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① (a)
Let E > o .

- 2- =
-I

Note that
I - I - I

Izn - it =/ 's tiny
- it

=/ 's - tail

El 's Itt
- til

=L 's Itt
- Illit

= Int 's
= ?a

.

'

Note that Zhe E Iff Ecn .



Let N > E .

Then if n > N > E we have

that Izn - it -_ Is E
.

So
,
lim Zn = i .

n → x

-

① Cbl Zn= htt i [NI ] .

Let xn= In and yn
-

- htt .

Then hi;sxn=o
and him.

'm !
"I

= high -htt
- o

By a thin in classLiqZn=LIyXntiLiygYn=otiH=i



2④
Let E > 0 .

Note that

ten - C- 211=1 faith! )
- C- z ) )

= titty -

- lil "i
=

t
m2

Note that the E iff
f e n
'

iff tf s n .

Pick some N > IT '

If n > N > t , then

I Zn- C- 2) I = ht s E .



So
,
Zn → - 2

.

④
Note that
- 2 →

- 2

and n

th → o

h
Z

Thus, by
the them

in class ,

Zn=
- 2 ti ti
→ - Z
t i O

= - 2
.



③ Let 2- n
-

- xntiynwherexnoisnEIR.fm
⇒) Suppose that ( Zn ) is

a

Cauchy sequence .
We will

show

that ( xn ) and
( yn) are Cauchy

sequences .

let E 70 .

Since Czn ) is a

Cauchy sequence,
there exists

N 70 so that it
n
,
m > N

then I Zn - Zm Is
E .

Note that
2- n
- 2- m= ( xn

- Xmltilynym)
TEEN ¥mE¥,

Thus, if n ,m
>
N then

Ixn - Xml
E I Zn

- Zml s E .

P

EEII.EYIxn-xmiticsn-s.IT



Similarly if n , m >
N then

lyn- yml E IZ n
- 2- ml CE

P

E÷¥¥ItxrxnHiu
(G) Suppose that (xn

) and Gn )

are Cauchy sequences .

Let E 70 .

Since ( xn)
is Cauchy , there

exists

N
,
70 So that

if n , m >
N ,

then lxn
- Xm KE .

Since ( yn ) is
Cauchy , there

exists

Nz 70 So that if
n ,m
z Ne

then lyn- ym / s Ez -



Let N
-
- Max { Ni , Nz } .

If n,m > N ,
then

IZn-Zmt-kxn-xmltilyn-y.nl/E/Xn-XmltliCyn-ym1l=lxn-xmltlillyn-Ym
= lxn-Xmltlyn

- soul

< E- + Ez = E .

④



⑨ Suppose fznln?
, converges

L
.

Let E= I
.

Then, there exists an integer N > 0

so that if n3N we nave that

I Zn - Lls I
,

n
,

-

-
-

.

iii.iii.iii.
''f÷÷÷÷÷a-E IZ n

- LI t ILI • Zi

< It 14 .

Let

M=max{ 171,1221 , . . .,lZµ , log It 14} .
Consider Zn for some n .



If I Ens N - I , then Iznl EM .

If n > N , then IZNIE It 14 EM .

Hence, IZNIEM for all n .



Methodical
For # 4

,
we use this fact from class :

Suppose Zn = Xntiyn and f- Xotiyo .

Zn → L Iff both *→ Xo and yay .
-
real analysis limits

⑤ Suppose Zn = Xntiyn and

Wn -- anti bn and A- = Xotiy .
and B -- aotibo

Suppose Zn → A and Wn→ B .

Then , x. → Xo , 9ns Yo ,
an→ ao
,

and bn→ bo .

(a) Let 2=2 ,
tia
,
and

p =p , tips .



Note that

Lzntpwn = (Lititz ) (xntiyn )
+ ( pi tips ) (anti bn)

=L
, Xn
- dzyn ti ( dzxn thin )

than - pzbnti ( part Abn )

= ( d. Xn - dzyntp , an
- Bzbn )

ti ( La Xntdiyntpzantp , bn )

Since xn→ Xo , ya→ y . , a.
→ ao

,
bn→ be

we have that

4Xn- dzyn t Bian
- Pzbn→ d

,
Xo - da Yo

+ p ,
a
.

- Babo
and

tzxntd , Yntpzantp , bn → dzxotd ,
Yo

+ pzaotpib .



Therefore , by the thin in class (and
before this solution ) we have that

L Zn t pwn converges to

( 4 Xo- dzyotp ,
a
.

- pals . )
ti (Lax . th , yet Rao t p , be )

= ( Lititz) ( Xo ti y . )

+ ( pit ipa ) (a. tib . )

=L Atp B .

