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ABSTRACT
Finding Exact Values for the Parameter of the Lonely Runner Conjecture
By
Daniel Collister
Consider D to be a finite set of positive integers. This thesis focuses on two
parameters of D. The first parameter treats the elements of D as being the speeds
of runners. This parameter, denoted x(D), is the value of the maximum possible
distance a runner can be from any other runner on a track, given that all the runners
have constant speeds and start at the same time from the same position. The second
parameter, denoted u(D), deals with the density of integral sequences with missing
differences in D. This thesis studies the two parameters for the family of finite sets
of positive integers D = {2,3,z,y}, and finds values for the parameters for many z

and y.
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CHAPTER 1
Introduction

Let D be a set of finite positive integers. In this thesis we focus on two
parameters of D. First is the parameter involved in the Lonely Runner Conjecture,
denoted k(D). Second is the parameter used in defining the density of sequences with
missing differences, denoted p(D). This thesis studies the values of k(D) and p(D)
for the family of sets D = {2,3, z,y}.

The Lonely Runner Conjecture, as first given by Willis [18] and poetically
named by Goddyn [3], is stated as follows. Consider k runners on a circular track. At
t = 0, all runners are at the same position and start to run; the runner’s speeds are
pairwise distinct and all runners keep the same speed. A runner is said to be lonely
at time t if he is at a distance of at least % from every other runner at time t. The
lonely runner conjecture states that each runner is lonely at some time. That is, for
all finite sets D of positive integer speeds, the Lonely Runner Conjecture asserts that

k(D) > |D|1+1. The assertion has been proven for |D| < 6 ([1], [2], [4], [8], [9]).

The elements in a finite D-set of integers can be treated as the speeds of objects
traveling around some circle with circumference ¢, with ¢ € Z. All of these elements
begin from some common point, which we refer to as the "origin” of this circle. The
elements traverse the circle as time progresses, so we evaluate their positions, denoted
p, at any given time as being the remainder of their total distance traveled, denoted
d', divided by c. This is in fact a modular calculation of their positions relative to the
origin, with p = d mod ¢, and as such, it is possible to find patterns in the positions

of all the elements for consecutive moments of time.



The parameter involved in the Lonely Runner Conjecture is defined as follows.
For any real number z, let ||z|| denote the minimum distance from = to an integer,
that is, ||z|| = min{[z] — z,2 — |z|}. For a given finite set of integers, D, and any
real t, denote |[tD|| as the smallest value of ||[td|| among all d € D. k(D), is the

supremum of |[tD|| among all real ¢. That is,

k(D) = sup{a € (0,1/2) : ||td|| > a for some t € (0,1), for all d € D}.

For a finite set D of positive integers, the parameter (D) is closely related
to another parameter of D called the “density of integral sequences with missing
differences”. For a finite set D of positive integers, a sequence S of non-negative
integers is called a D-sequence if |z — y| € D for any =,y € S. Denote S(n) as
1SN {0,1,2,--- ,n—1}|. The upper density §(5) and the lower density §(S) of S are
defined, respectively, by 6(S) = lim,,_,.,S(n)/n and §(S) = lim, ,._S(n)/n. We say

S has density §(S) if 6(S) = 4(S) = §(S).The parameter of interest is the density of

D, u(D), defined by

wu(D) :=sup { §(S) : S is a D-sequence}.

It is known that for any set D [5]:
u(D) = k(D).
The parameters «(D) and p(D) are closely related to coloring parameters of
distance graphs. Let D be a set of positive integers. The distance graph generated by
D, denoted as G(Z, D), has all integers Z as the vertex set. Two vertices are adjacent

whenever their absolute value difference falls in D. The chromatic number (minimum



number of colors in a proper vertex-coloring) of the distance graph generated by D
is denoted by x(D). It is known that x(D) < [5;] for any set D [21].

The fractional chromatic number of a graph G, denoted by x((G), is the

2 om,n € Z* of an @-Coloring, where an @—coloring is a function

minimum ratio
of V(G) to n-element subsets of [m] = {1,2,...,m} such that if uv € E(G), then
f(u) N f(v) = 0, where E(G) denotes the set of edges of the graph G, and V(G)
denotes the set of vertices of G. It is known that for any graph G, x;(G) < x(G)
[21].

