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① (a)

Let f- be
a step function .

Define the sequence
(g)% ,

of step functions
to be the

constant sequence
Qn=f for all n> 1

,

ie the sequence

f
,

f
,
f
,

f
,
f
,
°o°

91 , 92 , 93,941
Qsjoc .

This is a non
- decreasing sequence

since 9n=9n+ ,

for all n
31

.

Also , Inigo 9nA
I =/ in

fail = fcx
)

n→x

for all
✗ c- IR .

Since 9n=f is
a step function

we

know that
fqn = ff

is

some time real number .



Thus
,

1in fan = ff converges .

n→x

We have
satisfied all the properties

that are
needed to show

that

f- C- L° .



① (b) Let
f be a step function

.

Then fell
by 1cal .

Since KEL
'
we
have

that
fell .

☒



② (a)

Let f- = XIR

We will show
that

f- ¢ L' .

We do this by
contradiction .

Suppose f- EL
'

.

Then ff is some
real number .

Define the step
function

1 if ✗ c- Ek ,k]

gulxl = { o otherwise

~

Since 9k
= ✗ C- kik]

we have
that

9k is a step function . <-%¥-É
From problem 1

, g.KELI
for each ↳ 1 .



Let's show that gtfx )<_ f- (x1
for all ✗ C- IR .

If ✗ c- C-k, k], then gk(✗
1--1=1-1×1 .

If ✗ 4- Eh ,k] , then gkC✗1=o<
1=1-1×1 .

Thus, gkcx.IE
f- (x) for

all ✗ c- IR .

Therefore , from
class fg,, Eff

for all KZI .

Also, fgk =/ Xena,
= 1. G- C-4)

=
2k .

Thus, 2k Eff
for all KZI

.

But 2k
→ ✗

as k→x,
thus

ff could
not be

a
real number .

Contradiction .

Thus, f- ¢4 .



② (b) Let I be a finite

interval .

Let g=
✗
±

- f

Since f- (✗ 1=1
for all ✗

ER this

gives
that g =

✗
±

.

Since ✗
±

is a step function,

we
have that

9€ L
'

.

Thus
,
f c- L' ( I ) by the

def of
L' ( II.

☒



* *

with 2,1330 .

Since f- C- hi there
exists a non- decreasing

sequence
of step functions

( fn1n? ,

that converge
to f on an

almost everywhere
set A .

And limffn Converges .

n→x

So that ff
= Ligne ffn .

Since get
there exists

a non- decreasing

sequence
of step functions

(gnln? ,

that converge
to g on an

almost everywhere
set B.

And limfgn converges .

n→x

So that
19=11%19 . .



We know that fnlxl Efn+ ,
1×1 and

gncxl £9m ,( ✗ 1 for all nzl and XEIR .

Since 2,1330 we have that

✗ fnlxl E. ✗ fnt ,
( x1 and 139^41<-13%+9×1

for all nzl
and ✗ ER .

Thus,

✗ fnlxlt 13%1×1
I ✗ fn+,(✗ 1+139^+11×1

for all ✗ c-
IR and

n> 1.

So
,
(xfntpgn )

is a non
-
decreasing

sequence
of step functions

.

Since hiy•fn(✗1=1-1×1
for all ✗ c-

A

we
have

that Inigo
✗ t.CH = ✗

fcxl

for all ✗
c- A .

Similarly ,
limpgnlx )

= pgcxl
h→✗ for all

✗ EB



Thus
,

1in /✗ fncxltpgncxl)=
Lf G) + pgcx )

for all ✗ EAAB
.

Since A and B are almost everywhere

sets, from
HW
,

AAB is an

almost everywhere
set .

everywhere.
Thus
,

✗fntpgn
→ ✗ ftp.g

almost

By the property of step
functions

lnizfxfntpgn-xlinftnn-xtphi-z.tn
=
✗ fftpfg

to



So
,
( ✗ tntpgn )n? , is a

sequence
of non - decreasing step

functions with dfntpgn → ✗ ftp.g

almost everywhere ,

and 1in fxfntpgn Converges .

n→x

Thus
,

✗ ftp.gc-U and

fxftpg
= Inigo fxfntpgn
= xfftpfg

☒



④ Let f- Eli and g : ☒→ IR .

Further suppose that
f-1×1=91×1

for all ✗ c- A where A is an

almost everywhere
set

.

