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(D) Let b be the infimum of S
.

Then by deb ,
b is a lower bound

for 5 .

So , lit
is true .

Now lets show
Gil .

Let E >
0

.

Cassel : suppose
bes . #É

Set ✗ =b .

Then ✗ c- S
and be ✗ <

bts

is satisfied .

case Suppose bets
.

What would
happen if

there was no
✗ C- S

satisfying b ⇐ ✗ < b+E ? To



Then b would

no longer beÉbts
a lower bound -

nothingfor 5
.

from S

would be
why ? in here

set ✗ = bt £ .

Then be
✗ <
bts

.

And ✗
would be a

lower bound

for 5
,
because

no
elements

of 5 are
in
the interval [b,b+E

] .

This would
contradict b being

the infimum
of 5 because

✗ would be a greater
lower

bound
than b.

Thus,
for case

( ii ) ,
we
must

have that there
exists

✗
ES

with bzx >
b. + E.



Therefore we have show ( it and Cii ) .

And the proof is complete .

(G) Suppose be.IR
and

fil b
is a lower

bound for S,
and

Lii / for every
E > u

there exists
✗ES

with
be ☒ <

b + E.

are
true .

We
must

show
that

b is
the

infimum
of s '

bound for S .

We know
b is a lower

we must show that
it is the

greatest
lower

bound for
5 .

Let c
be another lower

bound

for 5 . ]



We must show that c- b.

Suppose otherwise,
that is

suppose
that b < c.

↳+ ⇐¥ '

Because E is

half the
distance

between C
& b '

we have
that

bcbt ECC
.

By property
Iii ) there

would then

exist ✗ ES with be ✗
< bte

.

But then
✗ ES

and ✗< btE<
c.

This would
contradict

the fact

that c
is a

lower
bound for

5 .

Thus, we
must have

Cfb .

We have
show that

b is the
infimum

of S . ☒



② Let ( an )I= ,

be a non - decreasing

sequence where an E
M for all

n > 1 for some MEIR .

Let 5- { an / k= 1,33
. . . }

= { a , ,
az ,

a
} ,
ay,

. . .}

Then M is an upper
bound for

5
.

Thus , by
the completeness

axiom

for IR we
know

that the

supremum
of 5

exists .

Let L=sup(
51 .

We will
show that

1in a. =L ,

n -7ns



Let E > 0 .

Since L is
the supremum

of 5,

there exists an
ES where

L - E < an
E L .

Suppose n ? N .

Because Can)É¥€
is non -

decreasing

we know

9
,
E Az EA }

E •
° .
£ AN £ An+ F-

°o° fans °o°

That is,
since n > N we

have Ansan .

Since an ES ,
and L is an

upper
b- word for

S we
know

that an =L .



Summa ring, if n > N then

L- E < ant an
EL

ITIL
So , if

n > N ,
then

L - E
< an ⇐ L <

LTE .

That is,
if nz N ,

then

L-Eca.CL/-E.&B- same aslan-LKE[
So
, 1in an=L

☒
n→✗




