Let p=[ ( I ) , ( 341 ] .

You can
check that these two vectors

are linearly independent and since are

two of them and dim C 11221=2 ,
they

are a
basis for IR ?

Let's calculate [ T ]p.

.

t ( t ) -

- (3) =
- 2ft ,

) t of } )

( %) = o (4) t s ( 34 )
T (E) =

-
,

write the answer

-
in terms

of13plug p

into T

So
, [ t7p= ( I g) .

So
,

T is

diagonal it able
.



Let's take a closer look at pgc
Why this is useful .

Let v. = (

I
) and vz= ( f ) .

Let x be any
vector in IR ?

Since p=[ v
, ,v . ] is a

basis for RZ

We can write X = C
,

V
,

t Cz Vz

Where c. ,
Cz E IR

.

Then
,

T ( x ) = T ( c
,

Vit Czk )

= C
,

The
,
) t Cz

The )

= C
, f- 24 ) t ca ( 5k )

=
- 2C ,

V
,

t Sczvz

Inmatrixhote.tn#CtCxDp--CtIpCx3p=( I8) ( & )

=L 3¥)



Theory: Let V be a finite - dimensional

Pdf
vector space over a field F

.

Let

T : V → V be a linear transformation .

T is diagonal iz able iff

there exists an
ordered basis

P=[ V
, ,Vz ,

. . .

,
Vn ] of V

Consisting
of eigenvectors

of T .

Moreover ,

if this is the case
then

I ,
O O a .  . O

as .t÷÷÷÷÷÷
Where bi is the eigenvalue

Corresponding
to Vi .



¥ : T is diagonal iz able pg8L

iff there exists an
ordered basis

P=[ v.
,

Va , . . . ,Vn ] of V such

that Id
,

O . . .
0

eat :::::
for some di EF

iff there exists an
ordered basis

D= [ v , is ,
. . . ,

Vn ] of V such that

Tlv , ) =D
,

V
,

to veto .
.torn

T ( Vz ) = Oytdzvzt
.

. .

tooth.

.

un ) = out 0kt .
. .

tbnvn

Iff there exists an
ordered

basis

D= [ Visva ,
. .  ,

Vn ) of V consisting

of eigenvectors
with TC Vi ) = divi

so di is the eigenvalue for Vi .



Why is this useful ? pgc
-

Let T : V -3 V be diagonalize able

with basis of eigenvectors p=[vyVz ,
. . . ,v , ]

and eigenvalues di ,
dz

, . . .

, An .

Let x
EV .

Write X=
C

,
Ytczvzt . . . tcnvn .

T ( x ) = Tlc ,
Vltava

tin tank )

= c. Tlv
,

)tCzT( g)ti . .
tenth )

= C
,

d ,V ,
t Czdzvzt . . . tcndnvn

-



How do we find the eigenvalues p%L
and eigenvectors ?

Let 'swork on this question .

-

theorems ( HW 5 # 4)

Let V be a finite -

dimensional

vector space over a field F
.

Let T :V→V be a linear

transformation .

Let 13
and 8 be ordered

bases
for V

.

Then
det (ftp./=det(Ct3g)pf:

Hw S # 4 .



The previous theorem makes P9

thenextdefinitionwek-defined.lt#DefJ

Let V be a finite -
dimensional

vector space
over a field F

.

Let T : V→V be a linear

transformation .

The determinant

of T is defined to be

det ( t ) = det ( Etfs )

Where p
is any

ordered

basis for V
.

-



Ex : Recall P.dk/--EatbxtcxYa,b,ceR }
I

-

Let T : Pack ) → Blk ) P,@
be defined as Tff I = f '

that is T(atbxtcx4=bt2cx .

Let p=[ I
,

x
,

XZ ]
.

13
is an

ordered
basis for V=Pz( IR )

.

T ( I ) = O =
O .I to . Xt 0×2

T ( x ) =
I =

I .I to -

xtO§TCx4=
2x =0.1+2×10×2

So
,

detft ) - del - ( CTI
,
)=det( EEE )

¥
expand on

¥t



theorem Let V be a finale - dimensional P③
vector space over a field F

.

Let T : V → V be a linear transformation

Let I :V→V be the identity

transformation ,
that is Icxkx FXEV ,

If p is an
ordered basis for V

,

then

det ( T - II )=det( CTIP - d In )

WhereIn is the nxn identity

matrix where dim ( V ) = n
.
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theorem Let V be a finite Pfl
dimensional vector space over a field F

.

Let T : V → V be a linear

transformation

.
means

Then the following }←①¥¥÷÷÷
are equivalent :

① There exists an eigenvector

XEV , x # J
,

of T

with eigenvalue
X

② det ( T - XI 1=0③N(T-tII¥Eo#Here
I : V → V is the

identity linear transformation

I ( v1 =v for all VEV .



pg
prost: We prove ①Agg 2L

( ① ⇒ ③I

Suppose there exists XEV ,
X # 8 ,

with TCX ) = XX
,

where XEF .

Then
,

TCxl=XI( x )
.

So
,
TC x ) - XI ( x ) = 8

.

Hence , f-XI ) ( x ) = 8

Thus ,
x E N ( T - XI ) .

