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① (a) f- = 2. ✗ co,y ,-130×[1,3540×12,4]
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f- = 2 . ✗
[ o, ,)

+ 5. ✗
[1,2]
t ✗ ( 2,3 )

- 2 . ✗
[3,4 )

Jf = 2. (1-0) 1- 5. (2-1)+1 . (3-2)

- 2. (4-3)

= 21-5+1
-2=6



① (b) g=
- 2. ✗ [-1,21+5×4,3]

=•-• 5.
✗ [ 1,3]
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g =
- 2. XE ,

,
, ,
+ 3. ✗ [ 1,2 )

+ 5 . ✗
[2,3]

Jg = - 2. ( I - c- 11/1-3 . (2-1)

1- 5. (3-2)

=
-2 ( z ) + 3 1- 5

= 4



① ki

h = 2
. ✗
[ 4,4 )

+41T - ✗
C- 1
,
- 1)
- 3- ✗ [ 0,07

+ ✗
Gp]

Note that ✗ c- ,
,

- , ,
= ✗ ¢ is the zero

function

so
,
h= 2. ✗ Ey, y ,

- 3. ✗ [go]
+ ✗ [2,27

• ✗ [ 2,2]

<l11g%H•
- 3.✗ co,o]
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h = 2. ✗
[ 4,0 )

- ✗
[go]

1- 2 . ✗
( o,z ,

+ 3. ✗ [ 2,2]

1- 2 ' ✗ (2,4 )

Jh = 2. (0-1-41)
- 1. (0--0)

1- 2. (2-0)
t 3. (2-2)

1- 2. (4-2)

= 81-0 +4+0+4

= 16



② Suppose SET .

Let ✗ ER .

casel:_ Suppose ✗ c- 5 .

So , ✗
ET since

SET .

Then , Xscxl
=L

.

And XT( ✗ 1=1
.

Thus
,
Xscxl

⇐ ✗TAI .

case
Suppose

✗ ¢5 .

Then ,
Xs ( ✗ 1=0

.

And ✗ +
( x ) 30

.

So
,

Xs ( ✗Is
✗ + (X

)
.

In either case
✗ s(x ) -< ✗ +

(X)
.

☒



③ Let ✗ER .

case Suppose ✗
€5 .

So
,
Xs (✗ 1=1 .

Since S= ¥5k we know

✗ c- Si for some i
with

-l£iE#
So
,
Xsi(✗1=1 .

n

Thus ,

Xs(✗1=1--11%1×1
⇐ {✗ s.CH

b.=L

case: Suppose
✗ ¢-5 .

Then ,
Xslxl

-_ 0

Because
s= ¥5k we

know

✗ ¢5k for all
K

.



Thus
, Xsnfxl -0 for lek en .

Thus
,Xslx1=0=ÉXsn( ✗ I

k=l

In either
case

Xscxl E § ,

✗six) .

☒



④ Suppose that Ai , Az , . . ., Ar

are
disjoint sets .

r

(A) Suppose
that s=¥

,

Ai

Let ✗ C- IR .

CASI: suppose rthat ✗ ¢-5 .

Then since S=UAi .

We know

e- =L

that ✗ 4- Ai . Thus,

✗s( ✗ 1--0=0 tot
. . .
to

=
✗
A.
( ✗ItXA.CN/-...tXAfxlCase-2:Suppose ✗ ES .

Then since
the Ai are

disjoint and

S = Ñ Ai we
know

that ✗ C- An

e- =L

for exactly
one n

with Isner
.



So ,

Xs (✗1=1--0
tot . .

.tl/-...tOto--XAfx1tXAz(x)t...tXAnx)t...tXAr.,x1tXArH
r

Thus , from case
1 and cases

✗5- §
,

XA
;

(G) Suppose
that

✗ s
= XA.tl/Azt...tXAr

We will show
that S=

Ai

Let ✗ c- 5 .

Then Xs
(✗1=1 .

So
,

✗
a ,(✗
1+4*4×1

t.o.tl/ArCx)--l .

Thus, Xancx)
=L for exactly

one n

where ISher
.

Thus ✗ C- An
.



So
,
✗ c- Ai

thus , SE
U Ai .
e-=\

Now suppose y
E Ai

Then ye Am
for at least

one m .

So,
✗ Amly 1=1 .