Denote the fractional chromatic number of G(Z, D) by x(G). Chang et al. [6]

proved that for any set of positive integers D, it holds that x (D) = Together

1
n(D)"
with the fact that x(G) < x(G), we have
57 = xs(D) <x(D) < [ 571

The chromatic number of distance graphs G(Z, D) with D = {2,3,z,y} was
studied by several authors. For prime numbers z and y, the values of x (D) for this
family were first studied by Eggleton, Erdés [10] and was later completely solved by
Voigt and Walther [16]. For general values of z and y, Kemnitz and Kolberg [13] and
Voigt and Walther [17] determined x(D) for some values of 2 and y. This problem
was completely solved for all values of x and y by Liu and Setudja [14], in which
k(D) was utilized as one of the main tools. In particular, it was proved in [14] that

k(D) > = for many sets in the form D = {2,3,z,y}. Hence, by [3], for those sets it

Wl

holds that x(D) = 3.
In this thesis, the exact values of k(D) and p(D) are studied for the family of

sets D = {2,3,x,y}. This thesis is organized as follows. In chapters 3, 4 and 5 we
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find k(D) for most = and y, of sets D = {2,3,x,y}. chapters 6, 7 and 8 are dedicated

to finding exact values and upper bounds for (D) for D = {2,3, z,y}.



CHAPTER 2
Preliminary Concept and Examples

When investigating values of (D), it is first necessary to understand how x(D)
is found. Therefore the beginning of this chapter demonstrates some basic calculations
that restrict possible values of x(D). This will be useful later when proceeding to the
calculation portion of this chapter.

Let D be a finite set of positive integers and let k(D) = %l, such that ¢, d € R.
We prove that ¢ is the sum of two numbers from D, and that k(D) € Q. Let the
elements of D be treated as objects traveling around a circle, starting at the same
time from some common point, which we call the origin. Let ¢ be the circumference
of this circle, and let § be the position d distance away from the origin while —¢ is
the reflected position across the origin, with —d = |¢ — d].

Assume that k(D) is the largest possible fraction such that all elements are
at least an absolute distance d away from the origin at some time ¢. The positions
of both ¢ and —¢ must each be occupied by an element of the D-set traveling along
the circle at ¢, with all elements being at least d distance away from the origin. Note
that this means that all elements are in the interval [0, —d].

To see why both positions must be simultaneously occupied, assume that all
elements are at least an absolute distance of § away from the origin, and that —J is
not occupied by an element. All elements are in the interval between [d, —¢] on the
circle by our assumption. —d not being occupied implies that there is some interval
of distance in [0, —d] between —¢ and the nearest element. Define the element closest

to —d as ki and the position of k; in [0, —0] as being p. All elements are in [, —4] at

5



t by assumption, so there is some time t’, with ¢ > ¢, where the distance between the

. . |—6—
new position of k; and —4¢ is %

, while all other elements remain in [, —d]. If we
assess the positions of all of the elements at ¢, we find that the absolute distances of
all of the other elements to the origin have increased, with the smallest of these values
being larger than (D), which contradicts our original assumption that (D) is the
largest possible fraction such that all elements are at least a distance of d away from
the origin. Thus —¢ must be occupied. Similar arguments may be used to show that
0 must be occupied. Thus we know that both § and —¢§ are occupied at the moment
when all elements are within the interval [0, —d].

Let the time of simultaneous occupation of both ¢ and —d be called ¢, and
let the two elements occupying the § and —d be called k; and ky. Furthermore, let
r1 and ry represent the number of revolutions around the circle the elements k; and
ko make before occupying 0 and —¢§. Note that kq, ko, 7,79 € Z. Multiplying the
elements &y, ko by this ¢, give the following equations.

(k1)(t) = (r)(c) + 6
(k2)(t) = (r2)(c) — 0.
Adding these two equations results in

(kl + kz)(t) = (7"1 + TQ)(C).

(r1+r2)(c

Solving for t results in t = U +k2)). Reapplying this t value to our original multipli-

cation of (k;)(t) gives us

(ritra)(e)y _ (k1)(ritr2)(c)
F) s ) = " taske)

Thus, in order to attain (D), where k(D) = ¢, it is necessary for ¢ = ki + k». Also,

this gives k(D) € Q, as desired, and furthermore that ¢ € Z.
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As we have established that the ¢ = (ky + ks), for the remainder of this paper,
it is only necessary to investigate bounds for (D) that are equal to some fractional
distance %l, setting ¢ equal to the addition of two of the elements in the D-set. Fur-
thermore, it can be assumed that there is some element F not existing in D that has
a value equal to ¢, which is always at the origin for all ¢, thus normalizing the frame
of reference for the distances of all D-set elements.

