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②

Let ✗ EIR be fixed .

Pick N ,
> 0 large enough

so

that - Nis fcxlf
Ni .

Pick Nz> 0 large
enough so

that
- Nzf ✗ I Nz

.

Let M=max{
Ni ,
Nate .

Then ,
- Mffcx)fM

and -
MFXFM .

1 since
- MEXEM

Thus , -

- g
1×1=-14

- ✗ EM,µI×
)

M

= -ME f- (x )
EM

= M '

1=941×1



That is
,

- gm ( X )
f f (x) £9m (x) .

So,

fmlxl = mid { -9m ,
f
,
g ,} (x )

= fat .

Note that
if n > M,

then EM ,M] I C-
n
,
n]

and so
✗
c-Min]

(✗ I £ ✗ c- n, n ]
(×) .

Thus , if nz
M
,

then

- gnlx) =
- n - ✗
[ n , n]

Cx ) ±
- n - ✗ Em,m](

✗ l

t - M - ✗ em ,my
1×1 = -9m (x )

f f- (X) f g µ (
X ) = M

' ✗Emir]
" )

I n .

✗
Em ,my

(X ) f n - ✗ c- n , n]
1×1

= gn (x) .



That is
,
if nzM ,

then

- gnlx ) ffcxl
Egnlx) .

So if nzM ,
then

fnlxl __mid{
- gn , -1,9N

} (x))
=mid{- gncxl ,f(x) ,gn(

✗I} =f( x
) .

Thus given
E > 0,
if NZM,

then

/ fnlxl - f- ( x) /
= If / ✗ I

- fall

= 0
< E .

Therefore , Life fnlx
)=f(x) .

☒



③ Let ✗ER .

Since hlx)
= mid {-91×7,14×3,91×1}

we may
break the proof

into three

cases .

Case Suppose hlx
) =

- g (x
) .

Then, that
1=1-91×11-¥"j,

case Suppose
hlx) = f-

1×1 .

Then by
the def

of mid
{-91×1,4×1,91×1}

we
have that

- g
1×1=-11×1591×1 .

Thus ,
- gcx )
I hate g(

✗ 1
.

So, lhlx
) / I 91×1

.

cas Suppose
hlx)=g(x

) .

Then,
that

1=191×11=s9g(

In all three
cases , they

1<-91×1 .

☒



④ (a)
From HW 4 problem 5

,
min{ on ,tn}

is a step function for each n> 1

since Qn and th are step functions .

We now
show that

the sequence

min { on ,tn}
is non -

decreasing .

Let n> I
be fixed .

Let ✗ EIR .

Since (a) F= ,
is non

- decreasing we

have that9nCx1EQnCxT@Sinceftn1nE.isnon
- decreasing we

have that 4^1×1<-4+14%2

We break
the rest

of the

proof into
4 cases .
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caseli Suppose min {91×7,141×1}=91×1
and min {9nncxbtnt.CH }=9n+ ,

( X)
.

Then ,

min {a ,tn}(x)=min{ q.CN ,
tnlxl }

= 9n(✗ I £9m ,
(X )

=
min { g.+1×1,14+11×1

}

= min { ant , ,tn+
,} (✗ I

cuse Suppose min {9,1×7,141×1} -_ QQ )

and min {9nncxbtnt.CH }=tn+i( ×) .

Since min {9^1×1,141×1}=9^1×1
we know that g. (✗Is

that .

Then ,

min {a ,tn}(x)=min{ q.CN ,
tnlxl }

= 91×1 E th
( X) stent ,

(X)

=
min { g.+1×1,14+11×1

}

= min { ant , ,tn+
,} (✗ I



cusetsi Suppose min {91×7,141×1} -_ that

and min {9nncxbtnt.CH }=9n+f×) .

Since min {9^1×1,141×1}=141×1
we know that tnlxl

E 9^1×1

Then ,

min {a ,tn}(x1=min{ q.CN ,
tnlxl }

=tn(x ) Sqn
( X) I 9^+11×1

=
min { g.+1×1,14+11×1

}

= min { ant , ,tn+
,} (✗ I

case Suppose min {91×7,141×1}=1*1
and min {9nncxbtnt.CH }=tn+ ,

( X)
.

