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ABSTRACT
Calculating Matrix Rank
Using a Generalization of the Wronskian
By
Jayson Grassi

By mapping the rows/columns of a matrix, M, to a set of polynomials, and
then calculating the Wronskian of that set we can deterimine whether or not the
rows/columns of M are linearly independent. However, if the rows/columns of M are
linearly dependent, the Wronskian does not provide any additional insight into the
exact dimension of the span of these vectors.

We call the dimension of the span of the rows/columns of a matrix M, the
rank of M. In this thesis we define the rank of a two variable polynomial and show
that there is a natural mapping between matrices and polynomials of two variables
that preserves rank. Using this mapping, we take concepts that apply to single vari-
able polynomials, like Wronskians, and generalize them to two variable polynomials.

Finally we show how these tools can be used to calculate the rank of a matrix.
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CHAPTER 1
Introduction

Given an m x n matrix over a field F, one property that may be of interest
to us is the rank of that matrix. The formal definition of matrix rank will be given
in Chapter 2 along with some lemmas about matrices, determinants and differential
equations that will prove useful throughout this thesis. The reader should already
be aware that there are many different methods for calculating matrix rank, each
with its own benefits and drawbacks. For example, if one wanted to know the exact
rank of a matrix, one could first put it into row echelon form and then calculate
the rank of the row equivalent matrix easily. Alternatively, one could calculate all
the possible k-minors of the matrix for each possible £ and deduce the rank of the
matrix to be the largest value k£ for which there exists a nonzero k-minor. Sometimes
one may simply wish to know whether or not the rank of a matrix is the largest it
could possibly be for a matrix of that given size, that is to say, whether the matrix
has full rank or not. For this, one may make use of the Wronskian. Introduced in
1812 by Jo6zef Hoéne-Wronski (1776-1853) [5], the Wronskian is a type of determinant
used mainly in the study of differential equations to test for linear dependence among
solution sets. In Chapter 3 we define the Wronskian as well as the alternant [4],
another type of determinant that could be considered a relative of the Wronskian.
By mapping the rows/columns of a matrix into polynomials and then calculating the
Wronskian of those polynomials one can determine whether or not the rows/columns
of a matrix form a linearly dependent set, thus determining if the matrix has full

rank. The Wronskian is a quick and efficient tool, so it is easy to see why we would



like to generalize the Wronskian into an operator that can be used to calculate the
rank of a matrix rather than just determine if it is full rank or not. In Chapter 4 of
this thesis, we construct this operator in a way that reduces back to the Wronskian
method when the matrix has full rank.

The concept of generalizing the Wronskian was first introduced by Ostrowski
[1]. However, because our intent is to generalize the Wronskian so that we may
calculate the rank of a matrix, Ostrowski’s definition of the generalized Wronskian
will not suffice. Instead, we must first make a connection between the Wronskian and
the alternant for a set of polynomials. We see in Chapter 3 that the two share the
property that they are zero if and only if the set of polynomials is linearly dependent.
Then in Chapter 4 we introducing the reader to the rank of a two variable polynomial
and easily generalize the alternant to work on a two variable polynomial. In this way
we can construct a generalization of the Wronskian that will satisfy lemmas that
mirror those from Chapter 3 about the Wronskian and the alternant. This thesis
then concludes with Theorem 5.3 in Chapter 5 tying together the concepts of rank
of a matrix, the rank of a polynomial in two variables, the generalized alternant, and

the generalized Wronskian.



CHAPTER 2
Matrices and Determinants

We begin this thesis with a chapter covering some of the more useful properties
of matrices and their determinants. As with any discussion involving the Wronskian,
differential equations are an integral part of the underlying mathematics at work
here, and so we also include Lemma 2.7 whose proof is rarely introduced at the
undergraduate level and therefore often unknown to many graduate readers. These
facts and lemmas are used throughout the remainder of this thesis, and so we provide
proofs that are in the same spirit of what is to come later on. For a more in depth
look at the matrial in this chapter we refer the reader to graduate texts in linear
algebra and differential equations like “Advanced Linear Algebra” [6] and “Theory of
Ordinary Differential Equations” [7].

All matrices are assumed to be over a field F of characteristic zero unless
otherwise stated. This is to make use of the property that for any polynomial f(z) €
Flz], f(a) = 0 for all a € F if and only if f(z) = 0. For a matrix A, we write col A
for the column space of A and row A for the row space of A.

Lemma 2.1. (2] Let A be an m x n matriz. Then dim (col A) = dim (row A).

We define the rank of A, rank A, to be dim (col A) = dim (row A).

Theorem 2.2. [3] Let A be an m xn matriz and k € N. The following are equivalent:
(1) rank A < k.
(2) A= CB for some m x k matriz C" and k x n matriz B.

(3) A=Cy+ Cy+ -+ Cy for some m x n rank one matrices C1,Cy, ..., Cy.



Proof. By definition, rank A < k if and only if there exists k& column vectors cq, ..., cg

of size m such that for each column v; of A we have v; = > b;;c; for some b;; € F.

k
—1

)

Let C' be the matrix whose columns are cq,...,c, and B = [bl-j}. Then A = CB.
Conversely, if A = C'B for some m x k matrix C' and k X n matrix B, then

col A C col C which implies that rank A < rank C' < k. So we have (1) if and only if (2).
Now (1) holds if and only if there are column vectors ¢y, cs, . .., ¢, and scalars

b;; such that A can be written as follows,

A= [vi|vo| - |vy]

k k
= [Z biic; Zbi2ci
i=1 i=1

k
Z mez‘]
i=1

hE

[bilci’bi2ci| ce |mez‘]
i=1
k
-ya
i=1
where each C; = [b;1¢;|bac;| - - - [binc;] is @ m X n matrix with rank 1 since each column
of C; is a scalar multiple of ¢;. So then (1) holds if and only if (3) holds. O

This theorem can be read as saying that the rank of a matrix A is the smallest
number & such that A can be written as a sum of k rank one matrices. Later we use
this idea to define the rank of a polynomial in two variables.

A useful property of determinants is the fact that they are multilinear functions
of the columns /rows, and we will make use of this in later proofs. The following lemma
formalizes this property.