Since x # 8 ,
NCT - XI ) # { O

'

}
.

÷i



pg

(③ 0201 &
Suppose NCT - XI ) # { 8 }

.

Then there exists XENCT - DI )

with X # 8 .

Note :BEN C T - II ) because

T - d I is a
linear

transformation

and Hw 3 # Ica ) tells us
then

that ( T - II ) ( 81=8 .

So
, ( T - DI ) ( x )

= 8 = ( THI ) ( 8)

Thus ,
T - II is not one - to - one .

Hence , T - DI is not invertible .

By HW 5 # Sa ,
det ( THI)=O .



(② D①) pic

Suppose det ( T - XI ) = O
.

By Hw 5 # Sa
,

T - II is not
invertible .

So
,
T - d I is not one - to - one .

By Hw 3 # Ga ,
NCT - XI ) t { 8

}§fiiniiiiiiiiiiiiiiiiieiiih
Then

,
( T - III ( x ,

) - I T - DI ) ( Xz ) = 8is
, Ctatcx ,

- xd -

- o
'

e .

So
,

x ,

- Xz E N ( T - JI )

gSin¥xtxNIT - DI ) t E 83-
So

,
there exists *EV ,

x # 8 , with

X E N C T - XI ) ,



So
,
( T - SI ) ( x ) = 8

.
PSL

Thus
,
IT x ) - SIGI = E

So
,
TCH = XI C x )

Ergo ,
TCH = y ×

]IC
Thus

,
x # I

'

is an eigenvector of T

with eigenvalue b
.

④

-



theorem: Let V be a finite PEL
dimensional vector space over a field F

,

Let T : V→V be a linear transformation
.

Let I :V→V be the identity transformation
,

where Icx )=X for all XEV .

Let In be the hxn identity matrix

Where n = dim ( V ) .

Let p be an ordered basis for V
.

Then ,

det ( T - II ) =det ( Edp - Jin )

proogf: Let p
be an

ordered basis

for V .

Then , gdefo
det ( T - II ) = det ( CT - XII , )

= ZL next page )



- PEL

÷:i¥¥÷¥i÷÷÷:¥
' At

④
-



pg

Defoe Let V be a finite - dimensional 8L
Vector space over a field F

.

Let T : V → V be a linear transformation
.

Let X be an eigenvalue of T
.

Define

E
,
CTI = { XEV IT

Cxktx
}

= N ( T - XI )

Ey ( t ) is called the

eigenspaceofT corresponding to X

-
The dimension of E ,

( T ) is called

the geometric of
-1

.

N#InHW5yonwi¥
is a subspace

of V
.

Also , Ey ( T )

contains O
'

and all the eigenvectors
corresponding to X

.



Defy: Let V be a finite PS

dimensional Vector space over a

9L

field F
.

Let p be any
ordered

basis for V
.

Let T :V→V

be a
linear transformation .

The function

f-
,
( X ) = det ( T - XI )=det( ftp.HID

is called the characteristicpolyn.me#

oft .

The roots of ft ( I )

are the eigenvalues
of T

.

If to is a
root of ft ( t ) then

the algebraically
of to

is the largest positive integer k

such that ( X - Xo )h is a

factor of ft ( t ) .



EI : Let T : 1123 → IR
'

be given by PIL

HEH .

T is a linear transformation . I:D
Let's find the eigenvalues,

the
eiger spaces ,

and more . . .

Let p = ( Vi ,
ra ,

vs ] where

v. = ( I ) ,
re ( I ) , vs

= ( I ) .

We have

took (9)
= of 's ) thot ' ' til

t ( If (E) = o . (Eltz
. (9) to . ( 8,1

T (9)
=/
I ) =

- af ! It if ! It4,8 )

thus
,
Ct
]p=(

9%



Thus
, by the previous theorem

, AIL

* ÷::¥¥÷¥±÷÷÷:
=det( (9%37-+4%4)

=a etfi
= to's's.to/iHttnlioT
i¥¥÷¥÷¥

=
- X (C z - WH ) - OT - o - 2 [0-(2--1)]

= - It 512-8×1-4



rn :%i



• No class this Weds PS

It'sa holiday

Ll
-

• Test 2 is next week

on Weds the I 8th

Covers HW 3 and HW 4
.

-
-

matrix of
linear

a linear trans .trans
.

#emethdfest2a
last time

.

I'll email it to

You on Weds morning and you

send it back to me by Thursday

at noon .

I'll also post it

on canvas .

Send it back to me
either as :

last name .

first name . pdf
lastnane-firstname.pdfundhgf.IO



⑧ pod
-

Fromlasttim€

:

T : IRS 1123

T (1) = )
13=0 .sk ,v , )

vi. f 's ) .ve is
-

- (g)

Esp - (
9

,
II )

f
+

(b) = det ( T - XI ) = -4455-8*4

-

Ratiunalrootsthm:_
Let

f- I x ) = anxnt

an
- ,

X
"  -  '

too . t a
,

X t a .

where ai
are integers ,

an # o
,

a. to .

If a
rational number If is a

root

of f- ( x ) then p
divides a .

and

9- divides an .