Thus ,

✗sly )= XA.ly
)t . . .tl/Am(y1t...tXa.ly1

I 1 .

So
,
✗sly)=1

since its
either

Oort
.

Thus , yes .

So
, If ,

Ai ES .

From above
,

S = Hi ☒



⑤ (a) Let f- be a step function .

Then f- = a
,
✗
I

,

t az ✗ Izt " 't Ar
✗
Is

where I , ,Iz ,
. .

,
Ir are disjoint

bounded intervals
and ay . .

.

,
ar

are non - zero
real numbers .

We will
show that

lft-ladXI.t.it/arlX,= .
and hence is

a step function .

Let ✗ c- IR .

Case Suppose f-(✗
1=0 .

Since I , ,Iz ,
. . . ,Ir are

disjoint ,

either ✗ c- In for
exactly one

k
,

I ✗ 4- Ii
for all i.

If ✗ c- In
for exactly

one
k
,
then

0=1-1×1--9 ,X±,(
✗It .

- • tar
✗
I.
(✗ I
= Ak

But none
of the ai

are
zero .

Thus ,
✗ 4- Ii

for all
i and

hence

XIICX
1=0

for
all i.

y



Thus
,
for this ✗ we have

11-11×1=11-1×11
=
0

= 191.01-1921.0

t.it/arl.o--ladXIfHt...tlartXIrlx1.case-2:
Suppose

f- (✗ 11=0 .

Since
-11×1=94,1×1

+ "
• tar# (X )

we
must have

that ✗ Incxl =/
0 for

some
K .

Since I , ,
Iz , .

. . ,
Ir Are

disjoint we
must then

have
that

✗ 4- Ii
if e- =/ k .

Thus,

f- (x )
= a. ✗ ±,(✗ It . . .

takXInxlt.ntarXI.CH
= Ot . . .

tan
. It ii.
to

= Ak



r

So
,

If 11×1=11-1×11
= land

=/alot /aol.ot.it/au1olt...tlar-il.OtlarloO=la,lX,=.lx1t...tlau/iXIaCH+...tlarl'¥x1
-

Thus
,

in either
case
f=É last ✗±;
j = 1

So ,
f is a step function

.

☒



⑤ (b)
Let X , ,

Xz be step functions .

Then from class IX
,
1- {Xz and

✗ ,

- Xz one step functions .

Thus , from 6cal , I / X ,
- Xzl

is a step function .

Hence , IX. ttzxzttz
/ X ,

- Xzl

is a step function .

Let f- = max
{X , ,

Xz } .

We will show
that

f- = IX.
+1-2×2+1=1×1

- Xzl

and thus
f is a step

fraction which
completes the

proof .

2



Before we prove this, recall that

/ a - b /={
A- b if a-bzo

b- a if
a- b< 0

Claims: f- = IX. + tzx.EE/X,-Xzl
Let ✗ ER .

caseo Suppose X ,
( X ) > ✗ z( × ) .

Then f- (x ) =Kax{× , ,Xz})(✗ 1=11,1×1 .

And , IX ,

-X.la/=XiCx1-Xzlx1 .

"¥¥¥¥?⃝
so,

IX. (✗It 'zXz(
✗It £1K ,

-71<11×1

= IX.Cxlttzxzcxlttx
,
(✗ I - I Xzlx

)

= X , ( x )
= f- (✗ 1

.



case.LI Suppose
Xzcx)

> ✗ ,
( ✗ 1

.

Then f- (x ) =Kax{× , ,Xz})(✗ 1=111×1 .

And , IX ,

-X.la/=Xfx1-Xfx1 .

e¥¥¥%
so,

IX. (✗It 'zXz(
✗It £1K - Xzlcx )

= IX.
Cxlttzxzcxlttxfxl

-1=11,1×1

= Xzlx )
= f- (✗ 1

.

Thus, in
either

case

f- = IX.
ttx.tt/X,-Xz/



⑤ 14
This proof is similar to

6lb) except use
the fact

that

min{X , ,Xz}= If + 1-
g-Elf

- gl

Try it
and use

the proof

of 6 (b)
as a guide .

☒
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g+= 2 . ✗
[o, z,

+ ✗
( 3,4]



⑥ (b) Methodic
Let f be a step function .