Then ,

min {a ,tn}(x1=min{ q.CN ,
tnlxl }

= Tn (x )
Etna (✗ I

=
min { g.+1×1,14+11×1

}

= min { ant , ,tn+
,} (✗ I



From cases I -4 we get that

( min { an,tn} )n? ,
is a non - decreasing

sequence of step functions .



④( bl

From HW 4 problem 5
,
max { a ,tn}

is a step function for each n> 1

since Qn and th are step functions .

We now
show that

the sequence

Max { on ,tn}
is non -

decreasing .

Let n> I
be fixed .

Let ✗ EIR .

Since (a) F= ,
is non

- decreasing we

have that9nCx1EQnCxT@Sinceftn1nE.isnon
- decreasing we

have that tn(x1Etn+Ñf

We break
the rest

of the

proof into
4 cases . I



cuseli Suppose max {91×1,141×1} -_ QQ )

and Max{9nncxbtnt.CH }=9n+ ,
( X)

.

Then ,

Max {oh ,tn}(x1=max{ q.CN
,
tnlxl }

= 9n(✗ I £9m ,
(X )

= Max
{9^+1×1,14+141}

= Max { ant , ,tn+
,} (✗ I

cuse Suppose max {9,1×7,141×1}=91×1
and Max{9nncxbtnt.CH }=tn+ , ( x) .

Since max{q+ , 1×1,14+11×13=14+11×1
we know that 9m ,

(x ) I tntitx
)

Then ,

Max {oh ,tn}(x1=max{ q.CN ,
tnlxl }

= 91×1 £9m ,

1×1<-4+11×1

= Max { g.+1×1,14+11×1
}

= Max { ant , ,tn+
,} (✗ I



cuse3i-svpposemaxfq.CN,tn(✗ I }=tnC✗
)

and ma×{9n+ , (xbtnt.CH }=9n+f×) .

Since max {4+11×1,14+114}=9^+11×1
we know that tnt , 1×1<-9*1×1

.

Then ,

Max {oh ,tn}(x1=max{
q.CN , tnlxl

}

=tn(✗ I Etn+fx )
19^+11×1

= max
{9^+1×1,14+141}

= Max { ant , ,tn+
,} (✗ I

cuse Suppose max {91×7,141×1}=41×1
and ma×{9nncxbtnt.CH }=tn+ ,

( X)
.

Then ,

Max {oh ,tn}(x1=max{
q.CN , tnlxl

}

=tn(x ) Etna
(X )

= max
{9^+1×1,14+141}

=max{9n+ , ,tn+ ,} (✗ I



From cases I -4 we get that

( ma ✗ { an,tn} )n? ,
is a non - decreasing

sequence of step functions .



⑨ (a) Let f :lR→lR and g :lR→R

be in L°
.

Then there exist non - decreasing sequences

of step functions (a) F= , and ( tn )n? ,

such that g.→
f on an

almost

everywhere set A
,

and ten → g on

an almost everywhere
set Az .

Furthermore , Inigo Jan converses
to Sf

and Inigo ftn converges
to 59 .

From HW 3,
Ain Az

is an
almost

everywhere
set .

And both fig,
9^1×1=1-1×1

and

1in that
-_ ylxl

for all ✗ C- ANA,

✗ → ✗



Consider the sequences

(maxfan.tn})n? ,

and (min {Q.tn} / E ,

From the previous
HW problem these

are

both non
-
decreasing sequences

of

step functions
.

From Hw 2
, problem

3
,

we
have

that min { an ,tn}
→ min { f, g

}

on A , NAZ
and

Max { an .tn}
→ max { f. g

}

on
A , MAZ

.