Lemma 2.3. [8] Let vi,Vs,...,Vv,, W ben column vectors in ™. Then

det ([vi|va|...|vi+w]|...|v,]) =det ([vi|va|...|vi|...|vn])+det ([vi|va]...|W]|...|v,])



The idea of solution spaces play a large part in differential equations and,
because differential equations is the birthplace of the Wronskian, it is necessary that
we introduce some terminology from differential equations along with a few lemmas
that may seem out of place right now, but will be useful in Chapter 3 when we begin
working with the Wronskian.

Definition 2.4. We define the differentiation operator
D : Flz] — F[z]

by D(f(x)) = f (x), and use the notation D™(f(z)) := D" Y(D(f(x))).
Definition 2.5. A differential operator P(D) = ¢, D" + ¢, D" ' + -+ + 1D + ¢,

with coefficients ¢; € Flz], is a function
P(D) : Flx] — F|x]

defined by P(D)(y) = ¢, D™(y) + ¢p1 D" H(y) + - - + c1D(y) + coy for all y € Flz].
Lemma 2.6. Let P(D) = c,(x)D"+c,_1(x) D"+ - +c1(x) D+co(x) be a differential
operator with coefficients ¢, cp1, ..., co € Flx] such that ¢,(0) #0. If y = f(z)a" €
Flz] is a solution of the differential equation P(D)(y) = 0 for some f € Fx], then
f=0.

Proof. Suppose, to the contrary, that f # 0. Let aiz® be the lowest degree term of
f with a # 0. Since y = f(x)z™ is a solution of the given homogeneous differential
equation, it is also a solution of all derivatives of this equation, in particular, it is a
solution of its k™ derivative. Using the product rule repeatedly, we see that the k"

derivative of P(D)(y) = 0 has the form

D*(P(D)(y)) = cn(x) D" *y + terms of lower order in D

5



Because of the form of the solution y = f(z)z", if we apply the differential operator

D*(P(D)(y)) and set = = 0 we get

cn(x)D”+k(f(x)x”)‘$:0 = cn(x)D"Jrk(akx"Jrk)‘ = (n+k)le,(0)ay

z=0

But, with our assumptions, this expression is nonzero, which means that y = f(x)x"

cannot be a solution of P(D)(y) = 0 when f is nonzero. O

Lemma 2.7. Let
P(D) = c,(2)D" + cp1(2) D" 1 4 -+ -+ c1(2) D + o)

be a differential operator with coefficients ¢y, cn_1,...,co € Flx| such that ¢, # 0.
Then the dimension of the space of polynomial solutions of the differential equation
P(D)(y) =0 is at most n.

Proof. First assume that ¢,(0) # 0. Let fi = g1 + 2"hy, fo=go+a"ho, ..., fry1 =

Gn+1 + 2"hy11 € Flz] be polynomial solutions of P(D)(y) = 0 with deg(g;) < n. The

space of polynomials of degree less than n has dimension n, so the set {g1, g2, .- -, gnr1}
is linearly dependent. Thus there are aj,as,...,a,+1 € F, not all zero, such that
n+1

Z a;g; = 0. Then
i=1

n+1 n+1 n+1 n+1 <n+1

Z a;fi = Zai(gi +a"h;) = Z a;g; + Zam"hi =0+ Zaihi> z" = f(x)z"
i=1 i=1 i=1 i=1 i=1

is a solution of P(D)(y) = 0, for some f = """ a;h; € Flz]. Since f(z)z" is
a solution of the differential equation, Lemma 2.6 implies that f = 0. Thus the
polynomials fi, fo,..., fur1 are linearly dependent over F. This implies that the
dimension of the space of polynomial solutions of the differential equation P(D) = 0

is at most n.



In general, ¢,(0) may be zero so the above argument does not work. But since
¢, 18 a nonzero polynomial, there is some a € F such that ¢,(a) # 0. Then, once all

polynomials have been shifted by a, the above argument does apply. O]



CHAPTER 3
Wronskians
Definition 3.1. Let F be a field of characteristic zero. Let fi, fo, f3,... be a sequence

of polynomials in F[x]. Forn € N, define V,, € Flxy,zo,...,2,] by

fi(z1) fz(l"l; o ful(T)

Vn:V(flana"'afn7xlax27--~7xn> = f1(£2) f2<;r2 fn(xZ)

fle) folen) o ule)

It will sometimes be convenient to use the following notation. We write

X = (331751727--'73371) e " fn = {fl;an'--afn} fn(x) = {fl(x)>f2(x)vafn(x)}

The matrix above, whose determinant is V,,, is called the alternant matrix for
fis fay .oy fn, and we denote it as f,(x). So V,, = V(f,,x) = |[f.(x)]. V, is the
alternant determinant (or just the alternant) of f,. [4]

Example 3.2. Examples of alternant matrices include the Vandermonde matrices,

named after Alexandre-Théophile Vandermonde, where f;(z) = "', For n = 3 we

have
1z 22
f3(x) = [1 2o 23
1 z3 a2

To calculate the alternant V'(f3,x), first let z7 = x, 9 = ay and z3 = a3. Then we

have,
1 o 2?
2
V(fg,x,a2,a3) =1 Q2 Qg
1 a3 a3

Evaluating along the top row we see that this is a polynomial f(z) of degree 2 with

roots © = ay and x = as. Thus f(x) = C(z — a2)(z — a3) where C is the coefficient of

a2

x?. Which is easily seen to be
1 as

= (az—az). Thus f(z) = (a3—as)(r—as)(r—a3).




Rearranging terms and making the substitutions x = z1, as = x5 and a3 = x3, we get
V(f3,x) = (x3 — xa)(x3 — 21) (22 — 21).

The result generalizes to arbitrary Vandermonde matrices. So, for
fi(z) = 271, we have

V(f,,x) = H (x; — x;).

1<i<j<n

Notice that the Vandermonde determinant is alternating in the entries, mean-
ing an odd permutation of the indeterminants changes the sign, while an even per-

mutation of the indeterminants does not change the value of the determinant. [

Lemma 3.3. If V,,_1 #0 and V,, = 0, then f, is linearly dependent.