The possible rational roots If of PS

-

P
-15,12 - 81+4 must satisfy

↳
p divides 4 and f must divide - I

So
, p = It ,

I 2
,

I 4 and of = It
.

Thus
,

the possible rational roots are

Pf = I 1

,
I 2

,
I 4

.

Checky

ft ( 1) =
- ( 113+541-841+4=0

fifty =
- C- 11751-11

- 8/-111-4=8*0

ft ( 21=0

ft C - 2) to ,
fifty ) # O

So
,

4=1 and 4=2 are
the

only
rational roots

of

of - X 't 5×2-81+4 .



Since 1=2 is a root
,

we know
pay

X - 2 divides -13+542-8×+4 .

-

It3×-2
z

X -2-755-81+4

*ii¥÷÷÷÷÷÷E
- ( 3×2 - GX )

¥4
- C-2×+4 ) f

-
3±fE¥

Ten=
So

,

-1,3+55-81+4=(4-2)/-443*2)

= ( t - 2) f C x - 2) G- ID

=
- ( t - 1) ( x - 25



So
,

-14512-8×+4=-6 - 1) ( d - 2)
2

Pgl

e::÷÷::nii#
RecalljL.lt/=fx/TCxI=lxIILet5calculate#ET

)

E. HI
-

- { ( EIERYTCE) = ( It }

={ ( Elek 'll EEE f- I El }

=L C Elena't HEH

Sotowe.Ed :
-aaatbI



Let's solve pg

i÷
a

fi:
-it :o) Il :o)

I 0 2

÷i÷i:c :tool
in reduced

form

③

Let c= t .
Eq ② gives

b=c=t .

Egri① gives a =
- 2c=

- 2T .



a =
- 2T pg

E what
, E. "nimmer .

7L

Ei HI = { ( IE ) I te IR }

={ tf ! ) ) te IR }
= span ( { (7/3)

So
,

a
basis for E

,
( T )

is

Biff
? ) ]

So
,

dim ( E ,
All =/

Thus,
the geometric

multiplicity of

x =L is dim ( Edt ) I =/
.



Let's calculate
Psw

Edit = { (E) EIRYTI ! 1=2/11}
that -

- 41 ) is f II f- feel

This reduces to solving :

÷¥÷
iii. it:o) it :o)

÷i÷:c :::'M
④+÷÷÷÷÷÷i:÷÷÷÷



Ez (THE (In ) / step }
PSC

={ (E) tf % ) later}
={ t (4) tsf I) / site IR}

-

- span ( I ft ) , 19) } )
You can

show
,

(4) , ( I ) are

linearly independent .

So
, PER-

! ) , ( ID
is abasis for Edt )

.

Thus ,

the geometric
multiplicity

of K2 is dim ( Ez HI 1=2



⇐

Let
13=1310132--47) , (F) , ( ID

You can
show that B is a linearly

independent set
.

So
,

P is

hand,

basis for IR
'

since p has 3 vectors
.

Elif !!! I
So

,
T isdiagonal izable .



EXIT : 1311121 → Pack ) 99L
T (f) = f

'

T(atbxtcx4=bt2cx

Let 13=0 , x. xD
.

We

saw
before that

a- a:c: : :L

fill )= det ( T - XI )

= det ( Edp - t Is )

=aetfl%%Hl :::D
= det If;)



pgi

out ÷El I
' '

It
=

-

XIII
I - o to

-

l¥÷oI
= → Gift ) -

2651=-13

So
, ft HI =

-

IThe eigenvalue
is 4=0 .

Ce when -1=0]
Algebraic multiplicity of 1=0 is 3



Eoff { atbxtcx ) Tfa PSLB
+ bxtcx4=O(

atbxtcxyg
-

bt ZCX

So we need to solve

b t 2 Cx =8=0+0×+0×2
or

b = O } a can
be any real

2C = O
number

So ,

EoH={ a / a ER }
= { a. 1 I a EIR }
= span ( { I } )

In this case ,
a basis for Eof )

is p = [ I ] .

So
,

1=0 is geometric

multiplicity dim ( Eof ) ) = I



I

pg④
Eigenvalue

:÷÷÷÷÷:¥i!
There aren't

eighteens
:÷¥¥s÷÷÷C

eigenvectors
to

make a
basis

for

V=Pz
( IR )

So ,
T isn't diagonal iz able

,

We need 3 tin .
ind . eigenvectors ,

we only
have I

.
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Test 2 on Weds
MC

-

Today wefinishHW 5 topic

-



Lemmy: Let T : v → v BC
be a linear transformation where

V is a vector space
over a

field F
.

Let V
, ,Vz ,

.
.

,
Vr be eigenvectors

of T with eigenvalues X. ily . . .

,
Jr

such that Xi # Xj for itj .

Then V
, ,Vz ,

.
.

,
Vr are linearly

independent .

proofed We prove
this by induction

on
r

.

Bae
.

Suppose
r =L

.

So,
suppose

v
,

is an eigenvector of T
.

Then ,
v. to

.

Suppose C
,

V
,

= where c. EF
.



If c
,

# O
,

then I
'

exists in F
. PSL

So
,

I
'

Civ ,
= I

' 8
.