To get that
max { f. g}

and

min { f , g}
are in

L° we just

have to
bound the

sequences

( fmiiien.tn})
-

and ( fmaxsien.tn})n? ,
.

n =/



Note that for
all ✗ c- IR we

have

that both

min {91×1,141×1}<-91×1+141×1
and

max { chat ,tn(✗ I }E4n(x ) 1- that

Thus
,
Jmin{ an,tn} e) attn

and Jmax{an,tn}< fatten

So we just
need to

bound the

( flatted) :-, .

sequence

This sequence
is bounded

because
it

converges
since

1in

ftp.ttn/-n-x--1imf9nth:;zftn--ff+fg .
n→ ☒



! (b) Let f- EL
'

.

Then f-- g
- h where g ,hEL° .

claimi-lfl-maxfg.tn }
- min{ g. h} .

pfofclc.im?-
Let ✗ ER .

Lasek suppose
g.
1×1<-41×1 .

Then , g. (x
) - h( ✗1<-0

.

"

Ifcx) / =/ g(✗1- hall
=
- (91×1-41×1)
= hcx ) -91×1

and

max { 9 ,h}(
x) - min

{ g. h}(✗
I

=ma×{ 91×1,41×1
} - min{91×1,41×1}

= hit -91×1



CASI
: suppose

h 1×1<91×1 .

Then
,

g. ( x1
- h( ✗170 .

So ,

/ f-G) 1=191×1
- hall = 91×1 - hat

and

max { 9 ,h}(
x) - min { g.

h} 1×1

= max
{91×1,41×1} - min {91×1,41×1}

= gcx )
- h 1×1 .

Thus in either
case we

have

that Ifl
__ max

{ g , h }
- min { g. h}

By part
(a) ,

since g ,hEL° we
have

that max
{ g ,h}

and min
{ g , h}

are in
L° .

Thus , If /
=max{g,h }

- min { g. h} C- Ll

☒



⑤ (c) Let f , SEL
'
.

Then ,
f - g Ell .

By part
(b) we

have
that If - g / c- L

'

.

As in HW 4 problem
5 one

can

show
that

min { f, g}
= 1-zfttzg-1-zlf-gl.JO

See HW problem
5 solutions

forhowtopr.ve/-his-f
Since L

' is closed
under

addition ,

subtraction,
and multiplying

by a

real
number we

get
that

min { f , g}
Ell .

A similar proof using

ma ✗
{ f , g}

= f- f- + Ig
+ 1- If

-gl

shows that max {f. g)
EL!



⑥ Since b 30 we have
that - b. Eb .

Thus
,

there are
three possibilities :

as
- bsb or - beasts or

- be b- a .

Thus ,
a
if - beasts

mid - b. a. is}={? II !!!

={ ? ¥
I :-b

b if bca

This gives part
of the result

.

Let 's now
show

that

mid E- b. a ,b}=max{
-
b,min{a ,b} }. .

If as - bets ,
then

ma×{ - b , min {
a,b} }=max{

-b
,
a}= - b

= mid {
- b
,
a ,b} .

If -beasts,
then

Max{ - b ,
min { a,b} }=ma×{

-b,a}=a

= mid E- b.
a,b}



If - be
bsa,

then

Max{ - b ,
min { a,b} }=ma×{-b,b}=b

= mid E- b.
a,b}

In all three
cases we

have
that

Max{
- b. mid {

a,b} } = mid {
- b. a,b } .

☒



⑦ Cal

By the previous HW
problem

mid { - bn , an ,bn}=max{
- bn

,
min{an ,bn} } .

Since an → a
and bn→b , by

HWZ problem 3,
Minoan ,bn}

→ min{ a,b} .

Since
- bn→

- b and min { an ,bn}→min{
a ,b}

by
HW 2 problem

3
,

max{ - bn ,min{an ,bn}}→max{
- b,min{ a,b} } .

Thus, by
the previous HW problem,

mid { - bn , an ,bn}
→ mid { - b , a,b}

☒



⑦ (b)

We have that
1in fn(✗1=1-1×1
n→x

for all ✗ C- A where A is an

almost everywhere
set

.

By problem
7cal since high

91×1=91×1

for all ✗ we have
that

1in mid{ -gcxbfnlxl ,
glxl }

""

=
mid { - g( ×

)
,
f- 1×1,91×1 }

for all
✗ c-
A.

This proves
the result . ☒



⑧ (a)
Let f- and h be measurable .