Proof. Because F has characteristic zero and V,,_; # 0, there exist uy, ug, ..., up,_1 € F
such that V,,_y (u1,us,...,u,_1) € F is nonzero. Expanding the determinant for V,,
along the bottom row, setting x1 = uy, o = ug,...,r,_1 = U,_1 and x,, = x, we get

0=V, =a1fi(x) +asfolz) + -+ anfu(x)

where ay,as,...,a, € F are (n—1) x (n — 1)-minors of the matrix f,(x). Since
an = Vo1 (ug,ug, ..., u,_1) # 0, the linear combination is nontrivial and f,, is linearly
dependent. 0

Lemma 3.4. f, is linearly dependent if and only if V (f,,x) = 0.

Proof. Suppose that {fi, fo,..., fn} is linearly dependent. Without loss of generality
we can assume that f; is a linear combination of fs, f3,..., f,. This implies that the
first column of the matrix defining V,, is a linear combination of the other columns.

Thus V,,, the determinant of this matrix, is zero.



Now suppose that V,, = 0. If V} = fi(x1) is zero, then the claim is obviously
true. Otherwise we have Vi # 0 and V,, = 0, so there must be some 1 < & < n such
that Vi1 # 0 and V;, = 0. By Lemma 3.3, {f1, fo, ..., fx} is linearly dependent. This
implies that {fi, fa,..., fn} is also linearly dependent. O
Lemma 3.5. f, is linearly independent if and only if there isu = (uy, ug, ..., u,) € F"
such that the matriz M = f,(u) is invertible.

Proof. Let u € F" be such that M = f,(u) is invertible. Let ay,as,...,a, € F such

that

arfi(z) +aafo(x) + -+ anfo(z) =0

for all z. Then we have the system of equations

ay fi(ur) + agfo(ur) + -+ anfr(ur) =0

a1f1(u2) + Ggfz(uz) + -+ anfn(ug) =0

alfl(un) + a2f2(un) ++ anfn(un) =0

which corresponds to the matrix equation

filur)  folwr) - falur) | |@ 0
fiua)  faluz) - falua)| |a2 0

flw) folm) - fuw)] [a] o
Because the matrix f,(u) is invertible we must have a; = 0 for all i = 1,2,...,n, and
thus f,, is linearly independent.
Now assume that for all u € F” the matrix f,(u) is singular. We show, by

induction on n that the set of polynomials f,, is linearly dependent.

10



Let n = 1. Then the matrix f,,(u) is just [fi(uy)] which is singular for all u; € F only if
f1 = 0, which, of course, means that f,, is linearly dependent. Now we assume that the
lemma holds for n — 1 polynomials and consider the set f, = {f1, f2, ..., fu}. Recall
f,_1 denotes the set {fi, f2,..., fu_1}. We may assume that there exists an element
u, 1 = (up,Us, ..., U,_1) € F"! such that the matrix f,_;(u,_;) is nonsingular, else

by the inductive hypothesis f,,_; is linearly dependent and then so is f,,. Consider the

matrix £, (uy, ug, ..., up_1,2). We know, by assumption, that for all x € F
fl(ul) f2(U1) fn(ul)
filua)  faluz) o falug)
: : . : =0

Filtns) Foltnns) o fultnr)
A R e fa)

Expanding the determinant along the bottom row we get the nontrivial linear combi-

nation ¢y f1(z) + cafo(x) + - -+ + ¢ fu(z) = 0, where ¢, = |£,_1(u,_1)| # 0. Therefore
f, is linearly dependent. O]
Definition 3.6. [5| The Wronskian of fi, fo, ..., fn € Flz] is defined by

file) fil@) - f7(2)

’ (n)

fol@) fale) o fiV()
Example 3.7. Let fi(z) = 23, fo(x) = 2%, f3(x) = x. Then

3 2

R A
W(f3,z) = |32% 2z 1
6z 2 O

—0 N B 3 x? g 32 2

T U132 22 6x 2 6x 2

= —(22° — 62°) + (62 — 122?)

11



Notice that W,, € F[z], and when each f;(z) is a monomial, as in the example
above, then W(f,, ) is also a monomial.
Lemma 3.8. Let f and g be polynomials over R. Then {f, g} is linearly dependent
over R if and only if W(f,g) = 0.
Proof. 1t {f, g} is linearly dependant, then without loss of generality, g = ¢f for some
constant ¢ € R. Then Dg = ¢Df and so W(f,g) = 0.

The converse is obviously true if f = g = 0, so we suppose that W(f,g) =0
and f # 0. Since f is nonzero and has at most finitely many roots, there is an open
interval I of the real line on which f is never zero. Then g/f is a real differentiable

function on I. The derivative of g/f on [ is

d (g) _fDg—gDf _W(f9) _,
a\f)- P T

This implies that ¢g/f is constant on I, or, equivalently, there is a constant ¢ € R
such that cf(x) — g(x) = 0 for all x € I. Since cf(x) — g(x) is a polynomial that
is identically zero on an open interval I C R we must have cf(x) — g(x) = 0 for all
x € R. Which implies that g = ¢f and {f, g} is linearly dependant. O

The condition that the functions in Lemma 3.8 be polynomials has been gen-
eralized to sets of analytic functions on R and C, however it is known that there
are some examples of linearly independent functions, which are not analytic, whose
Wronskian is nonzero. The most famous example of this was first provided by Peano
[9] who observed that the functions f(z) = = and g(z) = z|z| defined on R are linearly
independent, but their Wronskian vanishes identically. Later Bocher[12] proved more

generally that there exist families of infinitely differentiable real functions sharing the

12



same property.

The following lemma is a generalization of the previous result into the realm
of fields of characteristic zero.
Lemma 3.9. [10] A set of polynomials {f1, fa,..., fn} C Flz| is linearly dependent
if and only +f W, = 0.
Proof. Let {f1, f2,..., fn} be a linearly dependent set of polynomials in F[x]. Then
there exists ci,¢a,...,co € F, not all zero, such that c¢if; + cofs + -+ + cnf, = 0.
Because the derivative is a linear operator we have ¢; fl(i) + ¢ fz(i) + -ty ffli) =0
for all + € N. So the columns of the Wronskian matrix are linearly dependent which
implies W (f,, z) = 0.