By grouping the positive and negative

terms together we may
write

f- = b ,X±,t . .
. + be ✗It + c.

✗ ji
• • • + ↳ Xp

Where by . . . ,bt ,
C
, ,

. . .

, Cs
c- IR with

b
, ,bz, . . ,bt

> 0 and Ci ,
Cz
,

. .
.

,
Cs
< 0

and Ii ,
Iz , ii. ,
It ,
Ji

,
Jzjiiy Js

are

bounded disjoint
intervals .

Then f is positive on Ii >Iz , . It

and f is negative on Ji ,Jun, Js .

Thus
,

f-
+ =b,X±,t " '

+ bt ✗It

so
,

ft is a steep function .

methodic



Methodzfor6cb.TT
Claim's f+= 2- If /

+ If

pfofclaim:- Let ✗ c- IR .

Suppose f- ( x) > 0 .

Then
,
f-+( x) = f- ( x

)

And If / (x) = I fall
= f- (x) .

So
, f-

+(x) = f- (x)
= I / f(✗11+1=1-1×1

= Elf 11×1+1=1-1×1.

Suppose f- (X ) £0 .

Then
,
f-+1×7=0 .

And If 11×1=11-1×1 /
=
- f- 1×1 .

Thus
,
f- +1×1--0=-1-2 f(✗it

{ f- (x )

= I / f-(x) /+£f(✗
1=1-211-11×1 + If 1×1 .

☒

By problem
5
,
Ifl is a step function

.

Thus
,
Elf / + Ef is a step

function .

Thus
,

ft is a step function

met



④Cal

(D) Let
SER .

Then S=I ,
UI,

U . . .
VIR where

Ii
,

Iz
,
.
. . ,
Ir are

disjoint bounded

intervals .

By problems,
we

have
that

✗s
= ✗
I.

+ ✗ Izt
- • •

+ ✗ Ir

since the In
are

bounded intervals,

this shows that
Xs is a step

function .

(G) Suppose
✗
s
is a step function .

Then from
class,

we can
write

✗
s

= a , XI.tazXI.to
. .
+ ARXI

.

Where A. , . .
. ,
ar
are

non
- zero

real

numbers
and Ii ,I2 , . . .,Ir

are disjoint bounded
intervals .



Pick some n with Isner .

Suppose ✗ C- In .

Then since the sets I , ,Iz , . . > Ir
are

disjoint we know
that Xn(✗1=1

but Xklx 1=0
for Ktn .

Since Xs=aiX±,tazXIzt
. - • tar ✗ In

this means
that

Xs ( X) = aiot.o.tan.lt
. . .
ta.io

= An

since an -1-0
and Xs (✗1=0

or
1

we know
that Xs(✗

1=1 and

hence an
=L

.

Since n
was

arbitrary this
shows that

Xs =
✗
I

,

t ✗ Izt • • •
+ ✗
In

5- f- r
By problems ,

and hence
5€72

☒



⑦ (b)
Let 5T€ 92

.

Then by 7cal , Xs
and Xp are step

functions .

Thus , by problems 5 and 6 we

have that
max { Xs ,Xt } ,

min {Xs , Xt} and (
Xs - ✗ + It

one step
functions .

We will
show that

Xsut
= Max { Xs ,Xt}

Xsnt = min {
Xs

,
Xi }

✗
s - +
= ( Xs - Xt )+

and thus by
7- (a) we

have
that

SAT,
SAT
,
S - T C- 92



Claim 1 : ✗
su ,

= max { Xs,Xt }

L-etx-st.im/s-x=i .
Since ✗ ES or ✗ ET [or both] ,

either Xs(✗ 1=1 or Xicxl -- l [or
both].

So
,
✗
su,

(✗ 1=1
=
max{ Xslxl , ✗+1×1 }

(ma×{✗six,} )a1

Now suppose ✗ ¢50T. So ,
✗ ¢5 and ✗-4T .

Then Xsut (✗
1=0 .

And ✗s( ✗
1=0 and ✗ +

(✗ 1=0 .

So ,
Xsut (✗1=0

= Max
{ 0,0 }

= max
{✗sit ,Xf×

) }

Imax {✗sit
} )(x )

Thus, ✗ so
,_=ma×{Xs , Xt }



Ckim2:Xsnt=min{Xs,Xt}-
Suppose ✗ c- SAT .