Since felt
there exists

a

non-
decreasing sequence

of step

functions (a)
% ,

where

1in 9^1×1=1-1×1
for all ✗ c- B

n→x

Where
B is

an
almost everywhere

set
,

and tim fch converges,

n→x

and ff= 1in fan .

n→x

Since A and B are
almost

everywhere
sets,

AAB is an

almost everywhere
set .



And if ✗ EAAB then

1in 9^1×1=-11×1--91×1
T T

n→x

Thus , (a) n? ,
is a non - decreasing

sequence
of step functions

with

9n→g
almost everywhere

.

And ( San )F= ,

converses .

Thus
,

g. C- Lo
and fg =/ in fq=ff .n→x

☒



⑤

(a) Since Jan a- M for all n
,

from a theorem in class ,
because

(G)% ,

is a non - decreasing

sequence we know that
1in fan
ntx

Converges .

Since g. → f- almost everywhere
,

f- c- L° .

⑤ (b) From (a)
and the

def

of Lo
,
we
have that

gf =/ in fan
ntx



⑤ (c)

We know that fqne M for
nzl .

Thus ,
from 4650 HWZ ,

1in fans 1in M

n→x

n→x

Thus
,
ff EM .

☒



⑥ We need a claim
:

Clf-X[am=f-X[a,c]tf'✗⇐b
pfof-aim-almosteuerywhe.ae#
If ✗¢ [a. b),

then

(f. ✗ [a.by/(✗ I
= f- (X) - ✗ [a.b)

(X) = f- (x) - 0

= 0

and

(f - ✗ [a ,#
✗It (f- ✗ ⇐b) (✗ I

= fcxl ✗ (a. c)
A) 1-

fcx) ✗ ⇐ b)
(✗ I

= f- (X ) " O t f
( X ) . 0 = 0

Thus , the
claim is true

for ✗ ¢ Ca,b) .

i.



Now suppose ✗ c- [a ,b], but ✗ f- c.

caSvpposea<_
Then

,

(f- ✗ ca.bg/(xl--fCx1Xca.ygC#--fCx1
and

C- - ✗ [a ,#
✗It (f- ✗

e.by/Cxl--fcxlXca#xLtf-YXIfxl--fCx)caseZ:Supposec5xEb
Then

,

(f- ✗ ca.bg/(xl--fCx1Xca.ygC#--fCx1
to



and

C- - ✗ [a ,#
✗It (f- ✗ e.b) (✗ I

= fcxl
tfcx)

I

= f- ( x )

Thus , from
the above

f. ✗ ca.by
= f- ✗ [a. c)

+ f- ✗
as]

on IR
- {c} , so almost everywhere

. ☒

Using the
claim we have

that

gbaf = Jf - ✗
Cais]

!,m→= f f - ✗ [a.c)
+ f- ✗ ⇐ b]

= J f.✗ [a.c) t f f
'
✗
E. b)

= Sift Sif
• !



⑦
Let ✗ c- IR .

If ✗ ¢ [a ,b] , then

M - ✗ [a ,b ]
= M -

O = 0

f(✗1 . ✗
[a ,b,

(X ) = f- 1×1.0=0

and M - ✗ [ a ,b]
= M - 0=0 .

Thus,

M -✗
[a.b)

(✗It f- ( X ) -✗ [a ,sf×
) f M - ✗ [a

,
#

If ✗ C- (a ,b] ,
then me -11×1

EM

and so by multiplying
by ✗ [%,

(x )

we get
that

M -✗
[a.b)

(✗It f- ( X ) -✗ [a ,sf×
) f M - ✗ [a

,
#

Thus
,

m - ✗ can ]<_ f-
✗ [a.b) EM

- ✗ can] -



Since f is integrable on (a)b)

we have that f- ✗ [ a. b) EL
'

.

Since M -✗
can ]

and M - ✗
[a.b)

are step functions we have
that

m ' ✗
[a. b)
EL

' and M ' ✗
[a. b)

c- L
'

.

Thus
,

since

m - ✗ [a.b)
← f-✗ [a ,b]

£ M ' ✗Cars?

we know that

Jm -
✗
[a ,b]
Eff - ✗

[a.b)
& JM - ✗

cups]

Thus
,

m - (b- a)
I fabf E M . ( b- a)

☒



⑧ (a)
Break the

interval C- 1,1) into 2
"

sub intervals of
width Dn=l-{¥=¥ ,

.

These are

In
,
,=[- 1+0 - ¥ , -11-1 -¥ )

In,z=[- It /
"¥ )

- It 2.¥ )
:

: ÷ .

