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①(a) 5- { ( 1,11, 11,21, 11,31, 11,41, ( 1,51, ( 1,61,
(2,11, (2,21,

(2,31, (2,4 ), ( 2,51, (2,61,
(3,11, (3,21,

( 3,31, ( 3,4 ), (3,51, (3,61,
( 4,11, 14,21, 14,31, 14,4

)
,
( 4,51, ( 4,61,

(5,11, 15,21,
(5,31, 15,4 ), (5,51, (5,61,

(6,11, (6,21,
( 6,31, ( 6,4 ), ( 6,51, (6,61 }

P({ Cais} ) = ¥ for any Ca, b) in S .
That is , each

element of S is equally weighted .

If E is an

euentthePE-E-E-olblA-sci.tl}

o.in:1?::.:::.:::-.EAnB--o
A- = { all elements

of s except
( 1,11}

= { ( 1,21, ( 1,31 , 11,41, ( 1,51, ( 1,61 ,
(2,11, (2,21,

(2,31 , (2,4 ), (2,51, (2,61 ,

(3,11, (3,21,
( 3,31 , ( 3,4 ), (3,51, (3,61 ,

( 4,11, 14,21,
( 4,31 , 14,4 ), ( 4,51, ( 4,61 ,

(5,11, 15,21,
(5,31 , 15,4 ), (5,51, (5,61 ,

(6,11, (6,21,
( 6,31 , ( 6,4 ), ( 6,51, (6,61 }



B- = { all elements of S except a.31,13243111}

= { ( 1,11 , 11,21,
11,41, 11,51,

( 1,61 ,

(2,11 ,
(2,31 , 12,4

)
,
(2,51, (2,61 ,

(3,21, ( 3,31 ,
( 3,4 ), (3,51,

(3,61 ,

( 4,11 , 14,21,
14,31 , 14,4

)
,
( 4,51, ( 4,61 ,

(5,11 , 15,21,
(5,31 , ( 5,4

)
,
(5,51, (5,61 ,

(6,11 , (6,21,
( 6,31 , ( 6,4

)
,
( 6,51, (6,61 }

AUB consists of all
the rolls where

the

sum of the dice is
either 2

or 4

AMB consists of all
the rolls where

the

sum of
the dice is

z
and 4

at

the same
time

which is impossible ,

hence ANB is empty

A- consists
of all

the rolls
of the dice

where the
sum

is not 2

B- consists
of all

the rolls
of the dice

where the
sum

is not 4



① (e)

PCAI = ¥6

p (B) = ¥6

PCAUB) = ¥

P( AnB)
= O

P III
= ¥

P( B- I = ¥



② (a)

5- { ( 1,11 , 11,21,
11,31 , 11,41, 11,51,

11,61 ,

(2,11 , (2,21,
(2,31 , (2,4

)
,
(2,51, (2,61 ,

(3,11 , (3,21,
( 3,31 , ( 3,4

)
,
(3,51, (3,61 ,

( 4,11 , 14,21,
( 4,31 , 14,4

)
,
( 4,51, ( 4,61 ,

(5,11 , (5,21,
(5,31 , 15,4

)
,
(5,51, (5,61 ,

(6,11 , (6,21,
( 6,31 , ( 6,4

)
,
( 6,51, (6,61 }

element of s is equally weighted .

If E is an

event then PCEI = Y¥=¥

"
"

② (b)

A __ { ( 1,21 , ( 1,41 ,
11,61 ,

( 2,11 , (2,21 ,
( 2,37 , (2,41 ,

(2,540,61 ,

( 3,2) , ( 3,41 ,
(3,61 ,

( 4,11, (
4,21 ,

14,31 , ( 4,41,
14,51 , 14,61 ,

(5,21 , (5,41,
( 5,61 ,

B={ (2,2 ) , (2,41,
(2,61/14,2)/14,41, 14,61,

16,2 ) , (6,41 ,
(6/6)}



C = { ( 1,11 , 11,21 , 11,31, 1h41 , ( 1,51 , 11,61 ,
(2,11 , (2,37 ,

(2,5 )