Using the definition above, it is easy to calculate (D) for a D-set. The
procedure to finding k(D) is straightforward, if not slightly tedious. Let D be a
finite set of positive integers. We create circles of circumference size ¢, where c is the
addition of two of the elements from the D-set. For each time ¢, let % be a fraction
such that d is the minimum of the absolute distances for all elements to the origin
of that circle with circumference ¢. When comparing the fractions generated by all
t, there will always be a largest fraction generated for this circle. As there are many
possible circles, the collection of these largest fractions can be thought of as a set of
fractions, with each circle being represented by its single largest fraction. (D) is the
greatest element of this set.

For example, given D = {2,3,4,5}, there are six possible denominator values
to investigate, namely {5, 6, 7, 8, 9}. As 5 is an element of the D-set in addition to
being a possible denominator, and as we know that we need only investigate ¢ € Z,
there is no need to calculate the minimum distance, as at every time iteration the
minimum distance from all of the elements to the origin is 0. As two separate ad-
ditions of elements within the D-set result in a value of 7, this circle and its largest

possible fraction must only be investigated once. This leaves only four possibilities for



examination. Investigating the circumference 6 gives the following table, where the
upper left-hand corner contains the value of the circumference, and each row follow-
ing the speed row contains the values of the time iteration and the resulting absolute
distance of the corresponding element to the origin. FEach row will have a smallest
absolute distance to the origin, and the highlighted box represents the largest of these
smallest distances for all times t. Note that the times being investigated stop once
the time is equal to the circumference size, as at that point all elements have returned

to the origin, and thus would merely repeat the table created.

Table 2.1: ¢ =6, D ={2,3,4,5}

6
t|2[[3][2 ][5
112132 -
2 l2lo)l21]2
3|lo]|l3]|o]s3
4al2lo]l2]2
5123|211

Note that the maximum of all of the minimum distances for each time iteration
is 1, thus making the maximum fractional value for this circumference %. The other

3 tables are calculated similarly, giving the following tables.



{2,3,4,5}

Table 2.2: ¢ =7, D

Table 2.3: ¢ =8, D ={2,3,4,5}




Table 2.4: ¢ =9, D ={2,3,4,5}

©

0 ~NOoO O~ WODNPFP =

NM,HMMIN

W W o wwowww
AP WODNMNMNDNWEFEA~D
A P WODNDNWPRFER MO

In the set of largest fractions for all circles, {%, %, %, %}, we see that the greatest
is achieved with the circumference of 7, with the fraction being % Thus, ~(D) = %

Let D ={2,3,z,y}. Note that in the above case, the z and y values were fixed
as ¢ = 4 and y = 5. Finding (D) was not incredibly difficult with those values being
assigned. The challenge lies in trying to generalize this into formulas such that k(D)
may be found without having to go through this process. As the process is nothing
more than an algorithm, the next logical step in the search for generalization is to
write the algorithm used above into a computer program so that the first (D) values
can be found, systematically fixing an x value and then allowing the y to increase
so that any patterns might make themselves apparent. The program generated (D)

D ={2,3,z,y}, with4 <z <50 and z + 1 <y < 50.
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The graphic above is a small sample of the printout that resulted from the
program, wtih 4 < x <18 and x + 1 <y < 18. The first column indicates the value
assigned to x and the first row the values of y. The corresponding entry gives the k(D)
values that were generated, with each triplet of numbers representing the time (free
floating), circumference (in parenthesis) and distance (in brackets) of that particular
k(D) value. This led to conjectures about the values of k(D) for a D-set of certain
special forms. For instance, the first pattern noticed was that if D = {2, 3, x, y} where

x=2 mod5or3 modb5and y=2 modb5or3 mod 5, then k(D) =

(S]]

Theorem 2.1. Let D = {2,3,z,y} where x = 2 mod 5 or 3 mod 5 and y = 2
mod 5 or 3 mod 5. Then x(D) = 2.
Proof: Calculating the value of the maximum of minimum distances for D = {2,3, z,y}
where x and y are allowed to equal 2 mod 5 or 3 mod 5 with the circumference of

5 (the addition of the elements 2 and 3 from our D-set) is easy, as t = 1 places all of

the elements a distance of 2 away from the origin as seen in the graphic below.
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Figure 2.2: Movement of Runners for the First Time Iteration

t=0 . t=1
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/

N NC

This can also be visualized with a table as previously seen:

Table 2.5: ¢ =5, D ={2,3,x,y}

5
t 2 3 2 (mod5) 3 (mod5)
2 2

It is obvious that if x and y are only allowed to either be 2 mod 5 or 3 mod 5
then at the first time iteration on the circle of circumference 5 all elements are at least

2 away from the origin. Thus, we know that (D) > 2, as x(D) is the supremum of

5
the minimum distances, and the minimum distance for a circumference 5 is % Fur-
thermore, it is known that x(D’) = 2 for D’ = {2,3}. As D’ C D, it is thus proved
that k(D) = £, as k(D) < x(D").