Then
,

v
,

= O
'

which isn't the case .

So
,

if c
,

v. = 8
,

then 9=0 .

Hence ,
v ,

is lin .

ind .

Indv-konhypoth.es

: Suppose any

k eigenvectors
of T with distinct

eigenvalues
are

tin
.

Ind .

Proofofktlcasevsingthyp.o.SU/7poseVi,Vz

,
. . .

,
Vk ,

Viet ,
Are

eigenvectors of T with corresponding

eigenvalues Xi ,
Xz ,

ooo

,
Xk ,

> kti

where Xe.

# X ;if i# j .



pg
Suppose 4L

-9YtCzVztoootckVktCkHVk+i=O#

where Ci E F
.

Apply T to Ctl and use the fact

that T is linear and T ( Vi ) ti Vi

and TCE) = O
'

to get :

qX,YtCztzkt°÷×ww+Cu+chVuti=

Also ,
multiplying C t ) by tht ,

gives :

cnn.tt/hIYt::j.tc*ihktikti=iE*#



Computing ( * * I - ( * KH I gives
PSC

aHix*Ht¥÷?:!⇒*iti¥¥LSince we have k eigenvectors Vi ,
.

. .

,
Va

with distinct eigenvalues we can

apply the ind .
hyp .

and thus

Vis Vz ,
.

. . , Vk are
lin .

ind .

So
,

in Ctttt ) we get

c. ( X
,

- Xkt ,
)=O

Cz
( Xz -1kt , ) = O

O

:

ckltk - 6kt ,
)=O

Since , Xi - Xkt ,
¥0 when I Eisk

this impliesthat c. = Cz= . . .  = Ck=O .



So C t ) becomes

↳
C

Kt , Vkt ,
=

.

As we saw in the base case
,

since Via ,
# 8 ( because its an eigenvector)

We must have ckt ,
= O

.

Thus C
,

= Cz = . . .

= Ck = Ck +1=0

and Vi ,
Vz ,

. . . ,
Vk ,

Yat ,
are tin .

Ind
.

"
"



theorems Let V be a finite - dimensional

7€
vector space over a field F .

Let n
-

-
dim ( V )

.

Let T : VTV be a linear

transformation .

Let X.
,

Xz ,
. . . ,

Xr be the

distinct eigenvalues of T
.

Let n

.
,

na ,
. . .

,
nr

be their

geometric multiplicities ,

that is ni = dim ( E
,

Ctl )
.

For each

i
,

let

Bi = [ Vi
,

, ,
Vip,

ooo ,
Vi

, ni
]

be an
ordered basis for Ex

,
( T )

.



Let Pgl

13=13 , Up ,
U e.  o U Br

= [V ,
,

, goVi
,

a 9 .  . °

, Vi
,

hi ,

V 2
, , g

✓
2,2 J .  Oo

,
V2

,
Nz ,

@  O  0

Vr
,

, 9 Vr
,

a 9 .  . og Vr, nr )

Then B is a linearly independent set
.

But p might not be a basis for V
.

Moreover ,

p is a
basis for V

iff Ipl = n
,

that . . . thr
= n

iff T is diagonal iz able
.



-

Pis We first show that Pgl
P is a linearly independent set .

Suppose that

E.Eicinvi.ro#L
Where Ci

,
n

E F
.

For each i
,

we
have

that

Vin g Vi
,

a
go.gg

Vi
, na

E E ( T )
,

By Hw 5 # 6
,

Exit ) is

a subspace of V
,

thus

hi

wi = I Ci
,

k Vi
,

n

bet

is in E ( T )

.



So
,

( t ) becomes pod

W.twzt.o.twr-8.CH#

→

We will now show that Wi = o

for all i .

Suppose that this isn't the case .

By renumbering / reordering
if

necessary ,
there exists m

with I Emer
such

that

Wi # 8 for IE i Em
and

We = 8 for m
- i .



So
,

Htt becomes PIL

witwztoootwm-8.CH#
But then since each We is Exit )

and non - zero ,
we have m

eigenvectors with distinct eigenvalues

with a dependency relation Htt )

ie
,

W , ,Wa ,
.  oo ,

Wm are 1in .
deep .

Which

contradicts
thelemma .

→

Thus
,

W
,

= WE
e.  o

= Wr = O .

Ergo.
wi-iE÷for each i .

Pi = [ Vi
,

, g vi. z 9 .a  og Vi
, ni ] is a

basis
,

and so tin
.

ind . ,
thus Ci ,k=

O.O



pg
Hence p is a tin

.

ind .
set

. ↳

asis for V
Note that p is a b

iff Ipl = n
iff n=n

,
that .  ootnr .

Now we
show n=n ,

tnzteootnr

iff T is diagonalize able .

#Supposethat
T is diagonalize able

.

This means
there exists an

ordered

basis 8 of V of eigenvectors

of T
.

Let Ii = VA Edict )

for e- = 1,2 ,
ooo

,
r

.

So ,
8=8 ,

Utz Vo  o . U Jr .



