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① (a) f- (✗ f- ✗

f ,W=X - l t

fix -_ ✗ + ± ¥É¥¥

¥¥¥÷÷:÷÷.¥÷%?⃝



fill -_ I -1=0 ( -

fi"=i+±÷¥¥!¥É¥
0,3 , } / G) • • •

~ /

:



① (c) For any n > 1 we have that

fn (1) = I + ¥
"

Note that

÷±l¥
for any n? I .

1in
- d- = - Inigo d- =

- 0=0

Sincen-ixandlimtn-I.znk-o-o.TW
n→✗

by the squeeze
theorem [4650 HW 2)

we have that high = 0 .

Thus ,
1in fn a) = Lingo [ It¥

"

]
ntrx

= Lifo 1 thing =
11-0=1 .



① (d) Let ✗EIR be fixed .

From K we know that Inigo
"

=o
.

Thus ,

limfncxl-ni.gs [✗ +
"

]
nix

=
1in ✗ +

1in ¥
"

n→x
n→x

= ✗ to

= ✗
=
f- (x)

Thus, fnG)
→ f- (x) for

all
✗ C- IR .

Said another
way ,

fn→f

on
all of

IR
.



② Cal

f- 1×1 = {
1 if ✗ =/ or ✗ = -1

0 otherwise

§? if ✗ c-fi , is ¥ , if ✗ c-f ;D
ff× ) =# ,

otherwisef.at = yo ,
otherwise

¥ , if ✗ c- [- big fµ ,
=) if ✗ c-G.D

10 ,
otherwise

f-Ix )
,
otherwise



• - • f

• •

f
,÷

:



① (b) Let ✗EIR - { 1
,

- I }
.

Then
,

1in =
ii. 1in In

n→x

n→x

= ✗
? 0=0

Since

f-G) = {
/ if ✗ =L or ✗ = . /

0 otherwise

we have
that

1in fn(✗ 1--0=1-1×1
ntr

So
,
f.→ f- on

IR - { 1 , - I }



② (c)

If ✗ =L or ✗ = -1,
then

1in f. (✗1=1 in ⇐=di;gnt=o
n→x

n→x

but f- 1×1=1 .

Thus,
1in fn( ✗

I =/ f- (✗Intro
if ✗ C- { 1 ,-1} .



③ (al n

f
2-

•--•⇒¥→÷
E[I¥

8
,
= O ' ✗

[ 1,0 )
+ I ' ✗ [0,1]

= ✗
[ o, it



•

f-
2 -

Z - • • 82

o_0 Yzt.it:1#:-.Ei---IIEI.II8z--
O ' ✗
[ ,
,⇒

+ É ✗ [- %
,
o)
+ I ' ✗

[0, E)

+ Z ' ✗
[I , I]

82 = É ✗ [- %
,
o)
+ I ' ✗

[0, E) + É ✗ [÷ , I]



③ (b) Claim 1 : If ✗ c- EID,

Éf*lfz

pfofclaiz
: Let n >

I be fixed .

Let ✗ c- El , 1) .
We will deal

with

✗ = 1 after this .
Then,

Dn=b¥=1=¥

We have ✗ c- [ It ( k- 1) Dn ,
- It k ' Dn

)

=L-1T¥ , , -4¥)

for some IEKEZ
"
.

Since f- 1×1=+1-1 is an increasing

function ,

8,1×1 __ inf { f- ( t ) / tc-T-n.ie
}

= f- C- 1T¥:/ = - it ¥i+l=¥i



Note the following diagram .

• f-

É¥§Inis distance is 1¥ - (¥1
= Ini

iy÷÷¥÷÷¥
From above we see that

if ✗ c- In,n

then I rn Cx ) - fill
< ¥-1

What if ✗ =L ? Then
,

On (1) = inf { flt) /
- It "¥ Ete - It¥ . }

= f- f- It} 1--1+1-1T¥ , ) = 22¥



↳

18nA ) - fat / =/4¥) -21

42¥ -4=1" I

=L f-¥

Claim If ✗ c- Eh] ,
then

1in 8nA)
= f- (✗1 .

n-10

pfofclaim
Let E > 0

and - 4- ✗ £1 .

Then I rnlx )
- flx) / f¥

We want
to make ¥ ,< E.



Note that < s iff d- < zn
- '

iff log
,
(E) < n - I

iff log , (E) + I < n .