With the 2 mod 5, 3 mod 5 cases completely solved, we must look for another pat-

tern in the generated (D) values. The most obvious place to begin an investigation

is to fix y — z. And indeed, a pattern was found and equalities proven.
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CHAPTER 3
Finding x(D) for D = {2,3,z,z + 1}

Let D = {2,3,z,z + 1}. An algorithm in the previous chapter was used to
find k(D) for the first 50 values of z, but now another equivalent definition of x(D) is
used to prove conjectured values for all z-values. This continuous definition of k(D)
is stated as follows.

Let o € (0, %), where o = Czl with ¢, d € Z. For each positive integer 7, define

Li{a) ={t € (0,1) : | ti [| = e},
That is [11],
Lao)={t:n+a<ti<n+1—-—a,0<n<i-1},
or alternatively

Li(a)={t: e <t< =2 0<n<i—1},

i

where n represents the number of revolutions the element goes around a circle, d
being the absolute minimum distance to the origin and ¢ being the circumference of
the circle.
The following relationship will be used extensively throughout this paper to
establish a lower bound for x(D):
k(D) = sup{a € (0,3) : Niep Li(e) # 0}.

It is sufficient to show that given o = 4, if

)

Li(o) = |J!_ [&)le) e=dtm)(©)) 1 ¢ N with the max [ being constrained by

n=0 i ? 7

%@(C) < ¢, and with () Li(«) # 0,
€D

then



1
2

Furthermore, if it can be shown that {a € (0, 3) : (,cp fi(@)} consists only of
a set of isolated points, then this is sufficient to prove that the conjectured o = k(D).
To this end, we introduce the notation I5;(«) to indicate the first time interval from
the set of intervals generated by the element 2, so that we may identify specific time
intervals within the set of intervals an element generates over « for which it is at least
an absolute distance d away from the origin.

The continuous intervals, I;, noted above can be thought of as the intervals
of time for which a runner is in [d,c — d|. The runners all start at the same time at
the origin, and can be thought to stop the first instant they find themselves to all
be back at the origin. Within that interval of time between the start and their first
coincidence at the start after beginning, the number of times a runner goes through

[d, ¢ —d] depends directly on the speed of the runner, with faster participants passing

through more times than a slower, and thus having more intervals of time generated.

Figure 3.1: [llustration of the Continuous Interval in the Context of the Track Analogy
Circumference =c¢

Start

c—-d d

Fix the fourth element in the D-set to be a distance of 1 away from the
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third element. Thus we have D = {2,3,z,x + 1}. When investigating the (D) for
iterations of z, starting at x = 4, a pattern emerges where all k(D) for this D-set can
be described as follows.

Theorem 3.1. Suppose D = {2,3,x,x+1}. Letx+3 = 5y +r with0 < r < 4,

then

2 .
y% if 0 <r <3;

k(D) =

2v+1 : _
sy if r=4.

We will prove this conjecture using the continuous definition of x(D), meaning
that we will investigate individual time intervals from each of the sets generated by
the elements, and discover where these intervals intersect. As a reminder, if we can
demonstrate that all intersections of intervals contain only singleton points, then we

have in fact proven the conjectured equalities.

Case 1 © = bk+2. Suppose x = bk+2 for some k € N. Thenz =2 mod 5and y = 3

mod 5. Asbothz =2 mod 5andy =3 mod 5, by Theorem 2.1 we know k(D) = 2.

ot

Case 2 © = 5k + 3. Suppose © = 5k + 3 for some k € N. Then y + 2 = 5k + 6,
v=k+1and r=1. We claim

k(D) = %.

Let a = ?},’i—jg. Using this value of «a, the set of intervals is

(o) = U;:0[2k+2+r;(5k+6)’ 3k+4+?(5k+6)]

with [ € N with the maximum [ being such
that 2HHEES) < (5% 4 6).

