Logarithms:
Trick or
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The time 1s 1594. The place
1s Scotland.

You are visiting with John
Napier, 8t Laird of
Merchiston.

He is a Scottish landowner
known as a mathematician,
physicist, and astronomer




How did Napier do Math?

Physics and astronomy computations
involved sine and cosine functions

Useful tool:

cos(a — b) + cos(a + b)

cosacosb = 5

Multiplication is replaced by addition!

Problem: Find 105%x720.

Ot

Scale values to interval [-1,1]: 0.105 and 0.720

Find angles whose cosines are close to those
values: cos 84° = 0.105 and cos44° = 0.720

Calculate sum and difference of these angles:
84° — 44° = 40° and 84° + 44° = 128°
Find cosine values and average them:
cos 40° = —0.616 and cos 128° = 0.766
%(COS 40° 4+ cos 128°) =0.075

Scale back by shifting 6 decimal places to the
right to obtain 75,000

Actual answer 1s 75,600




How did Napier do Math?

Arithmetic and geometric T e e e
progressions

- Multiplying numbers with the same
Arithmetic | 0 | 1 | 2 3 4 5 base reduces to addition
geometric | 1 | 10 | 100 | 1,000 | 10,000 | 10,0000

- Dividing numbers with th m
Arithmetic | O 1 2 3 4 5 b v § t € Sg}; £ € same
e 1 | 2 | 4 . T =~ ase reduces to subtraction
Arithmetic | 0 1 > 3 2 5 - A base close to 1 makes for a list of
geometric | 1 | 1.1 | 1.21 | 1.331| 1.4641 | 1.61051 values with smaller gaps between

them




Naperian Logarithms

= Napier choose 0.9999999 =1 — 1077 as the base

- Had factor of 107 to create integers for his computations
NapLog(N) = Lif N = 107(0.9999999).

1
NapLog(y/N;N,) = 3 (NapLog N; + NapLog N,)
NapLog(1077N;N,) = NapLog N; + NapLog N,
N
NapLog (107 Fl) = NapLog N, — NapLog N,

2

- He labored for a total of 20 years to develop the idea and to create
tables
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Common Logarithms

Both in 1615 and 1616, Henry Briggs, an
English Mathematician, visited with Napier
to discuss his new invention

Napier and Briggs agreed on improvements:

base 10 and 0 = Log(1).

In 1617, Briggs published Logarithmorum
Chilias Prima, which contained the
logarithms to base 10 of numbers from 1 to
1,000, calculated to 14 decimal places.

In 1624, Briggs published the Arithmetica
Logarithmica, which contained tables of
logarithms from 1 to 20,000 and from 90,001
to 100,000, calculated to 14 decimal places.
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The Slide Rule

Modern version
invented by
Amédée
Mannheim in
1859

o
-

5 March 1574 — 30 June 1660

Invented in
1622 by by
William
Ougthred

17 July 1831 — 11 Dec 1906

Before the electronic
calculator, the most
commonly used
calculation tool in
science and
engineering.

Primarily for multiplication,
division, powers, roots, and
trigonometry, with
specialized versions for
aviation, finance,...

Became obsolete around 1974 with the
introduction of the handheld electronic
scientific calculator.






https://www.youtube.com/watch%3Fv=dT7bSn03lx0

Log Scale versus Linear Scale

{ !
1 1,000,000

Where on this scale 1s 1,000?

Linear scale does not work so well when we have data that is very
different in (multiplicative) scale.
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Earthquake frequency and destructive power

The left side of the chart shows the magnitude of the earthquake and the right side represents the amount of high explosive
required to produce the energy released by the earthquake. The middie of the chart shows the relative frequencles.
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Applications in STEM disciplines

Entropy in Thermodynamics

Ssz].nQ

(o5
S0
AgY I
&y ncrease
HXHR § —F
{52@4; S /<% in Entropy
')b}&(‘&"i Sivke
A
Al
Highly
Ordered

More disordered

Sound intensity

I= 10 loglo _I

Ig

140 dB 140dB Upper threshold of pain

Al ft
130 dB 120-340 ..,'lf:.f, off
_10-‘ 0 fvethommer
120 dB
110-120 Angle grinding
110 dB 100-120 Chain saw
Highly
hazardous
100 dB
\‘ -
\
\