Then
,

pg

^pI
I = Er

,

dim C sparerib
↳

n
-

-
dim ( V )

And

dim ( span crit ) E dim ( Edict ) ) = hi

-

Subspace
of E

, IT )

So puttingthis together gives

hffgd.im/spanC8iI)Enitnzt..otnTWBut since p is a
tin .

ind .

set

Of n ,
that .

.  otnr
elements

inside

of V which has
dimension n ,

We

must have

h.tnzt.o.tnrfn.IS

.
,

h = n
,

that  ooo t Nr •



pg

( EP ) Suppose that ↳
n = n

,

that  ooo t Nr

-
-

dimer ) # elements in B

Then
,

p is a basis for V

of eigenvectors
of T ,

[ Because

we know p
is tin

.

ind set
,

and if Ipl = dinar ) it must

span V also
. ]

Thus
,

T is diagonal izab ,,



ma :i:



• Final is cumulative
Ps

covers up to HW 5 ( Eigenvalues,

£

Eigenvectors, Diagonal ization )

. We will talk about HW 6

material but it won't be on

the final

-

11/30 12/2

Topic 6 Topic 6

"¥¥12/14

We will do

Same procedure
as before , you

pick your time window & turn it in on

Tuesday noon
,



PS

Othigwitheig ↳
Let V be a finite - dimensional Vector

space over a field F
.

Let T : V -2 V

be a linear transformation .

Let n
-

- dim ( V )
.

Then :

① Let X be an eigenvalue of T
.

Let k be the algebraic multiplicity

of X
.

Then

I E dim ( E
, ( T ) ) E k

[ I E oseoomeftrigmutt . ± also.fm,yH]
② T is diagonalize able Iff

( geometric mutt .

of X ) = ( algeobfagjcmulls )

for all eigenvalues X of T .



T-opi-IPrdctpacespgl.DE#Letz--Xtiy

be in IC
.

The conjugate of z is E = X - iy

The absolute of z is Iz/=x¥y

The realist of z is Retz )=X

The imaginary part of t is Imlz ) =y
-

-

ELI 5-37=5+3 i

15 - 3il=T¥-_ 534

Re ( lot 13 it = to

Im ( 2 - 3i ) =-3
( 2 ti ) (1-35)=2 - biti - 35

2- Sit 3=5 - Si



pg
Theory:( Hw 6) 4L
Let Z ,

WEE .

Then :

① E=Z

② ztw= Etw

③ ZI = ET

④ LET - I ( if wto )

⑤ ZEE IR with ZEZO .

Furthermore ,

ZE =D iff z=O .

⑥ IzIZ=zE
So

,
12-1=0 iff z=O .



pg
Def: Let V be a vector space SL
over the field F  

= IR or F= I
.

An innerprodt on V is a function

that assigns to any ordered pair of

Vectors x and y in V a scalar

in F
,

denoted by Cx ,y7 ,

such that the following are true

for all x. y ,
z EV and CE F  :

① C xtz , y > = C x
, y > t L Z

, y >

② C Cx
, y > = c s x. y >

③ Cx,yT= Cy ,x7

④ L x ,
x > EIR and

ifx # J
'

then Cx ,
X ) > o

.

We call such a
V aninnerproducts



pg

EI : Let 6L
KIR

"
and FAR

or

f- En and F=¢
.

Given X , y EV with

X = ( ayaz ,
. . . ,

an ) and y = ( b.
, by .  

bn I

define

< x
, y > = a ,5

,

tazbt. . . t anbi

-

Note if V=lRn
,

then

< x. y > = a It aint .  -  '

taannbn}
:&?!:÷i÷÷i÷



E Using the previous example .

M

#F=e
7L

( ( i
,

I
,

E)
g

( Hi , 0,10 ) )

= litchi talcott (E) ( IoT

= fit Cl - it t lil Colt (E) ( to )

= i - i 2+0+5 = it 1+5=6 ti

t -
-

f- R2
,

F=IR

( ( I
,

It ) , ( - I
,

I ) ) = lil filth HE )

=
- ITE

-

These inner products are called the

Standardisedon IR
"

and E
"



Let's prove that the standard PLL
inner product is actually an

inner product .

Let Ken
,

F -

- a or KIRI FAR
.

Let X , Y ,
z EV and c E F

.

So
, X= ( Xi ,Xz ,

. . .

, Xn )
, Y = ( Yi , Ya , , Yn )

,

and Z  = ( Z
, ,

Zz
,

ooo ,
Zn )

.

Then ,

①
( xty ,

Z 7

= ( x
,

ty ,
)It( Xztyz ) Eat . . . t C Xntyn ) In

= X ,
I

txzzztia.tl/nInty,ItYzzItciitYnzT--Lx,z7tCy,z7



② Lex , y > PGL
= ( Cx

,
) I ,

t ( cxz ) Ja to . . t ( cxntyn

= c [ X
,

I t X a
I t . . .

t X n
I ]

= c C x , 27

③ (X,yT =

xiytxzy.ci#XnJnaIb=a+ffA=XiyTtXT5zt..otXnJTab--abC

? I ,
I t XIE t .

. . t XT In

a ME XT y ,
t I Yat . . . t In Yn

= y ,
I t ya XT t . . .

t Y n
In

= L y ,
x >



④ Note that Xi Ii EIR and } PK
Xi XI 70 .