Then from a
theorem in class,

there exist
sequences ( fn / it ,

and (hnlii ,
where fn C- L

'

and hn C- L
' for all nzl

such

that hn→h
almost everywhere

and fn→f
almost

everywhere .

Since fn EL
' and hn EL

' for

all n > I ,
we

have
that

fnthn EL
' for all

n > 1
.

By HW
6 problem

6
,

fnthn→
fth

almost
everywhere .

Thus, ( fnthn
)5= ,

is a sequence
of

L' functions
with

fnthn→
fth

for almost
all ✗ .

By a theorem
in class ,

fth is

measurable .



⑧ (b) Since f- is measurable
,

there exists
a sequence (fn1F= ,

of L
' functions where

1in f- 1×1=1-1×1
for all ✗ c- A

n→x
^

where It
is an

almost everywhere

set .

Then ,
1in ✗ ffx ) =

✗ 1in
fncxl

intro

n→x
=
✗
ft )

for all
✗ c-
It .

From a
theorem

from class,
since

fn C- L
'
we

know
that ✗ f. EL

'

.

Thus,
( xfn )F= ,

is a sequence

of L
' functions

that converges

almost everywhere
to ✗ f.

By a theorem
from class ,

✗ f

is measurable .

☒



⑧ (c) Since f and h are measurable

there
exists sequences (fn )F= ,

and (hnlii , of L
'

functions

where Inigo f. (✗
1=-11×1 for all ✗

EA
,

and Inigo hnlxl
= hcx )

for all ✗ c- A ,

where A ,
and Az

are
almost

everywhere
sets .

Thus
,

A. A Az
is an

almost everywhere

set from
a theorem

from class

and HW 3 .

From HW
2 problem

3
,

if ✗ c- A ,nA ,

we
have

that

1in min { fnlx),hnCx)}=
min {1-1×1,41×1}

for all ✗ C- Hintz .

n→x



From exercise 5 above ,

min { fn.hn } EL
' for all n>

1

because fn ,hnEL
' for all

n > 1
.

Thus
, (min{ fn.hn} )n? ,

is a
serene

of L
' functions

that converses

almost everywhere
to min {f, h } .

So
,
by a

theorem
in class,

min { f, h }
is measurable

.

☒



⑧ (d)

Do the same
proof as 8cal

but replace
min by max .



⑧ (e) Let f- be
a measurable function .

Let g
be a non - negative

function with

gel .
Suppose

lfcx) / C- gcx )

for all
✗ EA where It is

an

almost everywhere
set .

Since
lfcx) legal

for all
✗ c- A

we
have that

- gcx
)Ef(xltg(✗ 1

for all
XEA .

Thus,
mid{-91×1,11×1,91×1}=1-1×1

for all
✗ C- A .

Because
f is

measurable
and

GEL
' and gzo

we
know

mid {- g ,f,g}EL
'

.



Since mid {-9 ,f,g}EL
' and

f- = mid { -9, fig }
almost everywhere

we know that
f- EL

'

.

☒



⑨ Given n> 1 , let fn= f. ✗ c- n, n] .

Thus,

f-n(×)={f(×
) when

- nexen

0
otherwise

i:ÉÉÉn
then f- hasm¥?÷n÷¥
Since fn

is continuous

on C- n , n)
- F and

fn is
bounded on

END

and fn
vanishes

outside
En , n] ,

we

have
that f. C-

L
' [By Topic

8 Theorem]

Claim : Liz f. (✗
1=1-1×1

FiÉRÉ
Pick N > 0

where
- N < ✗

< N .



Then , if NZN we have that

- ne - NE ✗
EN En .

So
,
if nzN ,

then

fncxt-flxl.Xgn.cn#=fCx1
7-

So ,
if nzN,

then

lfnlx )
- f- (x ) /

=/ fat
-

fall

= 0
< E .

So, Lingo
fn(✗1=-11×1

Thus, (fn )n? ,
is a sequence

of L
'

functions
converging

to f on
all

of IR .

Thus, by a theorem
from class

f- is a measurable function
.

☒