Now assume that W (f,,z) = 0. If fi(z) = 0 for all ¢ = 1,2,...,n then the
claim is trivially true. So we may assume, without loss of generality, that fi(z) is
not identically zero. So W(f1) # 0. Then there exists an integer m < n such that

W1 # 0 and

Wk fareo i fu) = | 7 @) @ | _,

Evaluating along the last column we get
Gt (2) fD 4+ Grpa(2) £ -+ Gol@) fin = 0

where each G;(x) € Flz] and Gp,—1(z) = W,,—1 # 0. So f,, is a solution of the

(m — 1)-order linear differential equation

Gona (2)y "V + G o (2)y™ ™ + -+ 4 Go(a)y = 0 (3.1)

13



For each i =1,2,...,m —1, fi(z) is a solution to (3.1). Because (3.1) is a linear dif-
ferential equation with coefficients in F[x] and order (m — 1) we know, by Lemma 2.7,
that it has at most m — 1 linearly independent solutions. Thus {fi, fo,..., fm} 18
linearly dependent, and therefore so is {f1, fa,..., fu}- O
Example 3.10. Let us employ Lemma 3.9 to verify the linear independence of the

following polynomials in C[z],

fi(z) =222+ (20 — D + 1, folz) = 2 +ix — 1, fa(z) =22 —1i
We have
222+ (2i — Dax+1) (2 +izx—1) (2x —1)
4 2 0
_y (22 +iz —1) (22 —1) 5 (222 + (20 — Dx+1) (22 —1)
20+ 2 (dz +2i — 1) 2
=—12421#0
Thus, by Lemma 3.9, the three polynomials are linearly independent. [ |

Lemma 3.11. Let f1, fo,. .., fn € Flx] be polynomials of degree < m, withm > n—1.
Then

deg (W,) <mn —n*+n

Proof. Let fi(x) = Y a; 32" for some a;;, € F. Then

k=0
m m m
k k k
W) =W E ap ", E asrx”, ..., E A kT
k=0 k=0 k=0
m m m

k k k
=33 YW (ke aza®, g, at)

k1=0 k2=0 kn=0

14



ko k

By Lemma 3.9, W (alvklxkl,agv;@x sy Ap o, @ n) = 0 whenever k; = k; for some

i # j. This implies that deg (W,) < degW (2™, 2™, ... ’ggm—(n—l))

™ pm—l R xm—(n—l)
(W@)layn_l (7n'—'1>117n_2 . (Tn___n/+_1)1ayn—n
= deg '
(M1 2™V (m— 1), 2™ - (m—n+ 1),z 20D

=m+m-2)+(m—-4)+---+(m—2(n-1))
:nim—Qi:mn—n2+n

The coefficients in the above determinant are falling factorials
(M) =m(m —1)---(m — (k- 1)) O

Note that in the previous theorem, if m < n—1, the polynomials are necessarily
linearly dependent and therefore deg(W,,) = 0.

If we apply Lemma 3.11 to Example 3.10 where n = 3 and m = 2 we get
deg (W (f1, fo, f3)) < 2(3) — 3% +3 = 0 which is verified by our calculation that

W (f1, fa, f3) = —12 + 2i.

We now make a connection between the Wronskian and the alternant that is
rarely observed in undergraduate or graduate courses. This is a connection that we
preserve when crafting analogues of the alternant and the Wronskian for two variable
polynomials in Chapter 4.

Define the function §(x) = [](zx — z;), and d(z;) = 1. So, for example, if

i<k

x =(1,2,...,n) € R" then we have

sx)=6(1,2,....n)= ][] (k—j):l:[k!
k=1

1<j<k<n

15



Lemma 3.12. Let fi, fo,..., [n € Flz], W, = W(£,) and V,, = V(£,) be as in

Definition 3.6 and Definition 3.1 respectively. Then

T1=x2=+"=Tn==T

Proof. Let x; = x 4+ y;, where z and y; are indeterminants in F. Then §(x) = d(y),

> 1
and expressing f; as a Taylor series we get f;(x;) = > 7 f;k) (z)y¥. So then,
k=0 1!

S afP @yl S EA @t - SRR @)yt
Vo 1 S5 SEA @ - S EAD ()

o(x) 4y

S EAP @ S LA @)yE o S A @)k

Making use of Lemma 2.3, which describes the multilinearity of determinants, we get

%%w%%w %%w
Vo 1 S EAY @ S @h o S A @)y
(x)  dy) & : : :

Let x1 = x, so y; = 0. Then

fi(x) fa(x) - ()
V.| 1 Sa @ San @l o SRR s
(%), _, o : : :
e [0 S S e
Distributing i from the product in the denominator to the second row, and again
making use of the multilinearity of determinants we get,
fi(z) s ful)
v , o | A @y S )y

m!
— - S L @yE o S L P ()b
6(X> r1=2 5<y27 cee >yn) Hj:3 Yj 7;) M 1- ’ . " . ’

S EAN @l o S A @)Yk

Notice that for the m = 0 term of the sum, the determinant vanishes because row 1
and row 2 are linearly dependent. So this becomes a sum from m = 1 to co. Next let

16



Ty = 2 50 o = 0. Then we have,
L 1 1 p(k) o 1f"(<,§>

. - i k... L gl k
6(x) n=z (Y3, Yay - > Yn) [ =5 (5)? 27 1: ()ys > ; (z)y3
POF T RCOT IR OF SR COT

Distributing ( 5 from the product in the denominator to the third row, and using

multilinearity we get,

" . o (f§(l“) (f?(x)
1 p(m m—2 1 plm m—2
= = aif1 (@)Y o (@)Y
(x) i 6(Y3,Yar - Yn) H] _1(y5) 2mZ:O . . .
k k
Sail@yr o E s @)l
Again notice that for the m = 0 and m = 1 terms of the sum, the determinant

vanishes by linear dependence. So this becomes a sum from m = 2 to co.