So
,

( X ,
X ) = X ,

I
,

t Xz Iz tooo txnxn

is also a real number and Cx ,
x > 30 .

¥÷¥¥at:stone?
( x

,
x > = XTX,

t .  . it Xixit . . .
txnxn

Yo To To

> O
.

Fta( ati b) ( a
- ib )

= a
'

- iabtiab - IZ b
'

= oft b
'

E IR and ZE30



Theory: Let V be an inner PIL
product space over F=lR or F- Cl

.

Then for all X , Y ,
ZEV and CEF

we have that :

① C x
,

Ytz 7 = L x
,

y > thx
,

Z 7

② C x , cy ) = I Cx ,y7

③ C X ,
X > = O iff x

=P

④ If L v
,

y > = LV ,
't 7

for all v EV ,
then y=Z .

Similarly it Cy ,v > = Lz ,
v >

for all VEV ,
then y=z .

PI ①
,

② 130 arein HW 6
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④ Set v -

- y
- z

. €
Then

,

< y
- Z

, y > = ( y
- z

,
-27 } hissumption

< my >

= Cv ,
Z >

So
,

( y
- z

, y ) - ( y - z
,

z ) = O

By part 2
,

< y
- z

, y > t Ly - Z
,

-2-7=0

By part b

( y - z
, y - z > = O

.

By part 3
,

y - z = 8
.

So
, y = Z

. ④



m :;:



Deff. Let V be an inner product
PS

Space over F=lR or F=¢
.

£

We say
that two vectors x

, y EV

are orthogonal if Lx ,y > = O
.

We write xty
to mean

that

X and y are
orthogonal .

A subset SEV is orthogonal

if xty for all X. YES

with xty .

E±€=En,F=Q,Using the standard inner product .

( ( f) g ( %) ) = C is Cott Colts t Cillo )

= Cll ( o ) tco ) C 3) t (11/0)=0

So
, ( I ) , ( %) are orthogonal .



( ( 4) of ) )=liKiTtGKoTHNTP9L
= Civil .tk/lolthKlo1

=
- It 0+10=9 .

So , ( I ) g ( Yoo) are net orthogonal .

Let 5- { (E) if I ) , (9) } .

scold :D -

-
o

( C 's ) . ( 8,17=0

C C It (g) 7=0

So
,

S is an
orthogonal set

.



pg

Defy: Let V be an inner product 3L
space over F = IR o - F=¢

.

Given XEV we define the

more or length of x to be

11×11=56×7
-

⇐ Using the standard inner

product,

if X= ( x , ,Xz ,
. . . ,

Xn ) EE
" then

HxH=f7=T¥tx¥¥xn
if X = ( x , ,xz ,

. .
. . ,

Xn ) E IR
" then

11×11=7×7 -_Ftx¥tx-
Usual norm

you
're

used to in IR
"



Exi Using the standard PIL
inner product we have

Milk - Ti

=CiHiTtCn#=(iKi1t=izEMENTEE
=

is



Def : Let V be an inner product
P9

space over F  = IR or F  

= ¢
.

⑤

A vector x is called a unitrector

if
11×11=1

.

A subset S of V is called

an orthonormal if

① S is an
orthogonal

set

and ② every
vector in S is a

unit vector

E¥¥=Rs
-

- { C 's ) . lift }

From
earlier

S is an
orthogonal set and

1111111=707%1,1190111--114911-1
So

,
S is an orthonormal set



pg

theorem: Let V be an inner - ↳
product space over F- IR or F- I

.

If S={ v
, Na , . . . ,Vn } is an

Orthogonal set of non - zero vectors

from Vg then S is a linearly

independent set
,

proof : Suppose
- →

C
,

V
,

t Cava t . . .
t Cn Vn = O

Where Ci E F
.

Pick Vi
and inner - product

both

sides with Vi to get

( Civ ,
t.cat Ci Vit .  -

it cnvnqvi) = ( 8
, Vi )

This becomes

( Civ , Ni ) t .  - it L Cave , Vi ) t . .  .

t ( Cvn , Vi )

= O



pg 7
Which becomes ✓

C
,

Chih > t
. . . t fit Vi

, Vitti . .
tcncvn

,Vi7=O

Since S is an orthogonal set
,

( v ;, Vi> = O when it j .

Thus the above equation becomes

9. Ot .  - it Calvi , Vi ) t . . .
ten

. 0=0

That is
,

Ci C Vi ,
Vi 7=0

Since Vito
'

,
( Vivi > to ,

So Ci = O .

So
,

C
,

= Cz = . . .

= Cn = O and

S is a tin
.

ind .
set .



there : Let V be an inner

PSC

product space over F=lR or F= I
.

Let p={ v
, ,Vz ,

. . , Vn} be a basis for V
.

Let XEV .

① If p is an orthogonal set
,

then

x=4ut4YI ktooot.TT?azvn

② If p
is an

orthonormal
set ,

then

X = L x ,v ,
> V

,
t C x. Ve ) vz ti . .

t L x ,Vn7Vn

PI We just
need to prove

1

,

.