Calculating the intersection of intervals for I;(a) and I3;(c) gives the following

16



result
1), Bl = (B2 = (1, 2]

As the intervals for 2 and 3 act symmetrically across the ¢ = § line, and further
that there is a single interval I5(a)) before this line, we need only investigate the

intersection [ I;1(«), as I32(a) does not intersect o, () at all.
i=2,3

Continuing our investigation, we look to see if we can identify single intervals

from the other elements in D that might intersect with [\ ;;(«). Letting n = k for
i=2,3

the I, interval generates

_ 12k+24(k)(5k+6) 3k+4+(k)(5k+6)7 _ [5k2+8k+2
Ix-i-l,k(a) = [ 5kt4 ) Skt4 ]_[ 5k+4 ’k+1]'

The interval of intersection for 2, 3, and x 4+ 1 is thus

Ly (o) N Isa () (Vo nl(a) = {k + 1},
As noted previouosly, Is;(a) () Is1(a) = [k + 1, 254 is the only interval which must
be investigated, excluding symmetrically identical intervals, which in turn restricts
the values of n for x 4+ 1 that need to be investigated. As we started with I,,1, note

that letting n = k — 1 for the I, interval generates

I (a) [2k+2+(k71)(5k+6) 3k+4+(k71)(5k+6)] _ [5k2+3k—4 5k2+4k72]
z+1,k—1 - 5k+4 ) 5k+4 - 5k+4 °  Bk+4 -

Comparing this to I;(a)()I31(«) immediately reveals that there is no value of k

that will ever be sufficient to create a non-empty intersection, which further gives
La(e) N I31() N Lev1in<k—1(c) =0, for all n < k — 1.

Therefore we can eliminate n < k — 1 from the possible values that might generate

an intersection.

Letting n = k + 1 for the I, interval generates

I ( ) _ [2k+2+(k+1)(5k+6) 3k+4+(k+1)(5k+6)] _ [5k2+13k+8 5k2+l4k+10]
e+ Lk+1() = 5k+4 J 5ktd U7 Bkt4 0 bk+a I

17



Once again we find that regardless of chosen k values, there will never be a non-empty
intersection, let alone an interval. This gives

La(o)NIz1() () Lep1n(a) =0, for all n > k + 1.
Thus we must choose n = k for our I, interval such that Iy(a) () Is() () Lo1(cr) #
(), excluding symmetry.

Now all that remains is to show that &+ 1 € I.(«). Choosing n = k gives

Li(a) = [2k:+2+(k)(5k:+6) 3k+4+(k)(5k+6)] _ [5k2+8k+2 5k2+9kz+4]
Tk - 5k+3 ) 5k+3 — 7 5k+3 " 5kt3 I

Since {k+ 1} € I,x(a), as is apparent when comparing k£ + 1 to the interval
I, (), the proof that
I(a) N Is(e) N Lo (@) () Lo () # 0
is complete, implying
k(D) = 555
The calculations above show that Io(«) () I3() () () () Lz41(c) contain only sin-

2k+2

gleton points of intersection. Therefore we may then conclude that (D) = £=5,

as

desired.

Computationally, this is quite arduous, so to expedite the process, we articulate
the steps that we did by hand in a Mathematica program, so that we may input
values for n, and n,, the number of revolutions x and y complete before generating
the desired interval, and investigate whether there are intersections without having
to perform the computations. The code for this is attached in Appendix A.2. When
writing this code, it is useful to note that we are comparing fractions, and thus may

use a computer to compute a cross-multiplication that will have the same effect for
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evaluating intersection intervals. Additionally, we observe that I5 () I3 create two in-
tervals of intersection, which are symmetric about the line ¢ = 5. As such we focus
on the left of these intervals (| I;1 = [la, I3,], where Iy symbolizes the left side of
i=2,3

the interval I, 1, and I3, symbolizes the right side of I3;. Let us use the next case to
show how these facts can be used to prove the claim of the next case.
Case 3 x =bk+14

One additional fact that we will use when employing the Mathematica pro-
gram is that when comparing fractions, we do so by creating an LCD, which implies
that we must only really investigate the overlapping or lack thereof of the numerators
when multiplied by the denominator of the intervals we are comparing it against.

For example, if we were comparing Iy to some I,,, we must only investigate the

numerator of Iy multiplied by y against the numerators of I, ,, multiplied by 2.