1
Continuing this process, setting each x; = 0 and then distributing ——— into

(i)t

the i"" row of the determinant we get,

fi(=) Ju(@)
fi(x) @)
Vo _ | A @) +fo (@)
5(X) T1=To='=T
A (@) L (@)
fi(x) fu(@)
/(@) fo(x)

T N AR -

Example 3.13. Let f; = 23, fo = 2%, f3 = 2. Then
3 2

Va= |23 22 29
3 2

17



Using the same trick we used in Example 2.2, we let x1 = z, 19 = ag and x3 = a3

getting a third degree polynomial

23 2? oz
flz)=|a3 a5 a
a; a? as

which has roots * = 0, z = ay and x = a3 and leading coefficient C' = (a3a3 — aza3) =
asaz(as — az). So f(x) = asaz(as — az)(z — 0)(z — az)(x — as). A quick flip of the

terms (as —as), (¥ —ag), and (z —as) in order to better align with the terms of §(x),

and reversing the substitions we made gives us

Va = —x32901 (23 — 22) (w3 — 21) (72 — 1)
= —11Tow30(X)
Now we evaluate
6(1,2,3)V; _ 9,3
d(x) T
= W(flv f27f3)
as we saw in Example 2.7. [ |
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CHAPTER 4
Polynomials of Two Variables

We now take the ideas from Chapter 2 and Chapter 3, and introduce analogues
of them for the ring of polynomials F[x, y]. Let F be a field of characteristic zero and
F € Flz,y] a polynomial in x and y. We begin by defining the rank of F' in a way
that bears a resemblance to Theorem 2.2. Then we create analogues of V,, and W,
that apply to Flx, y].
Definition 4.1. The rank of F € F|x,y], denoted rank F', is the least n € N such

that

F(z,y) = 91(2)hi(y) + ga(2)ha(y) + - - - + g (@) ha(y) (4.1)
for some g1,92,...,9, € Flx] and hy,ho,... h, € Fly|]. If F = 0, then we define
rank F' = 0.

This is a particular application of the more general definition of tensor rank. [11]

Notice that if " has y-degree k (written deg, F' =k ), then

F(z,y) = go(x) + g1(x)y + g2(x)y” + - + gr(2)y"*

for some gg, g1, ..., gr € Flx], so rank ' < k + 1. Since a similar argument works for
the x-degree of F', we have rank F' < min(deg, F,deg, F') + 1.

Example 4.2. Let F(z,y) = 1+x+y+2xy. Then rank(F') < 4 since each term in F' is
already of the form g;(z)h;(y). Furthermore, we can rewrite F/(z,y) = (14+y)+(1+y)x
so that

rank(F') < min{z-degree, y-degree} + 1.

In fact, for this example F(z,y) = (1 + y)(1 + x), so rank(F') = 1. |
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The following lemma formalizes the concepts in the previous example.
Lemma 4.3. Suppose that F(x,y) has the form (4.1) for some g1, ga, - . . gn € Flx] and
hi,ha, ... h, € Fly]. If either {g1,92,-..,9n} or {h1,he,... hy,} is linearly depen-
dent, then F(x,y) can be written in the form of (4.1) with n—1 terms, in particular,
rank ' < n.

Proof. Without loss of generality, suppose that g, = @191 + - - + a,_19,_1 for some

ai,a9,...,0,-1 € F. Then

F(x,y) = gi(x)hi(y) + ga(x)h5(y) + - -+ + gn1 (@) Dy, (y)

where hj(y) = hi(y) + agh,(y) for k=1,2,...,n— 1. O

For a fixed u € F, F(u,y) is an element of F[y] and so the subset of F[y]
spanned by all such polynomials, namely span{F'(u,y) | u € F}, is a subspace of F|y].
Similarly, span{F(z,v) | v € F} is a subspace of F[z]. A connection can easily be
drawn between this observation and the notions of the column space and row space
of a matrix. We formalize this connection with the following lemma which serves as
an analogue to Lemma 2.1.

Lemma 4.4.

rank F' = dim (span{ F'(z,y) | * € F}) = dim (span{F'(z,y) | y € F})

Proof. Let rank F = n. Then (4.1) holds with {g1,92,...,9,} and {hy, ho,... h,}

both linearly independent, by Lemma 4.3. This implies

dim(span{gi, g2, . .., gn}) = dim(span{hq, ha, ..., h,}) =n
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and it suffices to show that span{F(z,y) | y € F} = span{gi(z), g2(2), ..., gn(x)} and
span{F(z,y) | v € F} = span{ha(y), ha(y), ..., hn(y)}-
For any y € F, F(z,y) is a linear combination of {g1(x), g2(), ..., gn(z)} and

so span{ F'(z,y) | y € F} C span{gi(z), g2(x), ..., gn(x)}. For the opposite inclusion,

since h,, = {hy,ha,...,h,} is linearly independent, by Lemma 3.5 we can choose

v = {v1,v9,...,0,} CF such that the matrix H = h,,(v) is invertible. Then
F(z,v) 91()
Plom)| |0
F(z,vn) gn()
and the equation
g1(x) F(x, 01)
gggx) _ g F([E', Vs)
gn () F(z,v,)
implies that each ¢1(x), g2(x), . . ., gn(x) is a linear combination of F'(z,vy), ..., F(z,v,)
and are in span{F(z,y) | y € F}. Thus
span{g (2), g2(x), - .., gn(2)} € span{F(z,y) | y € F}
Similarly
span{F'(z,y) | = € F} = span{hi(y), ha(y), - .-, hn(y)} 0
Definition 4.5. Forn € N, F' € F(z,y) define
Fzy,y) Flrny) Fzys) F(z1,yn)
F(zo,y1) Fl(xa,y2) Fl(xa,y3) F(zg,yn)
A=A (xy) = Flzs,y1) Flrs,y2) Fas,ys) (23, yn) (4.2)
F<mnay1) F(xnva) F(Imy?)) F(xmyn)

A, is a polynomial in F[x,y].
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The reader may notice the immediate similarities between A, € F[x,y| and
V., € Flx|. Lemma 4.6 shows that the two are related by more than just appear-
ances. In fact, almost every lemma from Chapter 3 regarding the function V,, has an
analogous lemma in Chapter 4 about A,,.
Lemma 4.6. If F(z,y) = g1(z)(y) + g2(x)ha(y) + -+ + gn(x)hnly) for some

91,92, -, gn € Flz| and hy, ho, ... h, € Fly|, then A, = V(g,,x)V(h,,y).