In,n=[ ltlk-izn.is
- ltk . #-)

a { !
:

In ,zn = (-1+12^-1) .# , -1+2
?¥]

Since ✗ +1 is
an
increasing

function

on C- 1,1] , the
infimum of ✗ +1

on In,n
is the

left endpoint .



Thus
,

Jn = f- C- II. ✗ In
, ,

+ f- C- I +¥ ) ' ✗
In,

+ f- C- It 2.¥ ) - ✗
In
,
>

+ f- (-1+3 '¥ / ' ✗ In,,

+ . . . + f- ( - It ( k - 1)
'É , ) - ✗

In,k

f. . . t f C- It 3¥ ) ' ✗
In

,
an

F-
O ' ✗

In
,

it ¥ ' ✗
In
,

I 2
' ¥-1 ' ✗

In,

HH + 3-¥ ' ✗
In

,
I ' " t (2^-1)

- É- i ✗In
,
,

we have that

l ( Inm)
= Dn = ¥ ,



So
,

Son -- cos . ¥+1¥1 -¥

+ ( 2. ¥ ) . ¥ ,
+ ii. + (? 1.¥ ,

zn

= E. ((k- 1) . ¥) .¥
f- I zn

= ¥ . ¥ ' §,

( k - 11

lt2t3tn.①= mlm
= (¥1 ? É e

f- I=(¥€i]
= (¥ )? [12^-1112^-4]

= 2¥



⑧ (b) We have that

Jn is a non - decreasing sequence

of step functions
with 8n→f

pointwise on all of IR .

Also,

linfrilim [¥.]=!i:[2-¥]
n -1ns

n→x

= 2

Thus
,

fell and

ff= 1in Jrn=2
n→x



⑧ 14

Let g :lR→R
be glx)=xtl .

Then , g- ✗ c- , ,]=f EL
'

.

Thus, GEL
' ( C- 1.D) and

£i×+ndx= fig =/ 9.
✗ c- i. ,]

=/ f- = 2



⑨ (a)

Break the
interval [0,1) into

2
"

sub intervals of
width Dn= = ¥

These are

In
,

,=[0+0.21-10+1
-F) =[o , E)

In,z=[0+1 > 0+2.5 )=[É& )

: : :

In,n=[otlk-izn-sotk.tn/=(E-nik-)
a { !
:

In ,zn
= (0+127)%-10+2?¥]=[¥

, ¥}

Since X2 is an increasing
function

on [0,1] , the
infimum of ✗

2

on In ,n is
the left

endpoint .



Thus
,

Jn = f- ( O ) . ✗ In
, ,

+ f- ( ¥ ) ' ✗
In

,
,

+ f- ( 2
'¥ ) - ✗

In
, ,

+ f- ( 3 '¥ / ' ✗ In
,,

+ . . . + f- ( ( k - 1)
'¥ ) • ✗

In
,
n

f. . . t f- (Z ) ' ✗
In

,
zn

=p
0? ✗ In

,
it (F)

? ✗
In

,
I

?✗
In

,
}

Hz + (⇒ ? ✗
In

,
I ' " + (¥)

? ✗
In
,,

we have that

l ( In ,

a) = Dn = ¥



Thus
,

f rn = 0
? En + (¥1 ? In + (E)

? In

+ . . .
+ (¥1 ? In

= ÷ . Éi⇐i
lt2t3tn."= mlm

= (÷iiÉii
n)?[ÑK(z1l)t#]
= ¥3

' f- . (2^-1) (2^112^+1-1)

= =]



= E"j?¥
= Zij?z?
t

12^+1=2.2-2

⑨ (b) We know
that rn

is a

non
-
decreasing sequence

that

converges pointwise
to f-

on
IR

.

Also ,

In;zSrn= 1in"=pn→ ✗



=/ in

pn→•
divide

TY¥" = 2-3%-0-1=5

⑨61
Let g :lR→R

be g
1×1=5

Then , g- ✗ co , ,]
= f- EL

'

.

Thus, GEL
' ( [0,1)) and

✗Zdx = flog =) 9- ✗ [o.is

= Jf = +3



④ Let I be a
bounded interval .

Let h = g. ✗ ± .

Then ,

h(✗ / = {
/ if ✗ is irrational

and ✗ C- I

0 otherwise

we want
to show that

he Ll

and this will
show that g c-

L' ( I) .