Suppose p
is an

orthogonal basis

for V .



Let XEV . pg.gl

Then since B spans
V

,
we can write

X = C
,

V
,

t Czvz tooo t Cn Vn

Where Ci E F
.

Pick a Vi
and inner product

both sides with Vi to get

( X
, Vi ) = ( Civ ,

t . .  . tenth , Vi )

= ( CN , ,Vi7t . . . t ( Ciri , Vi ) t . . .
t L CNN ,Vi )

= C. Cv
, ,Vi7t . . . tcicvi ,V⇒t .  - -

tons

i7on
- o

= Cis Vivi )

Solvefor Ci to get

< x. Vi > C x
,

Vi )

E- = Tui



Giantess
Let V be an inner product
space over F -

- IR or F- I
.

Let S = { w , ,
Wz ,

ooo ,
Wn } be

a linearly independent subset of V
.

Define S
'

= { v , ,Vz ,
.  

Vn } as
follows :

V ,
= Wi k - I

[ Wr , Vj )

Vk= Wh
- I zVj ,

ZEKE n

this is the projection
of

Wh
onto span ( Ev , Nz ,

. . .sk - I } )

Then S
'

is an
orthogonal

set of

linearly
independent

vectors
where

span ( s ) = span
( S

' )
.

to



Therefore
,

if S above is a
Pg

basis for V
,

then given S
' 'll

as above we can construct

S "={ ÷ " s
- ÷ " }

And S
"

will be an
orthonormal

basis for V
.

Hence every
finite -

dimensional

inner -
product space

✓ over

FTR or F= I has

an
orthonormal

basis
.
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PTL

Theorems Let V be a finite -

dimensional inner - product space

over F  

= E orF = IR .

Let

T : V → V be a
linear transformation .

There exists a unique

function
T* :V→V such

that

⇐ Cx )
, y ) = ( x

,

# ( yl 7

for all x , y EV .

Furthermore ,

T
*

is a
linear

transformation .

T
*

is
called the adjointof T

.



EI : V= E3
,

F= IR pg

Use the standard inner -

product
.

€

T :a→d
, testy y

T is a linear transformation
.

Let's find T ?

Then ,

4¥.is#ei;D=ftlE.HK.D=L s l
= ( 2x

,
tix , )I ,

t ( ix ,
)5ztXzT3

= 2×25 tixzy ,
tix ,

It XZYJ

= x. C
iy-jtxd25.tt/txsCiyT)=Xi(-Iy-z)tXz(2y,tyT)tXz(-T5/--X,(-iyT)t

Xz ( 2y.TT/tX-s(-ryT)



=K¥;hf¥÷:D

⇐
Since T

*
is unique ,

t*⇐kE
If p=[ (1) of I ) , (9) ] is

the standard basis for I
3 then

[ TIP = ( :{E )

a⇒ic÷÷⇒/÷i÷.

[ Tt ]p is gotten from CT ]p by

transposing and conjugating
the

elements in the matrix [ T ]p



Defy.

Let A be an nxn
Ps

matrix with entries from ¢
,

€

Then At isdefined
by

( Att
,

= Hon. )

That is
,

At is obtained by

transposing A and conjugating

the elements .

-

E

(
' ' EtiTY 's " it



pg

theorem: Let V be a SL
,

finite - dimensional inner product

space over F- I or F=lR .

Let 13
be an ordered

orthonormal basis for V
.

Let T :V → V be a
linear

transformation .

Then , *

[ t
't ]p=( Etfs )



Defy: Let V be a finite - PEL

dimensional inner product space

over F  = ¢ or F = IR
.

Let T :V→V be a
linear

transformation

(a) We say
that T is

normal if TT*=T*T .

- Tttxltotlx )

for all XEV

(b) We say that T is

self - adjoint or Hermit

=T*
. ÷¥EaIithen T is

normal .



pg

Theory: Let V be a finite - 7L
dimensional inner product space over

F  = Cl
.

Let T : V → V

be
a

linear transformation .
Then

T is normal if and only if

there exists an orthonormal basis

for V consisting of eigenvectors of T
.

-

Theory Let V be a finite -

dimensional inner product space over

F-  = IR .

Let T :V→V be a

linear
transformation .

Then

T is self - adjoint if and onlyif

there exists an orthonormal basis

for V consisting of eigenvectors of T
.



Spectrum
PGL

Suppose that A is an
nxn

symmetric
matrix ( AIA ) with

real entries .

Then :

① All the eigenvalues
of A are

real
.

② There is an
orthonormal basis

for ¢
" consisting of n

realeigenvectors
of A

.

③ If X is an eigenvalue
of A

,

then
the alg .

molt .

of A

equals the geometric
mutt .

of A
.
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Final on Monday 12/14 . Pfl
Final is cumulative

⑤

Covers up
to Hw S

[ Hw 6 is net on
the final ]

-
I'll email you

the final by 8am

On Monday ,

I'll try to make

it appear
on

canvas
at Sam .

Use up to 2 Yz hours .

Email it back to me by

Tuesday Khs at noon .