(3,11 , (3,21, ( 3,31,
(3,41, (3,51 , (3,61,

( 4,11 , ( 4,31 , (4,51 ,

(5,11 , (5,21 ,
(5,31 , (5,41, 6,51 ,

(5,61 ,

(6) 11, (6,31 ,
(6,51}

D= { ( 1,17 , ( 1,31,
( 1,51, (3,1

) , (3,31,
(3,51 ,

(s,il,Cs,3l,C5#
② (c)

Anc
= { ( 1,21 ,

( 1,41 , ( 1,61,
C2
,
1)
,
( 2,31, (2,51 ,

(3,21 , (3)
4) ,
(3,61 , ( 4 ,

1) , ( 4,37,
(4,51,

( 5,21 , (5,41,
(5,61 , (6)

1) , ( 6,31,
(6,51}

A- =D

BAD = ¢

BUD = { ( 1,11 ,
( 1,31 , ( 1,51 ,

( 2,21 , ( 2,41 ,
(2) 6) ,

( 3,17 , (3,31 ,
(3,51 , (4,27 ,

(4,4 ), (4,61 ,

(5,11 , (5,31 ,
(5,51 , (6,21 ,

( 6,41, 16,61 }

B- = C

I = A



② (d)
Anc are the dice

rolls where one of the

dice is even
and one

of the dice is
odd .

A- are the dice rolls where both
dice

are
odd .

BUD are
the dice

rolls where
either

both
dice are

even
or
both dice

are odd .

BAD is empty
since

it consists
of

the dice
rolls where

both dice
are

even
and

both
dice

are
odd ,

which

witkPp=¥② let

P( A)
= ¥6 P(B) = ¥

PLD /
= % PLAN c)

= ¥ P( E) = ¥

P( BAD 1=0
PCBUD /

= ¥ P(E) = ¥

PCI / = ¥6



③ Cal

S= { ( H, H , H, Hl , CH,H, H,T ) , ( H , H ,
T
,
Hl
,
CH , H ,Ttt

CH
,
T
,
H ,Hl , (

H ,T, H ,Tl , ( H ,T,
T
, Hl , CH ,

T
,
T
,
-11
,

(T , H , H, Hl , (
T
,
H
,
H
,
T )

,
(T, H ,

T
,
Hl
,
(T, H ,T,Tl ,

( T
,
T
,
H ,Hl , (

T ,T, H ,Tl , CT ,JT,
HI

,
(T ,T, IT}

P( { ( a ,b,c ,d) } / = ÷ for any ( a ,b , c.d) in
5
.

That is the elements
are equally weighted

.

If E is an
event then

pCEl=Y¥=Y
③ (b)

A = { ( H, H , H, Hl , CH,
H
,
H
,
T )

,
( H , H ,

T
,
Hl
,
CH , H ,T,Tl ,

( H ,T, H ,
Hl , ( H ,T, H ,Tl ,

( H ,T,T, Hl ,
CH ,T, T,-11 }

B={(H,T,H,Tl,(H,T,T,Tl,CT,T,H,Tl,(T,T,T,Tl~



③ (c)

AUB = { ( H, H , H, Hl , CH,H,
H
,
T )

,
( H , H ,

T
,
Hl
,
CH , H >TITI ,

CH
,
T
,
H ,Hl , (

H ,T, H ,Tl , ( H ,T,
T
, Hl , CH ,

T
,
T
,
-11
,

( T
,
T
,
H.tl/CT,T,T,Tl}

An B = { ( H ,T, H ,T1 , (
H
,
T
,
T
,
T 1}

A- = { (T , H , H, Hl ,
(T
,
H
,
H
,
T )

,
(T ,H ,

T
,
Hl
,
(T , H >TITI ,

( T ,T,
H ,Hl ,

(T ,T, H ,Tl ,
CT ,JT, HI ,

(T ,T , IT}

B- = { ( H, H , H, Hl , CH,H, H,T
)
,
( H , H ,

T
,
Hl
,
CH , H ,T,Tl ,

( H ,T, H ,
Hl , CH ,IT, HI ,

(T , H , H, Hl , (
T
,
H
,
H
,
T )

,
(T, H ,

T
,
Hl
,
(T, H ,T,Tl ,

gggg.gl/-sTsHsHbCT,T,TsHf
AUB are the

elements that
either begin with

a
head

on the first flip
OI have a

tails on
the

second or fourth
flip .

