Math 3450 - Homework # 4
Functions

1. Let A=1{1,2,3,4} and B ={7,8,—1,7,1/2}.

(a) Give an example of a function f: A — B that is one-to-one.

(b) Give an example of a function f : A — B that is not one-to-one.
) Give an example of a function f : B — A that is onto.
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(d) Give an example of a function f : B — A that is not onto.

2. Consider the following functions. For each function f, (i) either prove
that f is one-to-one or give an example to show otherwise, and (ii)
either prove that f is onto, or give an example to show otherwise. (iii)
If f is a bijection, find a formula for f=1.

You will need the following definition. Let M(R) be the set of all 2 x 2
matrices with entries from the real numbers. That is,
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(a) Let f:Z — A given by f(k) = 2k where A ={2n | n € Z}.
(For example, f(7) = 2-7 = 14. Note: The set A is commonly
referred to as 27Z.)

) f:Q — Q where f(z) = 3.

) f:R — R where f(z) =2z +5.
d) f:R — R where f(z) = z* — 16.

) f:Z4— Zy given by f(T) =2-
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3. Let A ={1,2,3,4}. Letisy : A —> A
That is, ia(x) = x for all x € A.

e the identity function on A.



(a) Let f: A— A where f(1) =3, f(2) =1, f(3) =2, and f(4) =4.
Draw a picture of f. Draw a picture of f~!. Show that fof™! =i4
and f~lo f =iy

(b) Let g: A — A where g(1) =1, g(2) = 3, ¢(3) =4, and ¢g(4) = 2.
Draw a picture of g. Draw a picture of g~'. Show that gog=! =i,
and g7l o g =ia.

4. Let a and n be integers with n > 2. Define f, : Z, — Z, by f.(T) = a-Z.
(a) Prove that f, is a well-defined function.
(b) Draw a picture of f; when n = 6.
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) Draw a picture of fy when n = 3.
d) Prove that f.o fq = fe
)
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(e) Prove that f.; = f4 for all integers ¢ and d.
(f) Prove: If y = w(mod n), then f, = f,.

(g) Prove that if ged(a,n) > 1, then f, is not a bijection. [Hint: Note
that f,(0) = 0. Find k # 0 with f,(k) =0.]
(h) Consider f3: Zs — Zs. Find f; ' and express it in the form f;, for

some integer b.

5. Consider the function f : Z, — Z,, given by f(Z) = 7%

(a) Prove that f a well-defined function.
(b) Draw a picture of f when n = 5.
(c) Draw a picture of f when n = 6.
(d) Prove that if n > 2 then f is not one-to-one.
6. Let f: Q — Z be defined by f(m/n) = m. For example, f(2/9) = 2
and f(5/10) = 5. Is f a well-defined function? If so prove it. If not
explain why not.

7. Let n be an integer with n > 2. Let a be an integer. Define g, : Z,, —
Z,, by the formula ¢,(7) =T + a.

(a) Prove that g, is well-defined.

(b) Draw a picture of g3 and go when n = 4.



(¢) Compute and draw a picture of g3 o g, and gy 0 g3 when n = 4.
(d) Prove that g, is a bijection for any n.
(e) Find a formula for g, .
8. Give an example of f: A — B and g : B — C where the following are
true:
(a) f is not onto, but g o f is onto.
(b) g is not one-to-one, but g o f is one-to-one.

9. Suppose that f: A — B and g : B — C. Prove: If f is not one-to-one,
then g o f is not one-to-one.

10. Suppose that f: A — B and g : B — C. Prove: If g is not onto, then
g o f is not onto.

11. Let n > 2 be an integer. Consider the reduction mod n map m, : Z —
Zy, given by the formula 7,(z) = 7.
For example, m4(2) = 2 and ms(18) = 18 = 0 since 18 = 0(mod 6).
(a) Calculate mg(—1), m6(10), m(7), and m6(—17). Draw a picture of
the mg map. Is mg one-to-one? Is mg onto?
(b) Let X ={1,17,—5,102,—13}. Calculate mg(X).
(c) Let Y = {0}. Prove that 5 '(Y) = {6k | k € Z}.
(d) Let Y = {T}. Prove that 75 '(Y) = {6k + 1| k € Z}.
(e) What is 75 ({0,3}) equal to? Prove your answer.

12. Let A=NU{0} ={0,1,2,3,4,5,6,7,...}. Let f: Ax A— A where
f(m,n) =m?+ n?.
(a) Calculate f(3,5), f(1,1), and f(2,1).
(b) Let C'={(0,0),(1,10),(2,5)}. Calculate f(C).
(c) Let B=1{1,2,3,4}. Find f~'(B).
(d)
)

(e) Show that f is not onto.

Show that f is not one-to-one.

13. Let f: R — R where f(x) = z* — 2.



(a) f([0,1])
(b) f71([0,1))
(©) F(=3,-1)
14. Suppose that XY, W, Z A, B are sets. Let f : X — Y, W C X,
ZCX, ACY, and BCY.
(a) Prove that f(WUZ) = f(W)U f(Z).
(b) Prove that f~'(AN B) = f~1(A) N f~4(B).
(c) Prove that X — f~'(A) C f~ 1Y — A).
15. Let A be a set. Define the function f : P(A) — P(A) where f(X) =
A — X for any X C A.
(a) Draw a picture of f when A = {1,2,3}.
(b) f X C A then A—(A—X)=X.
(c) For general A prove that f is a bijection.
(d) For general A prove that f = f~1.