Proof.
gi(71)  ga(z1) gn(21) Zl(yl) 22(?/1) Zn(yl)
V(gn, x)V(h,,y) = g1(x2) 92(?2) Gn(72) 1(292) 2(2592) n(y2)
g1 (xn) gQ(xn) gn(xn) hy (yn) hZ(yn) hn(yn)
9i1(71)  ga(z1) gn(x1) | | ha(y1) Paly2) hi(yn)
|9 (z2)  ga(z2) gn(w2) | | h2(y1) ha(ye) ha(Yn)
251 (xn) 92(3371) gn(xn) hn(‘yl) hn(?/2) hn(yn)
F(xh yl) F(I17y2) F(l‘hyz’)) F(xla yn)
F(xa,1) F(I%m) F(x2,y3) F(22,yn)
= |F(z3,y1) F(xs,92) F(xs,y3) F(3,n)
F(zn,y1) F(xn,y2) F(2n,y3) F (20, Yn)
= A, O

Lemma 4.7. If A,,_1 # 0 and A, =0, then rank ' < n.

Proof. We show that F'(x,y) = g1(x)h1(y)+ - -+gn_1(x)h,—1(y) for some gy, ...,gn—1 €
Flx] and hq, ..., h,_1 € F[y]. Since A,,_1 # 0, there are w,,_1 = (uy,ug,...,u, 1) and

Vo1 = (v1,v9,...,0,-1) € F* 1 such that A, ;(u,_1,v,_1) € F is nonzero (be-

cause F has characteristic zero). If we expand the determinant defining A, in (4.2)

along the last column and set 1 = uy, 9 = us, ..., Tp_1 = Up_1, T, = = and
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Y1 =01, Y2 = V2, ..., Yp_1 = Up_1, Yp =Yy We get
0= Gi(2)F(ur,y)+Gao(x) F(uz, y)+ - - 4+Gn1(2) F (up-1,y)+An-1 (Wp—1, V1) F(z,y).

Here Gy (x),Ga(x),...,Gp_1(x) are (n — 1) X (n — 1)-minors of the matrix in which y
does not appear. Since A,_1(u,_1,V,_1) # 0, this equation can be solved for F(z,y)
resulting in the claimed form. O]
Lemma 4.8. A, = 0 if and only if rank F' < n.
Proof. If rank F' < n then F(z,y) = gi(z)hi(y) + -+ + gn_1(2)h,—1(y) for some
91,92, -y gn_1 € Flx] and hy, ho, ..., h,1 € Fly]. Hence A, = 0 follows from
Lemma 4.6 with g,(z) = h,(y) = 0.

If Ay =0 then F(x,y) = 0 and the claim is trivially true. Otherwise we have
Ay # 0 and A,, = 0, so there must be some 1 < k < n such that Ay_; # 0 and A, = 0.
By Lemma 4.7, rank F' < k < n. O
Lemma 4.9. F € Flx,y| has rank n if and only if (4.1) holds with {g1, g2, -.,9n}
and {hy, ha, ..., hy,} linearly independent.
Proof. Suppose that rank ' = n. Then (4.1) holds for some g1, g, . . ., g, € F[z] and
hi,hy... h, € Fly]. By Lemma 4.3, {g1,92,...,9,} and {hy, ho,..., h,} must be
linearly independent since otherwise rank /' < n.

Now suppose that {g1,92,...,9,} and {hy, ha, ..., h,} are linearly indepen-
dent. Then, by Lemma 4.6 and Lemma 3.4, A,, # 0 and rank F' > n by Lemma 4.8.
On the other hand, since F' has the form (4.1), we also have rank F' < n. Therefore

rank F' = n. O

We turn our attention towards crafting an analogue of the Wronskian, which
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we call A, in such a way that any lemmas about W,, from Chapter 3 will translate

into near identical lemmas for A,,.

8i+jF
For 7,5 > 0, we write 0,;;F = ——=—. For example, 0yF = F, Ol =
0z Oy’
oF O?*F
—, O F' = ———, etc.
or’ M Oxdy’ e

Definition 4.10. Let A, be the determinant of the matrix of partial derivatives of

F:
Ooo F' On F' OpeF -+ OynrF
An= Aoy =| 200 mF o Gel e G
6n—1,OF an—l,lF a71—1,217 e 8n—1,n—1F

Then A, is a polynomial in Flx,y].

The reader may recall that in the introduction we discussed a connection,
revealed by Lemma 3.12, between the Wronskian and the alternant of a set of poly-
nomials. So far, we have generalized the alternant V,,, to an operator A, that acts
on a two variable polynomial. Now we will show that A, is an operator on a two
variable polynomial that fits the role of our generalized Wronskian. We do this by
first showing that it has a similar connection with A,, as the Wronskian had with the
alternant, an analogue of Lemma 3.12.

Lemma 4.11.
(6(1,2,...,n))* A,
d(x)o(y) PSS

Y1=y2="=Yn=Y

Proof. Let fi = 0wk, fa = OnF, ..., fn = Oon1F € F(y)[z] and g1 = fi(z1,9),92 =

A, =

fi(zo,y), ... 00 = fi(xn,y) € F(ay,20,...,2,)[y]. So each f; is a polynomial with

indeterminant x and each g¢; is a polynomial with indeterminant y. Then taking
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i
derivatives of f; with respect to x we get s fj = 0ij—1F. So we can write

An = W(fl?fZa"'?fn)

Using Lemma 3.12 we get
filz)  fo(@r) - fa(z)

An:W(fn):M : : Ny :
6(x)
fl(xn) f2(17n) fn(xn) T1=T2=:=Tn=CT
. j—1 di-1 '
Notice that f;(z;) = Wfl (x;) = ng So we can write
(1,2,...,n) [0 L) )
BT : : " :
S AT R AU R AT | I
~0(L,2,...,n)
- 5(X) W(gh P 7gn) T1=X2=...=Tn—==1
Using Lemma 3.12 again we get
~6(1,2,...,n)
BT g W sl|
(L2, ) f1($‘1,y1) f1($?7y1) fl(%ayl)
o (x)e(y : : h :
( ) ( fl(mlayn> fl(anyn) T fl(xmyn) TI=Ty==Tp=2T
Y1=y2="=yn=y
C(6(1,2,...,n))%A,
0(x)o(y) 21=y==z,=a
Y1=y2=""=Yn=Yy

Lemma 4.12. If

F(x,y) = g1(@)hi(y) + ga(2)ha(y) + -+ + gn(@) hn(y)

for some g1, ga,...,9n € Flz] and hy, hy, ... h, € Fly|, then

A, = W(gn,J:)W(hn,y)
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Proof. By Lemma 4.6, A,, = V(g,,x)V(h,,y). Combining this with Lemma 4.11
and Lemma 3.12 gives the desired result. O
Lemma 4.13. Ifrank F' = n, then A, # 0.