(b) Note that

Znwn = ( Xntiyn) (anti bn )

= ( xn an - yn bn ) ti ( xnbntynan)



Since X.→ X., ya → yo, ans a . . b.
→ be

we have that

Xna . - ynbn→
Xo Ao

- Yo bro

and

X. b. than
→ X. bot Yo a .

By the thou in class (or before

this solution ) we have
that

Znwn = ( xn an - ynbn ) ti ( xnbntynan)

→ (x. a . - y . b.)ti (x. b.ty.ae/--(x.tiy.)Caotibo)

= AB



MethodH2forpnb6m@5la1Glete7o.N
. te that

I dzntpwn
- ( x AtpB)

I

=/ Kzn - a A) t
( pwn

- p BI

E Kzn - a
Al t ( pwn

- p B1

= latten
- Al tlpllwn

- B I

< ( lat ti) I
Zn
- Alt ( lpttlllwn

- Bl

[we are putting Kitt
and lpltl

because
we will

divide by
this

number we
want it to

be non
- zero

and we
could have

121=0 or

ypko so thats Why
we

> o and

replace them
by 121T I

IBH I 70 .]



Since lim Zn -- A and Iim Wn = B
mix

mix

there exists
N > 0 such that

if n > N
then

I Zn - Al
< 2÷ti)

and
Iwn - BIC 2%71 )

.

Thus, if
n > N we have

that

I dzntpwn
- ( x AtpB)

I

< (htt 1) I
Zn
- Alt ( lpttlllwn

- Bl

< (Htt 1) ¥+1, +
( IBIH) £p¥

= E
.

So,
Ant pwn- a Atp

B
.



④ Let E > 0 .

Note that

I Znwn - ABI

= lawn - Awn
+ Awn

- AB I

Elznwn
-
Awalt ( Awn

- ABI

= lwnllzn
-Alt IAI lwn

- Bl

lwnllzn -Alt
(IAH 1) lwn

- B1

< Twat
a non

- zero

number.
here

Since (Wn) converges , by
the

previous HW problem ( Wn ) is

bounded so there exists M > 0

so that I Wn IE M for all n .



Since Zn → A and was B

there exists
N > o so that

if n > N we
have

that

I Zn - A Is
¥

and

Iw . - Bl
s 2¥71 -

Thus , if n >
N then

I Zn Wn - ABI

< lwnllzn -Alt
(IAH 1) lwn

- Bl

< M . # + ( IAH 1) 2¥t

= E .

So
,
Znwn → AB .



⑥ (⇒I Suppose F is closed .

Then Cl - F is open .

Let (Zn ) n? ,
be a sequence

of points in F .

Suppose w -- Inigo Zn
exists .

Let 's show
that w EF .

Suppose WE F .

Then we E - F which
is open .

Then w would be an interior point

of E -F .

So there would
exist r > o

such
that

D (w ; r ) E
E - F .

But since Inigo Zn=w,
there

exists N > o
such

that if

n > N then 1r .

This means
Zn
ED (wir )

Thus there exists
some Zn

ED (w,- rt .

This contradicts the
fact f



that Dfw,- r ) E E - F
since Zn E F .

Thus
,
we must have that

w is

in fact in F .

(G) Suppose that
whenever a sequence of

points ( Zn) it ,
in F converges and

w= Lim Zn , then
WE F .

n→x

Lets show
F is closed .

We show that
F net being

closed leads to
a
contradiction .

Suppose F
is not

closed .

Then E
- F is not open .

So there
exists WE

¢- F

where w
is not an interior

point of Cl- F .



Thus, for every n > I , Dfw; t ) 4- E
- F

.

÷:÷÷÷÷÷¥¥¥÷i÷ie Zn E E .

Thus
,
we can

construct

a sequence
of points

( Znln? ,

from F
such that

I Zn - w/ Ent
.

-
ZnED(wit )

I claim then
that hi;yZn=w

.

Let E 70 .

Pick N > 0
such that Nts

E .

Then if n >
N we have

that

the TN and so I Zn - w I ⇐ I E NICE .



So
, Inigo Zn=w but wtf .

Contradiction .

Hence , F is
closed .



⑦ We use this fact from HW .

÷:÷÷÷÷÷÷÷÷÷÷÷:÷÷÷
Suppose (Zn )n7 ,

is a sequence of points

on 8 ( Ca, b]) such that w -

- Ling
,

Zn exists.

We need to show that WE 8 (Ca ,D) ,

Define the sequence ( tnln? ,
in Ca , b)

where 8 ( tn ) = Zn for each n > l .

Since a E Tn Eb ,
( tn ) is a

bounded sequence in IR .

So by Bolzano - Weierstrass

there exists a subsequence
(tna)

that converges to some t EIR .



Since [a. b) is a closed set in IR
,

we have that EE Ca, b] .

Since ( Zhu ) is a subsequence

of (Zn ) , we
have that line 2-NEW .

claim fightnd
-

-
Ht )

x

p Let E 70 .

Since E E Ca ,
b] and 8 is

continuous on Ca , b] , there

exists 870 so that
if t C- Cab) .

It -t Iss
then IHtt

-HAKE

Since tnnt ,
there exists

N 70 so that
if the > N

then Itu-t KS .



Thus , if he > N we
have

that Itu-t Iss and

so I Html -HEIKE .

^ ) .

Thus, Html →
8 It

Therefore,

w - fine,fnu= him.Html
- HEI

.

And 8 (E) C- 8 ( Ca,bT) since EE Ca , b ) .

So
,
we 8 ( Cais] ) .

Therefore , 8 ( Caio) ) is
closed .