90-100 Power tools
0.dp T—

Hazardous V?‘ ¥ ;‘su-qn Busy restaurant
§‘ 808
70-80 City street
208 70-75 Loud radio
60 dB
50-60 Normal conversation
50 dB
40-45 Quiet office
40 dB
30-40 Quiet bedroom
30d8

Typical | 2048

noise

levels 1 |
10 aam-J

0 dBl 0 Threshold of hearing




Applications in STEM disciplines

Stellar magnltude for brlghtneSS Chlorophyll Absorption Spectrum
of Visible Light

m -m, = —2.510g4, (;—i)

L

500 550 600
Wavelength (nm)

Absorbance of light
Pp
A = loglo (gg)

and more .....




Applications 1n other disciplines

Frequency level for the relative

pitch of notes in music scale Counting f-

stops for
ratios of
photographic
exposure

Some of our senses operate in a logarithmic
fashion (Weber—Fechner 1
ashion (Weber—Fechner law) %QQOQQQ




Benford’s Law

- In 1881, Newcomb observed that in tables of logarithms the first pages are much
more worn than later pages

- In 1938, Benford investigated a variety of real data and listed the distributions of
the first digits.

- Observations closely followed this “law”

P(d) =logyo(d + 1) — log;o(d)

0 %

0 0 40 5060 o

02 03 040506 03 2 1 4 56 38
21 1 10 100

A logarithmic scale bar. Picking a random x position =
— lo d+1 uniformly on this number line, roughly 30% of the time the
= 10810 d first digit of the number will be 1.

- TV trivia: Benford's law was used by the character Charlie Eppes as an analogy
to help solve a series of high burglaries in Season 2 of NUMBS3RS.
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« https://en.wikipedia.org/wiki/John Napier

« https://www.britannica.com/biographv/John-Napier#ref241319

« https://www.voutube.com/watch?v=dT7b5n031x0 (training video for slide rule
operation)

« https://en.wikipedia.org/wiki/Slide rule

« https://en.wikipedia.org/wiki/Prosthaphaeresis

« http:/mathworld.wolfram.com/BenfordsLaw.html

 https://archive.org/details/constructionofwo0OOnapiuoft/page/n8 (English
translation of Napier’s second book)

« https://en.m.wikipedia.org/wiki/Logarithmic scale

- Newcomb, S. "Note on the Frequency of the Use of Digits in Natural
Numbers." Amer. J. Math. 4, 39-40, 1881
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- Hill, T. P. "The First Digit Phenomenon." Amer. Sci. 86, 358-363, 1998.

- Benford, F. "The Law of Anomalous Numbers." Proc. Amer. Phil. Soc. 78, 551-
572, 1938.
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- Eli Maor, e: The story of a number



https://en.wikipedia.org/wiki/John_Napier
https://www.britannica.com/biography/John-Napier%2523ref241319
https://www.youtube.com/watch%3Fv=dT7bSn03lx0
https://en.wikipedia.org/wiki/Slide_rule
https://en.wikipedia.org/wiki/Prosthaphaeresis
http://mathworld.wolfram.com/BenfordsLaw.html
https://archive.org/details/constructionofwo00napiuoft/page/n8
https://en.m.wikipedia.org/wiki/Logarithmic_scale

« https://www.thoughtco.com/historyv-of-the-slide-rule-
1992408

« https://www.sliderulemuseum.com/

- http://endgameviable.com/a-year-of-blog-
stats/500004176-03-01/

- https://en.wikipedia.org/wiki/Slide rule

« https://www.scienceabc.com/wp-
content/uploads/2016/11/Entropv.ipg
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« http://www.pmonta.com/tables/logarithmorum-
chilias-prima/index.html



https://www.thoughtco.com/history-of-the-slide-rule-1992408
https://www.sliderulemuseum.com/
http://endgameviable.com/a-year-of-blog-stats/500004176-03-01/
https://en.wikipedia.org/wiki/Slide_rule
https://www.scienceabc.com/wp-content/uploads/2016/11/Entropy.jpg
http://www.pmonta.com/tables/logarithmorum-chilias-prima/index.html

Log-Lin Scale for Exponential phenomena

y = yob”* Take logs on both sides
Iny=Iny, +xInb Set c; =Inyy, c; =Inb,z=Iny
Zz=ctc, x Iny is a linear function of x

Can use linear regression on the transformed data to estimate y,
and b.