Then , ✗ c-
S and ✗ ET .

So
,
Xsn ,-1×1

= Xs ( ✗ I = ✗ +
(✗ 1=1 .

Thus
,
Xsnicxl =L =

min { I , I }

= min { Xslxl ,
✗ 1-1×1 }

=@ in { Xs ,
Xi } ) (X)

suppose now
that ✗ ¢ SAT,

Then either

lil ✗ 4- SAT,
✗ ES ,

✗ IT

Iiit ✗ ¢ snt, ✗
¢-5 , ✗

ET

or
Ciii ) ✗ 4-

snt,
✗ ¢5 ,

✗ IT .

It / it is
true , then

✗ snt (✗1=0
= min { 1,0}

= min{Xslxlixilxl}=(min{
✗six ,-3) A)



If Iii ) is true,
then

✗ snr (✗1=0
= min {0,1 }

= min{Xslxlixilxl}=(min{
✗six ,-3) A)

If liii ) is true,
then

✗ snr (✗1=0
= min {0,0}

= min{Xslxlixilxl}=(min{
✗six ,-3) A)

Hence , from
all the

above cases
we

have that
Xsnt = min { Xs , Xt

} .



Claim3:Xs→=(XX
Suppose ✗ c- S -T .

Then ✗ c- S
and ✗ -4T .

So, Xs - +
( ✗1=1 .

And, Xslxl
- X ,_(✗ 1=1-0--1 .

So
,
(Xs - ✗ +1+1×1=1 .

Thus
,

✗
s - t
(✗ l= ( Xs - ✗+1+1×1 .

Now suppose
✗ ¢5 -T .

Then either

( i ) ✗ c- S
and ✗ ET s- t

Cii) ✗ ¢-5
and ✗ c-T

or Ciii )
✗ ¢-5

and ✗ -4T

If ( it
is true ,

then Xs -+
(✗1=0

and

Xs (X)
- ✗

+
( X) = I

-1=0 .

So,

✗
s - t
(✗1=0

= ( Xs
- ✗+1+1×1 .



If lii) is true , then Xs - + (✗1=0
and

Xs ( ✗ I
- ✗+1×1--0-1=-1 .

So
,

✗
s- +
(✗1--0=(71-14)+1×1 .

If liii) is true , then Xs - + (✗1=0
and

Xs ( x )
- ✗+1×1--0-0=0 .

So
,

✗
s- +
(✗1--0=(71-14)+1×1 .

In all the
above cases

✗ s - t
= (Xs - Xt )+

☒



⑦ (c) Let STER .

And suppose
SET.

From class
,

lls ) =) Xs and LITKJXT

From problem
2
,
we know

that

since
SET we

have
that

SXSESXT .

Thus ,
lls )

⇐ ICT ) .

☒



⑦ (d)
Let Ai , Az, . . . ,As

be bounded intervals .

Then A
,
ER
,
AZER , . .

,
As C- N .

Since by part (b) ,
R is closed

under union we
have that

A- = ÑAIEN .

i. = I



⑦ (e)

Let I , ,Iz , . .,
Ir be disjoint

bounded intervals .

Suppose that
there exist

bounded

intervals J , ,Jz ,
no,
Jt where

① Ij C- Ut Ji
g- = , i=i

Let s=ÑIj
g-=L

Then by 7- (d) ,
SEN .

And thus
fXs=Él(I;) .

5- i t

we are given
that Ss

UJ; -

e- = ,



Claim Xslxl
£ É ✗

si
e- =L

proofofclaini Let
✗ c- IR .

Suppose ✗ c- 5 .

Then ✗ c-
Ñ Ji since

SEÑJ;
e-=,

i=l

So ✗ C- Jm for at least one
m
with
Ismet .

t

So,
✗ jm(✗ 1=1

.

Thus, Xs
(✗IF I = Xsmcxl

E E Xsilxl .
e- = I

Now suppose
✗¢5 .

Then,
Xs ( ✗

1=0 . t

so,
Xs ( ✗ 1=0

E EX ,=(
✗ I

p
e-=L

✗ji(x)3oforeachi@



Now integrating the equation
in

the claim gives that

ÉLCI;) =/ Xs. =/ ¥ ,
#

j= I

= Él( Ji ) .
e-= I

☒