An B are the
elements with

heads on
the first

flip and tails
on the

second and
fourth flips

Tt are the
elements that

have a tails
on the

B- are the
elements where either

thesecI/
the fourth flip is a heads .



③ let

P(A) = %

PCB )= ¥

PCAABK %

PCAVB ) =/
PCAITPCBI

PCAU B) = ¥
←

Note that

because
AAB -1-0 .

Could use the
formulaµµ,,,p,µy,,,,,pµ"

PCI)=%

p( B) = ¥6



④ (a) 5={1,2-3,4}

P({ B) = f- P({231=5

P( { 3) = 2- p({431=81

-

④ (b) A={ 1,3
}

PPÉ=}t})=
F- 1- f- = §

④ (c)
13={1,2/3}

I> (B) =P ({1,2/3}
)=P({ I} / + P(

{ 2} ) + P(
{ 3 } )

= It -2g + f- = Is

-

Notes In
this problem

the elements
of

5 are
not equally

weighted , so
it

isnttrue that
PCEI = 1¥, -

=



⑤
S={ ( 1,1 ) , ( 1,21, ( 1,31,

( 1,41, ( 2,11, ( 2,21 ,
(2,31/12,4),

(3,11 , (3,21,
(3,31, (3,41,

(4/1)/(4,2114131/14,4)}

P( {Ca ,b)3)
= % for each (a)

b) in 5 ,

that is
the elements

are
equally weighted

.

So
,
PCE / = Y¥= 1¥

for any
event E.

÷etAÉthtatatone
of

the dice
shows

a
2

.

Then ,

A- = { ( 1,2
) , (2,1

)
,
(2,27 , ( 2,31 ,

( 2,4 ) ,
( 3,21 ,( 4,21}

PCAT-%be1.me#+hatE-the
⑤ (b) Let

B

dice
is a

4 '

p(B) = ¥6

⑤B¥%"÷¥É¥+ne
dice

is either
5 or 7 .

c-- {
( 1,41 , (4,11 ,

( 2,31 , ( 3,21 ,
(3,41, (4,31

}

p(c) =%



⑥ The sample space is

S = { ( g, r ) I g, r =L , 2,3>4,5, 6,7 ,
8 }

= { ( 1,11 , ( 1,21 , (1)
31
,
( 1,41 , ( 1,51, 11,61 ,

( 1,71 , ( 1,81,

(2,11 , (2,21 , (2)
31
,
(2,41 , (2,51, ( 2,61 ,

(2,71 , (2)8),

(3,11 , (3,21 , (3)
31
,
(3,41 , (3,51, ( 3,61 ,

(3,71 , (3)8),

(4,11 , (4,21 , (4)
31
,
(4,41 , (4,51, 14,61 ,

( 4,71 , (4)8),

6,11 ,
0,21 , (5) 31 , 15,41 ,

(5,51, 15,61 ,
(5,71 , (5)8),

(6,11 , (6,21 , (6)
31
,
(6,41 , (6,51, (6,61 ,

(6,71 , (6)8),

(7,11 ,

(7,21 , (7) 31 , (7,41 ,
(7,51, 17,61 ,

(7,71 , (7)8),

(8,11 , (8,21 , (8)
31
,
(8,41 , (8,51, 18,61 ,

(8,71 , (8,8 )}

All the elements are equally
weighted so

if E is an event then
PCEI = Y¥= 6¥

to



Let It be the event that the red die has

a larger value than the green die .

Then
,

A __ { ( 1,27, ( 1,37, ( 1,41, ( 1,51, 11,61, 11,71, ( 1,81,
(2) 3)

,
( 2,41

,
(2,51, (2,61, (2,71,

(2,81,

( 3,4 )
,
(3,5 ) , (3,61 , (3,7 ) , (3)

8)
,

( 4,51 , (4,61,
(4,71 , 14,87 ,

( 5,61, (5,71,
(5,81,

(6,71 , (6,81 ,

17,81 }

Thus
,
P(A) = 1¥ = ¥,



⑦ s={ W, R , G}

p( {w})=§ PIER })= } P({G})=§

⑧s={¥,{w,a},{R,G}}
There are

3 elements
of 5 .