Consider the
constant sequence

an =
✗
I

for all nzl ,
ie the sequence

✗
I )

✗
I J
✗I j

✗I ,
• •

•



Then
,

if ✗ c- I
and ✗ is irrational

we
have that

1in 9^1×1 =/ in
X±(✗ I

=/ in 1
n→x

nix
n -1ns

=/ = hlxl

If ✗ c- I and
✗ is rational then

1in 91×1 =/ in
✗1=1×1 = 1inIntro

h→x
ntr

= I -1-0=41×1 .

If ✗ 4- I , then

1in 9.1×1--1,2×1=1×1--11,20
n→x

= 0 = hit



So
,
Qn→h everywhere except

on
CHAI which

has measure

zero .

So
,
an -3h

almost everywhere .

Since (9) II , is a
constant

sequence
it is non - decreasing .

And , t.info/9n--nli;gllI1=llI1
So
, $9m ) ?= ,

converges .

Thus,
hell and fh= ! :p,

/95-111=1 .

So
,
GEL'(I )

and

5,9=59 -X±=fh=l( It .



g ,

④ "

¥÷→
Be

gz÷I-÷.
" • •

•

93

Ett



④ (b) Let n > I be fixed .

Then
,

gnlx, = {
1 if ✗ c- { risk , . rn}

0 otherwise

so
,

9n= ✗ [ r . ,r ,]t✗[rz,r,]t
' "
t ✗ [rn , rn]

Thus
,
gn is a step function .

We have
that

gn+,( ✗1={
1 if ✗ c- { risry . . >

rn ,rn+ ,}

0 otherwise



Thus
,

9mi = ✗ [r , ,r , ]
+ ✗ Cra

,
rit ' "

ii.
+ ✗
[rn

,

rif ✗ [ rn+nrn+P

= gnt ✗ [rn + , ,rn+?

Therefore , for any
✗ER we

have
that

9n+ , (
✗I = 9n(✗ It

✗ (x )

Crni , ,rn+D

3 9nA

sit

So
,
( gn/F. ,

is a non
- decreasing

sequence
of step functions

.



④61
We show that gn→g on IR .

Let ✗ER .

caseÉ] .

Then , gn(✗1--0=91×1
for all n .

Thus ,

Liz
91×1--11,20--0=91×1 .

casezi-supposexc-csdandxi.SIirrational

Then, gn(
✗1=0--91×1 for

all n .

Thus,

lim gncx)= Inigo
0=0--91×1

intro



cuse3ppose×=rsonek3l .

Choose N=k .

Then if
nzN=k we have

that

g. ( x )=9n( rut
=L .

Let E > 0 .

Then
if n> N

we
have that

1%1×1 -91×11=19621-9
Crull

=/ I -11=0
< E .

Thus, gncxl
→ g( x ) .

By case 1 ,
case

2
,
case 3 we

have that gn→g
converges

pointwise on
all of

IR
.



④ (d)

fgn= f ✗crypt ✗Grit
" 't ✗
[rn ,rn]

= 1. (r , - r.lt 1. (
rz-rzltn.tl - Crn - rn )

= 1. Of 1.
Ot . . . t 1.0=0

④ (e)
Since ( gn )5= ,

is a non -
decreasing

sequence
of step functions

that converges

pointwise
on
all of R tog

and

Inigo 59N
=/ in 0=0 converges

n→x

we have that
get and

fg = 1in fgn=0
.

ntr



④ We induct on s
.

Suppose 5=1 .

Then,
T
,
E [a.b) .

Since T, is a
bounded interval,

T
,
is

of the form G.d) , G.d) ,
(c.d) ,

or (c.d) where
ascs.de b .

Thus,
ICT, /

= d- cs
b- a .

p
deb

Now suppose
the problem

is true

for s disjoint
bounded intervals

.

Suppose we
have stl

disjoint

bounded
intervals

Ti
,
Tz , i . . ,Ts ,

Tst ,

where Ti C- [ a,b] .
e-=L



Since the intervals are disjoint
we

can assume they are in
order

on the number line by reordering

if necessary
b

¥[¥%ii¥spµ,g,g⇒,g
Let c

be the left
endpoint of

T,

and d be the right
endpoint of

Ts .

Then ,
Tie [sd

] and by the

induction hypothesis
Él (Ti ) Ed

- C
.

e- =L

Let m
be the left

endpoint of Tst ,

and n be the right
endpoint of Tsn .

Note that
as cede me

neb
.

and by construction
(d- c) 1- (n -m)

Eb - a.



Thus ,

lcti )=Él(Tilt last , )
e-=\

e- = ,

← (d- c) + ( n- m )

f b
- a.

Thus
,
by induction the problem

is proved .


