Math 4570 - Homework # 3

Linear Transformations

1. Let V and W be vector spaces over a field I'. Let Oy and Ow be the
zero vectors of V' and W respectively. Let T': V — W be a function.
Prove the following.

(a) If T is a linear transformation, then 7'(0yv) = Ow.

(b) T is a linear transformation if and only if
T(ax + By) = oT(x) + BT (y)

forall z,y € V and o, 8 € F.

(¢) T is a linear transformation if and only if

T(Z iT;) = Z ;T (z;)

for all q,...,2, € V and ay,...,a, € F.

2. Verify whether or not T': V' — W is a linear transformation. If T is
a linear transformation then: (i) compute a basis for the nullspace of
T, (ii) compute the nullity of 7', (iii) determine if 7" one-to-one, (iv)
compute the rank of 7', (v) determine if 7" is onto, and (vi) compute
the range of T'.

(a) T :R3> — R? given by T'(a,b,c) = (a — b, 2c)
(b) T : R* — R? given by T'(a,b) = (a — b, b?)
(c) T: My3(R) — My(R) given by

(@ b ¢\ (2a—-b c+2d
d e f) 0 0
(d) T : P»(R) — P3(R) given by T'(a + bz + cx?) = a + bx?

(e) T : P(R) — P(R) given by T'(a+bx +cx®) = (1+a)+ (1+b)z +
(1+ c)x?



3. Let a and b be real numbers where a < b. Let C(R) be the vector
space of continuous functions on the real line as in HW # 1. Let
T:C(R) — R given by

T(f) = / F(t)dt

Verify whether or not 7' is linear.

4. Let F be afield. Recall that if A € M,, ,(F") then we can make a linear
transformation L, : " — F™ where L(x) = Az is left-sided matrix
multiplication. In each problem, calculate L4(x) for the given A and
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5. Let V and W be vector spaces over a field F'. Let T : V' — W be a linear
transformation. Let vy,...,v, € V such that span({vy,...,v,}) =V,
then span({7'(v1),...,T(v,)}) = R(T).

6. Let V and W be vector spaces over a field F. Let T': V — W be a
linear transformation. Let Oy and Ow be the zero vectors of V and W
respectively.

(a) Prove that T is one-to-one if and only if N(T') = {Ov}.

(b) Suppose that V and W are both finite-dimensional and dim (V') =
dim(W). Prove that T is one-to-one if and only if 7" is onto.

(¢) Suppose that V and W are both finite-dimensional. Prove that if
T is one-to-one and onto then dim(V') = dim(W).

7. Let V and W be finite dimensional vector spaces and let T': V' — W
be a linear transformation.

(a) If dim(V') < dim (W), then T is not onto.
(b) If dim(V') > dim(W), then T is not one-to-one.