Proof. By Lemma 4.9, (4.1) holds with {g1,92,...,9n} and {hy, he,...h,} linearly
independent. Because of Lemma 3.9 we have W(g,,z) # 0 and W(h,,y) # 0. So,
by Lemma 4.12, A,, # 0. O
Lemma 4.14. A, = 0 if and only if rank F' < n.

Proof. If rank F' < n then

F(x,y) = gi(@)h1(y) + - + gn1(x)hn1(y)

for some g1,92,...,9,-1 € F[z] and hq, ha, ..., h,_1 € F[y]. Hence A, = 0 follows
from Lemma 4.12 with g, = h,, = 0.

Now assume A,, = 0. Then let f; = 0p;—1F € F(y)[z]. Then W (f1,..., fn) =
A, = 0. Since F(y) is a field of characteristic zero, by Lemma 3.9 we know that
{f1, f2, ..., fu} is linearly dependent over F(y). So A,, = W (f1,.- -, fus -y fm) =0
for all m > n. Thus, by Lemma 4.13, rank F' # m for any m > n. Therefore

rank F' < n. O
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CHAPTER 5

Implications for Matrices
Let Fm+Dx(n+1) he the vector space of all (m + 1) x (n + 1) matrices with

entries in F. Let

Qoo Ap1 -+ Qon
aip dix - Qip

M = . . . . € Fim+1)x(n+1)
Amo Am1 Amn

and define a linear function 7" : F"+Ux(+1) s Rz 4] by

T(M) = F(x,y) = Zzaz‘jxiyj-

i=0 j=0

The following example illustrates this mapping.

Example 5.1.

|
w
(OV)]
_ O = =
[\)
DO

-2 -1
Then T(M) = F(x,y) = 2+ 0y + 1y* — 1y* + 0y*
+ 1z + 2zy + lay® + 0zy® + 1ay?
— 322 + 32%y + 022y + 22%y3 + 227!
+ 123 — 42y + 123y — 223y — 123y? [
Lemma 5.2. For all A = [a;] € FT)*1 B = [b;] € F1*(n+D)
T(AB) =T(A)T(B)

Proof. Notice that because of the size of A and B, their product is very easy to work

with and we have

T(AB) =T ([aib;]) =Y > aibja’y’ = a'» by =T(AT(B) O
i=0 j=0 i=0 =0



The reader should observe that in the lemma above, T(A) € F[x] and T(B) €
Fly]. Recall that, by Theorem 2.2, we can decompose any rank & matrix M into a
sum of k rank 1 matrices, C;, which can each be written as a product of a column
vector A; and a row vector B;. Then, using the linear properties of 7', Lemma 5.2

gives us

T(M)=T (Z a) =Y T(C) =Y T(AB) = 3 T(A)T(B).

Theorem 5.3. With M, F(x,y) = T(M), A, and A, as above, the following are

equivalent:
(1) rank M < n.
(2) M can be written as a sum of n — 1 rank one matrices.

(3) rank ' < n.

(4) F(x,y) = gi(x)hi(y)+g2(x)ha(y)+ - -+gn-1(x)hn1(y) for some g1, g, ..., Gn1 €

Flx] and hy, hg, ... hy_1 € Fly].

Proof. Theorem 2.2 shows that (1) holds if and only if (2) does. We have (2) if and
only if (4) by Theorem 2.2 and Lemma 5.2. Item (3) is equivalent to (4) by definition.
Lemma 4.8 gives us (3) if and only if (5). Then Lemma 4.14 says (3) holds if and
only if (6) does. O
Corollary 5.4. Let M € F"Ox(+0) gnd [z y) = T(M) as defined above. Then

The following are equivalent:
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(1) rank M = n.
(2) rank F' = n.
(3) Ay #0 and A1 =0.

(4) A, #0 and A, =0.

Now that Corollary 5.4 has been established the reader may be wondering
why this is important to us. To answer that question we refer the reader to an article
by Winfried Bruns and Roland Schwénzl titled “The Number of Equations Defining
a Determinantal Variety”[13]. Algebraic varieties are the central object of study in
algebraic geometry, and so the content of Bruns and Schwanzl’s article is beyond the
scope of this thesis. In simple terms, their article proves that there are mn — t? + 1
equations that can be checked to determine if an m x n matrix M, with entries in an
algebraically closed field IF, has rank M < t. They also show that this is the minimum
number of equations with this property.

Let’s look at an example below to illustrate this idea.

Example 5.5. Consider the 4 x 6 matrix M = [a;],

0o -1 0 4 =3
2 =2 1 0 5
11 0 0 -4
1 2 -2 -1 -3

W = O =

Determining if rank M = 0 is equivalent to determining if rank < 1, which Bruns and
Schwinzl’s article tells us requires no less than 4(6) —12+1 = 24 equations. We know
that a matrix has rank zero if and only if every entry is zero, and so in this case it is

easy to see that the 24 equations needed are a;; = 0 for all 7 and j.
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In general, the mn — t?> + 1 equations described by Bruns and Schwinzl are
complicated and involve combinations of minors of different sizes. We wish to find
simple equations that we can use to determine the rank of M, and recall that if we
wish to know whether or not rank < 2 then we could always calculate all the (2 x 2)
minors of M and check if they are all zero. But there are (;L) (S) =90 (2 x 2) minors
here, and we only need at most 4(6) — 22 + 1 = 21 equations to answer this question.

So one may wonder whether this new method of calculating matrix rank using
the ideas introduced in Chapter 4, hereafter known as the A method, is an improve-
ment or not. In fact, we show now that the A method of calculating matrix rank falls
directly between using Bruns and Schwanzl’s equations and calculating the minors
of the matrix, both in terms of the number of equations and the complexity of the
equations.

Recall that a matrix M has rank < t if and only if A, = 0, where A, is
calculated using the polynomial T'(M). Since A; € F[z,y| is a polynomial, this
corresponds to checking if each of the coefficients of A; are zero. Our next lemma

tells us exactly how many coefficients there are to calculate.