-
last name .

first name . pdf

Iastname -

G- rstname . pdf
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Test I - 90% ↳
Test 2 - 70%

Final 3 - 80%

-

syllabi

f- 90%+3170%+31802=80
%

newmethodiz
909 .

t I 80% = 859 .



Ostia) T : , R
'

→ IR
'

pay

t CI I = HEY

c is p
-
- C l 's I . ( I I , C E D

T ( I I = ( } ) = 3 . ( I I t o ( I ) t o ( Y )

T ( I / = ( I ) = I . ( ! ) t 3 . ( I I t o ( ? )

T ( I I = ( E,
) = o ( 8

,

I t o ( I I t 4 ( I )

GI , .

-

- ( I ÷& )

ft ( H = d et ( CTI p

- X I ) =

z



=detf ( !!} I - if !!: ) ) ⇐

out ÷ :;)

=L 3-11 to to

=f3 - talks-4114 - t ) - o ]

=
(3-1144-4)

eis/



Edt )
-

- { (E) 1411=3111 } &

=L CEI K¥44113

" " It Eti:D

Es CTI = { (E) / a EIR }

= { a (d) taek}

⇒ partKI I} )

So
, p ,=[ ( to ) ] is a

basis for

E3 ( Tt ,

So
,

geometric
mutt of

> =3 is I .



Ey H={ ( 11/411=4/113 I

=L I Ill
" HEEL }

41411
. H :D

-at:÷÷
.

real #

Ey(H={ (E ) I CER }
= { 4,8 ) /

CER } -

- span D)

basis for Ey C T ) is pz=[ ( & ))
geometric molt

.
of 1=4 is I

.



÷t¥÷⇐
T is net diagonal it able

since ( alg .

mutt .

of 1=3 ) ¥ ( 9¥17

Not enough eigenvectors to diagonalize



① A E Mn ,n( F ) is diagonal 't able Ps

if
' T-QEMn.nl Ft where Q

"
&

exists such that Q'
'

AQ =D

Where d is diagonal .

(a) T : V → V V finite - dim .

13 is an o -

dentalbasic Of V

T is diagonalize  able iff CT ]p is

diagonal iz  alle

# ) Suppose T is diagonalize able
.

Then there exists an
ordered basis

8 of eigenvectors
of T

,

where

[ T ] y
is diagonal ,

Let

P

a-  . Cts .

set :stays!Then
, a-

'

GI .

ftp.EIPEIEEI
so ,

CT ]p is invertible .



pg

(G) Suppose [ T ]pis
diagonalize

,

Then there exists a matrix Q
where Q

' '

exists and

Q'
'

Edp Q =D

me:÷÷÷÷.is a diagonal matrix .

Let p
= [ Vi ,

Ve
,

. . . ,
Vn ]



Let Q=fc .

"

:c .
e . . . ! a) He

Where Ci is the ith column of Q
.

We have Q
- '

CT ]pQ =D .

So
,

[ T7pQ=QD .

We have

HpQ=(GIp9 !Cibc !
!

. . o !
Ghs !

and
Tolin

.

'

Ein doin
.

anti:c! .  at I

= ( tic , ! brca ! - - .

!

,

dncn )



So
,

CT]p Ci =L . E-  . P.gl

Since Q
'

'

exists
,

here of Q 's columns

are 8
.

So
, Ci # 8 Hi

.

So
, Ci is an eigenvector of Ct ]p

with eigenvalue Xi .

Suppose Ci = ( Ig!! ) .

Define

Mi = of , i
V

,
tfzivzt . . . t 9-

 ni Vn

so

thats .=c . . F÷E



pg
Then

, ↳

[ Tmi ) ]p=[T]p(mi7p= ftp.ci-tici

⇒ it:÷÷H÷÷÷÷:L
So

,

T ( mi )=( hit ,
Ytftifzi ) k

+ .  - .

t Hi at ni
) Vn

= Xi ( 9- iiv ,
t of zikti.it 9- nik )

= Xi Mi

Since [ mi7p= Cito ,
mi # 8

.

So
,

Mi
,

me ,
. . . ,

Mn .

are Eigenvectors

Of T with eigenvalues dykes .  Xn
.



pg

n
-

-
dim ( V )

. ↳
We just need to show

Mi
, ma

,
. .

,
Mn are tin

.

Ind .

Then we
will have a basis of V

of eigenvectors of T .

Suppose
dm ,

t Lam ,
t - - -

. t Ln Mn =
.

Then

Li ( of u
Ytfz ,

Vzt .
.  .

t 9- n ,
Vn )

+ La ( 7 iz Vit fuk t . .  .

t of nahh )

→

+  . . .

t

+ Ln ( at in
Ytotznvzt . . .

t 9am Vn ) = O



so
, 74

( qq.tn . thnfin ) Vi t '  - - t ( 493
, then ,

-
. x

Since Vi
,

Vz
, . . .

,
Vn IS a basis

,

Is
%

49-1
,

tu .
.

t Ln 't in

= O q ,

L
,

fat .
- .

t Lnfzn
= O

0
'

i. :

Lifn ,
t -

- -
t Lnatnn

= O

t÷¥÷H÷l
Q

so
,

a-
' of .FI/--Q-' ( I )

s .
. 1. Iii:
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