Set N > log , (E) +1

Then if n > N > leg , (E) +1

We have that

18nA ) - fcxllf ¥
< E

So,
1in 8nC×s=fC×

) if ✗ c- fit] .

n→x

☒



③ (c) We know that On → f on Eh] .

If ✗ d- C-1,1] , then 8n(✗ 1--0=1-1×1 .

Thus
,
if ✗ ¢ C- 1,13 , then

1in Tna ) =/
in 0--0=-11×1 .

htr

n→x

So,
8n→f on

IR - C- 1,1)
also .

Thus ,
8n→f on

all of IR
.



④ (a)

I - •
f

3/4 -I44 - •¥¥i_÷÷
8

,
= 0 . ✗

[ o,#
+ ¥ . ✗

[In]



I - •
f

÷:
.

00--0÷¥÷-÷÷
82--0 . ✗

[o,± ,
+ (E)? ✗ [±, > E)

+ (II. ✗⇐ E.)
+ (¥1? ✗⇐D

= IT ' ✗ [ ±, ,E)
+ +4 ' ✗ CEE

,)

+ % - ✗
can]



④ (b)

¥÷¥☐¥§
Let nzl be fixed .

Let ✗ c- [0 , 1) .

We will
deal with ✗ =L at

the end .

Then, ✗
c- [otck-iz-nsotk.IN/--flIY-ik-n)

for some 1 Eke 2
?

Since f is
an
increasing function

on
GD

we have
that

8nlx1=inf{f- (t) / ¥
et -¥}

=f(¥1=(¥Fñ-¥÷

I



f-

I÷÷÷i÷¥
Then, I Jn (x) - f- (✗

I / = If (x)
- rn 1×11

< ¥ - k%k
largestuff, gets¥y

is at ¥ and ✗ <¥

= 2k¥ § 4¥
= 3¥ -¥

Kk

= ÷ ,

- ¥ < ¥ .



Now if ✗ =L
,

then f- (1) =/ 2=1

and Jn( 1) = (2^-1) .

So, lflx)
-8nA ) / =p

I -4¥)
fCx)>8n€D

= ¥ - ÉÉ±=2?n

< Z=÷=¥



claimZ-Jn-fpointwise-onco.it
Let ✗ E G , D .

Let E. 70 .

From claim 1
,

we
have
that

I Jncxl
- fall < ¥

.

Note
that ¥ < E iff d- < 2

" '

iff log
,
(E) < n - l

Iff log , (E) + I < n .

Set N > log , (E) 1- 1
.

Then if n> N we have that

I Jncxl - f- 1×11 < E .

So
,
8n→f on 6,1] .

doing ☒



④ (c)
From 4b, we

have that 1in 8^1×1=-11×1
n→x

if ✗ c- (o, D .

If ✗ ¢ Co , D ,
then 1in KAI

= high 0 ¥
,

n→x

Hence on→ f on all of R . ☒



⑤ Let ✗ C- A be fixed
.

Since fn→f on A we know that

1in fnlx) = fat .
intro

since 9n→9 on A we know that

limgnlxl-gcxl.mx
Thus,

from 4650 HW 2 ,

/ im [fnlxltgn
(xD

ntx

=/ in fncxl
t 1in gncxl
n→x

n→x

= f- (✗ stg
Cx )

So
,
fntgn→ f + g on

A
.



⑥
Since f.→ f- almost everywhere on IR

there exists A
,
SIR with

f.G)→ fcx )
for all ✗ C- A ,

and IR- A ,

has measure zero
.

Since 9n→9 almost everywhere on IR

there exists A
,
SIR with

gncx)→ gcx
) for

all ✗ C- Az

and IR- Az
has measure zero

.

Let A= Ain
Az .

Then , R
- A =/IR-A.) UCR

- Az) .

and so since
the union

of two

sets of measure zero
is measure

Zero we know
that R - A

has measure Zero .



Let ✗ C- A ,nAz be fixed .

Since ✗ c- A , , fnlx)
→ f- (X ) as n→x

Since ✗ C- Az , gncx ) → 91×1
as ntx

So
,
fncxltgnlxl

→ flxltglxl
as nay

thus ,
fntgn→

ftg on
A where

A is an
almost everywhere

set
.

( since
IR- It

has measure
zero) .

So ,
fntgn

converses
to ftg

almost
everywhere . ☒