Lemma 5.6. Let F(v,y) € F|z,y| with deg,(F) = m, and deg,(F) = m,. Then:
(1) deg,(A;) < myt —t* +t and deg,(A;) < myt —t* + 1.

(2) A; has at most (myt —t* +t + 1)(myt — t* + t + 1) coefficients.

ot
Proof. (1) Let fi(z) = F, fo(x) = Fy, f3(x) = Fyy, ..., folz) = Wfl € Fly][z].
Then deg,(fi) < m, for all i = 1,...,t and A, = Wi(fi(x), fa(z),..., fi(z)).

So deg, (A;) = deg, (Wi(f1, fo, -+, f1) < myt —t? +t by Lemma 3.12.
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Similarly, by setting ¢;(y) = € Flz][y], we have

degy(At) = degy(Wt(gl, gz, ... 7gt) S myt - t2 + 2.

(2) Each term in A; is of the form ax’y’ where a € F, 0 < i < m,t —t* +t, and
0 < j <myt—t*+t. So there are at most (m,t — 2+t +1)(myt —t* +t+1)
coefficients in A,. O

The comparison between the number of coefficients in A; and the number of
(t X t)-minors of an m X n matrix M is not immediately obvious, so the next lemma
makes it clear.

Lemma 5.7. Let m,n,t € Z with 0 <t <m <n. Then

mn— 412 me =2+ e -2+ < (1) (1)

Proof. For t = 1 equality is obvious throughout. So let t > 1.

First we focus on the inequality (mt —¢*+1)(nt —t*+1) < (7) (). We show
(T) > t(m —t)+ 1. Fix m > 1 € Z and notice that the symmetry, ¢t <— m — ¢, in
the binomial coefficient on the left side as well as the product on the right implies

that we only need to consider the case 2t < m. We can write

m\  (m)(m—1)(m—2)---(m—t+1)
(t) - @G 0 (5-)

and notice that 2¢ < m implies t < m—t+1. Since the numerator and the denominator

(m—t+1)+d
(t) —d

for all d > 0, we can drop all but the first two factors of the numerator and the

of the right side of (5.1) have the same number of factors, and 1 <
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denominator and get a strict inequality

() 2

m
Then by the assumption that ¢ < 5 and the fact that m — 1 > m —t, we get

(T) > t(m —t).

Because these are both integer values we can add one on the right side and get the
desired result.

Similarly () > t(n —t) 4+ 1 for all ¢ > 1 € Z. Therefore

(mt — 2+ D)(nt — 2 +1) < (m) (n)

t t

Now we show mn — t* + 1 < (mt — t* + 1)(nt — t* + 1). Notice that for

l<t<m<nwehavel —t?<0,t—n<0, m—t>0. So

0< (1—=8)(t—n)(m—1t)=mt—t*—mn+nt —mt’+t* +mnt* — nt’.
Adding mn — t? 4+ 1 to both sides of the inequality gives us
mn —t*+1 < mt — 26> +nt —mt®> +t* +mnt® —nt* + 1= (mt — 2+ 1)(nt —t> + 1)
as desired. O

The number (mt —t? + 1)(nt — t* + 1) in Lemma 5.7 may seem smaller than
(myt —t24+t+1)(myt —t*+t+1) in Lemma 5.6. However, if we have F'(z,y) = T(M)
for some m x n matrix M then m, <m —1 and m, <n — 1, so a quick substitution
reveals that actually (mt —t* +1)(nt —* + 1) > (myt — >+t + 1) (mat — >+t +1).
This shows that the number of equations needed to determine if an m x n matrix
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t=1 10-10-10 20-20-20 30-30-30 40-40-40 50-50-50
t=2 0 17-17-45 27-51-135 37-85-270 47-119-450
t=3 0 0 22-22-120 32-88-480 42-154-1200
t=4 0 0 0 25-25-210 35-125-1050
t=5 0 0 0 0 26-26-252
t=6 0 0 0 0 0
t="7 0 0 0 0 0
t=8 0 0 0 0 0
t=9 0 0 0 0 0
t=10 0 0 0 0 0
m=6 m="7 m==_8 m=9 m=10
= 60-60-60 70-70-70 80-80-80 90-90-90 100-100-100

d7-153-675 | 67-187-945 | 77-221-1260 | 87-255-1620 | 97-289-2025
52-220-2400 | 62-286-4200 | 72-352-6720 | 82-418-10080 | 92-484-14400
45-225-3150 | 55-325-7350 | 65-425-14700 | 75-525-26460 | 85-625-44100
36-156-1512 | 46-286-5292 | 56-416-14112 | 66-546-31752 | 76-676-63504

25-25-210 | 35-175-1470 | 45-325-5880 | 55-475-17640 | 65-625-44100

H-H-H‘H‘leﬁ-ﬁ-ﬁ-ﬁ-
O O W N

= 0 22-22-120 32-176-960 | 42-330-4320 | 52-484-14400

= 0 0 17-17-45 27-153-405 | 37-289-2025

= 0 0 0 10-10-10 20-100-100
t=10 0 0 0 0 1-1-1

Table 5.1: The number of equations needed to calculate matrix rank using different

methods

M has rank < t, using the A method, is bounded below by the number of equations
defined by Bruns and Schwéanzl, and bounded above the number of minors of M.
The following table demonstrates the number of equations needed to check if an
m x 10 matrix has rank less than ¢. Each cell of the table has three numbers, a —b—c,
which correspond to the minimum number as described by Bruns and Schwénzl, the

number of coefficients in A;, and the number of ¢ x ¢ minors respectively.
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Some things worth pointing out in Table 5.1 are that for t = 1 all three methods
require the same number of equations. This corresponds to simply checking if every
entry of the matrix is zero. Also, along the diagonal ¢ = m we have equality between
the number of coefficients in A; and the minimun number of equations necessary.
A,, is equivalent to mapping the m rows of the matrix into polynomials and then
calculating the Wronskian of those polynomials as was described in the introduction
of this thesis. Notice how both the minimum number of equations needed and the
number of coefficients of A; grow linearly with m, but the number of ¢ X ¢ minors
grows much more rapidly suggesting that there may be significant computational

advantages to using the A; method in practice.
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