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①(a) Let A) BER where AEB .

Suppose
B has measure zero

.

We will
show that

A has measure
Feroz

Let E > o .

Since B
has measure

zero
there

exists a sequence
of bounded

open
intervals Ii ,

-1-2 ,
I3) °o°

Where

BE
Ñ In and ÉLCINI

EE

n= I

n=\

Since A EB
we have

A c-
Ñ In and ÉLCINKE

.

n =L

n= 1

Thus , It
has measure zeco.

Ñhisistfal.
" If P, then

Q
" is equivalent to

" If not Q ,
then

not P
"



②(a) S has measure zero .

Let E >
0
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width width width

width

Let I ,=(
I - § > 1T£ )

1--2=(2-18,2+08)
I }=(3- %) 3T£ )

1--4=(4-8,4+8)
Then

,

IEI , , ZEIZ ,
3. C- Is , YEIY .

So
,

SEÑ In
n=1



And ,

Éll In / = LCI , ) + l( Izltl
( Isl

+ l( Iyl
n= I

= E- + E- + ET TE,
= E

t
fore×,llI,)=(l-É/-(lt£)=2i§=§-✓
Thus,

S has measure zero
.



② (b) S={ In / n=l , 2,34, . . . }

= { 1,11¥ 'T )
" .}

For each
n > 1 ,

define

In __ ( I - ¥ ,
In +¥ )

yn
- ¥+1 yn+¥ .

É±

Then
,
In C- In for

n> 1
.

Thus,
SE
Ñ In .

n = 1

Note that
III.1=1 'ñ+¥ )

- (E-¥)

= 2. Éti=£n



So
,

§
,

ll In 1 =§ £

= E [d- +¥ t % + . s )

= £ [It d-
+ ¥ + . .]

= £ [±] = § . 2 = E.

→
It ✗ + ✗7- ✗

Stu .
=¥for*

Thus
,
5 has measure zero .



③ (a) 5- { 1,1T, to} is finite
,
so 5

has measure zero
.

③ar[0,51
Since S C- Q

and Ch is

countable , we
know that

S is countable.

Hence S has measure
zero .

-

③GI we know
from class

that a
set

of the form
[a , b) when

a<
b

does not
have measure

Zero .

zero .

Thus,
[ 0, Yz] does

not have
measure

From class we know
that

we have
[91-2] C- [0g

y



Thus,

by problem 1- (b) of this HW assignment
,

we know [0,1
) does not

have measure zero .

*xÉÉs
-

③ (d) Let
E=b¥ .

Note that

( b- E)
- (at E)

= ( b -
b 1- ( a+b¥ )

= b- f-btay
- a - f- b + ¥

=Eb -take
Thus, ate

< b- E and so [ate, b - e]
is a well - defined interval .

b



Note that [ate , b- e) C- ( a. b)

1-1-1717 É¥e
b- a

distance

Since [at E, b- E) does not
have

measure
Zero ( by class)

and

[at E) b- E)
E Ca , b) we

know

from problem / (b) of
this HW

that (a.b)
does not have

measure
zero .



④ (a)
Since 5, , Sz , . . . ,

Sn are almost

everywhere sets, we
know that

IR- Si,
IR - Sa, . .

. ,
IR - Sn

have measure
Zero .

Thus , from
a
theorem in class,

we know
that Ñ ( IR

-Su )
k= 1

has measure zero .

De Morgan 's law [Math
3450) tells us

that

R- Asn
= ① ( IR- Sk)

f- I
k=l

Thus
,
IR- Ñ Sue has measure

zero .

K=/

Thus,
N sa is an

almost everywhere
set

.

k=1



④ (b) Same proof as 4cal
agea su into
a- 1but turn

a- I



⑤ (a)

a:#i.EE#-:EAndfCx1--gCxliff
✗ EZ .

is countable and
hence

has measure
zero .

Since f- 1×1=91×1
except on

the

set Z
of measure

zero
we

have that
f- =g

almost everywhere .



⑤ (b)

,µf,

t
•

•

• §
a

@

Note that f-(✗1=191×1 Iff ✗ c-{ 1,6 ,8}U{-1 , -4-3, ...}

So
,
f- G) 1=91×1 on a countable and hence

measure zero set . Thus f=g
almost everywhere .



⑤ (c) o f

•-¥-←to→

TÉÉff=É
So
,
f- 1×1=91×1 except on

a countable
and

hence measure zero
set .

so
,
f- = g almost everywhere

.



⑤ (d) f- 1×1=191×1 iff ✗ ¢-12

iff ✗ ER-21

IR- I does not
have measure

zero since

for example
(0, 1) C- R

- Z and

(0,1) does not have
measure zero

from problem
3 (d) .

Thus
,

f- =/ g almost
everywhere .



⑥ (a) Let AEB where It is

an
almost everywhere set .

Then R- A
has measure zero .

But R
- B EIR

- A
,
and hence

→
sm6A* by problem

1cal of this
HW
,

we
know R

- B has

measure
zero .

So
,

B is an
almost

everywhere
set

.



⑥ (b)
Since f=g almost everywhere

in IR
,
we know that

E. ={ ✗ lflxtglx) }

is an almost
everywhere

set
,

ie R
- E ,

has measure
zero .

Since hlxl
= 5 almost everywhere

in R , we
know

that

Ez={ ✗ I hlxi
-_ s }

is an
almost everywhere

set
,

ie IR- Ez has measure zero
.

6



CIaim.IE ,
AE, is

an
almost

everywhere
set

.

pfofclaimi-0.IR- (E , NED

= ( IR- EMV ( IR
-Ea)

has measure
zero

since R
- E ,

and R
-Ee have measure

zero
and

hence their
union

has measure
zero .

Thus E. ME ,
is an

almost

everywhere
set . ☒

Thus ,

E. nEz={ × /
flxkgcx)

and hats}

is an almost
everywhere

set and
if

✗ E E ,
NE , then

f- 1×1=91×1
and

hit -_
5 and thus fcxlthcx 1=91×11-5

.



Now,

B={ ✗ / flxlthlxkglxlts}

Satisfies Ein Ez
C- B .

Since Ein Ez
is an

almost

everywhere
set
,
by part

Cal
,

13 is an
almost everywhere

set
.

Thus ,
fcxlthcx / =

gilts

for almost
all ✗ .