We use sets {
W,
R} for

example

instead of (
W,
R) because

we
don't care

about the
order . And (w,Rlt(R,W

)

but Ew,R}={
R
,
W } .

{ w ,R}
represents choosing 1 while

and I red

ball .

{ w ,G}
represents choosing 1 while

and I green

ball .

{ R , G }
represents choosing 1 red and

I green

ball .

PLEW ,R} )=t P({W, G } )=§ PIER ,G3)=§



⑨ Definezonfirstr.tl#g2on2ndroll@S--{ ( 21,€2lÉz,

( 1
,
1,2 ) , (1)3,21 ,

( 1,4 , 2) , (3)
1,21 , ] }§!

( 3,3 , 2) ,
(3,4 , 21 , (

4,1 , 2) , ( 4 , 3,21 ,

(4/4,2) , •Z%41-h.sth.co/-h,o.J--
{ 121}U{ (a , .az , . . , an ,

2) / a.saz , -→
an __ 1,34}

and n 71

To define
P think of

the experiment
this way

④
Probability is

(G)
2

•
Probability is (f)

]

. .÷stops at each① red spot with

probabilities
in green

"" E¥
"" ""



Define

P( { (2)} )=¥

P({ ( a. , 21} )=(¥ )
'

where a. =L , 3,4

P({(ayaz,z ) } /
= ( ¥13 where ayaz

=L
,
3,4

and in general

P( { (ayaz , . . . ,an
,

2131=(1-1)^7

For example ,
P( ( 1,211=(1-4)

'

and

P( ( 1,321 )=(¥1
?

Let I
be all

subsets
of 5 .

If C-ER ,

define P(E)
=EP({ w} ) .

WEE

we see
that 0£

P( {w} )
£1 for

any
WES .

Now
lets

show

PCs)=l .



We have that

PCs) = E P({ w
} )

WES

= P( { (2) } )

1- P({ ( 1,2 )
} ) t P({ [ 3,21

} / + P(
{ ( 4,21} ))

1- P({ (1,1 ,
21} )tP({ ( 1,3 ,

2) } ) + P({ (
1
,
4,21 } )

+ pm ,,,,*,+pas,sin+PK"iµ+ , ,, ,, , ,
, , , ,,,,,,,,,,+pyµ,§

1- • • •

= 1-4
"

t 3
> (E)

°

+ 5. (E)
3

+ 3
? (F)

"
t 3

"
- (f)St . .

.

= f- [ It (& /
+ (F)

'

+ (F)
'

+ .
.
.]

i¥¥:.=,?÷[¥]
if 1×1<1 = IT [4 ] = 1

.



Thus
,

Pls ) -_ 1
.

Since I is
all subsets of

s

we know
that I

satisfies
axioms

① ,② ,
③ of the def

of probability

space .

We just
verified ④ ,

⑤ axioms

for P .

Axiom ⑥ is true
since we

defined

P( E) = E
P({w } ) .

WEE



④ See the solution for # 9

before reading this .

We do

the same idea ,
but I put more

details in the
solution for

9
.

Define

s = { ( H ) ,
(IH ) , ( IT ,

HI
,

( IT, T, H ) ,
(IIIT, H ) , ooo}

Let I
be all

subsets of 5 .

I



Define

P( { (II. o.i.lt
) } / = (E)YI / =/

£1k
"

Eis dse%¥
④ PYbyzbin.ly

\

÷'T 7%1=1%1
.

"
¥

(TÉ
ÑÉ→o¥É

.

Then for any
event E

define

P (E) =
E P({w} )

WEE



7

By how we defined I , I
will

satisfy axioms ①
,
② ,③ of a

probability space .

By how we
defined P

,

P will

satisfy axioms ④⑥ of a probability

space .

Thus , we just
need to verify

axiom ⑤ .

PCs) =
E Paw } )
WES

= P( { (H )} ) t
P({ ( IH ) } )

1- P({ ( IT, HI}
)tP({ ( t.TT, H} )

to ° -

= d- + ⇐ Ft (
Iit (E)

"
+ . . .

=E[11-1=+44:-(
III. . .]

iI×¥.=÷ihTE :[¥7 -

- Eli]

if 1×1<3 = 1
.