Let © = bk + 4, setting y =5k +5,24+3=57+2, y=k+1and r =2. We
claim

k(D) = 2k+2

Sk+T"

Let a = g’g—ﬁ Using this value of «, the set of intervals is

Li(a) = Uz [2k+2+@(5k+7) 3k+5+r;(5k+7)] with 7 € N such that w < (5k + 7).

n=0 7 )
Calculating the Io () () I31(c) gives the following result
1) o) = (52,352) = o+1,%9)
Let n = k for the I, ;(a). Using Mathematica to compare this interval against Io(c)
gives

[4 + 18Kk + 10k%,10 + 20k + 10%?]
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as the numerators of the interval [, («) are multiplied by 2. As Iy(«) is multiplied
by bk + 5, with y = 5k 4 5, this gives the numerator

{10 + 20k + 10k?},
it is obvious that the right-most endpoint of I, () is exactly equal to Iy(«), thus
demonstrating that there is a singleton point of intersection, namely k+1. This is also
convenient because it automatically shows that any n < k, I ,<r(a) () Ia(a) = 0, as
any smaller £ value would remove Iy from intersecting with 7,. All that remains is
to ensure n > t also eliminates the intersection, and additionally that I,(«) contains
the same singleton point of intersection for some n. For I, ;11(c), we once again use
Mathematica, but this time to compare the interval against I3,.(«) gives

27 + 42k + 15k?, 36 + 45k + 15k?]

for the numerators of I, 11 () multiplied by 3. As I3.(«) multiplied by y gives the
numerator

{25 + 40k + 15k2},
we can easily conclude that I, ,~x(c) () Iz(c) = 0, proving that the intersection only
occurs when n = k.

Additionally, calculating I, j(«) multiplied by 2 gives the numerators
[4 + 18k + 10k%,10 + 20k + 10%?]

and the Iy («) multiplied by x gives the numerator

{8 + 18k + 10k?}.
It is immediately apparent that any k chosen will have an intersection, which shows
that Iy(a) (Lo k(a) # 0, proving that {k + 1} € I, x(«). Thus the proof that
k(D) = 22 is complete.

5k+7
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Case 4 x =5k +5
Case 5 v =5k +6

The remaining proofs are identical in structure, and result in the same single-
ton points of intersections. Thus k(D) is completely known with D = {2,3,z, 2+ 1},

as all values of x mod 5 have been considered.
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CHAPTER 4
Extending Patterns: Finding (D) for D = {2,3,z,z + i} with 2 <i <5
As k(D) has been completely established for D = {2,3,z,2 + 1}, in this
chapter k(D) is found for D = {2,3,z,y} withy =x+2, y=2+3,y =x + 4, and
y=ux+5.
Theorem 4.1. Let D = {2,3,z,2 +2}. Letx+4 = 6y +r with0 < r < 5.

Then

2y ; .
" if 0 <r <2

k(D) =

dy+r—4 .
—’Lﬁy if 3 <r <5h.

The proof is the same as in the z + 1 case, and thus will be left to the reader.
The concept is the same as in Chapter 3, with intersections only happening at sin-
gleton points of intersection for any given n and t.

Increasing the difference between the third and fourth elements of the D-set
by amounts of 1 results in the following (D) values.

Theorem 4.2. Let D = {2,3,z,2+3}. Let2x+3 = 9y +r with0 < r < 8.

Then
(4 if x = 10;
k(D) ={ ms 0<r<5;
2 6 <r <8
\ x+6 — —
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Theorem 4.3. Let D = {2,3,z,0 +4}. Letx+4 = 5y +r with0 < r < 4
Then
25 fo<r<1;
k(D) =
2 if2<r<4
Theorem 4.4. Let D = {2,3,z,2 +5}. Letx+3 = 5y +r with0 < r < 4

Then

2 fo<r<i;

k(D) = m2—12 if 2 <r <3;

29+1 _
s fr=4

All of the proofs for these are similar to those performed in the y = z + 1

cases, and thus will be left to the reader.
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CHAPTER 5
Extending Results for y > x + 6

In this chapter, similar methods to those in the previous two chapters are
used to explore the values of k(D) for more generalized families of D-sets. From the
previous chapter, k(D) is known for |y —z| < 5, where D = {2,3, z,y}. The next step
is to proceed to the |y — x| = 6 case. This is when it first becomes apparent that there
is an even more general overarching behavior to the x(D) values. It becomes clear
that all distances between x and y could be generalized into 5 main cases, labeled
x4+ 50 +1,0 < i <4, respectively. The results of k(D) in these cases are presented
in the following tables.

In the following theorems, notation is used to simplify the tables. The mean-
ings for the symbols are as follows:
v = term defined by the modulo relationship, used in creating the numerator of x(D).
d = the numerator of k(D).
¢ = the denominator of k(D).
r = the modulo difference being used to define the specific values of x for the subcases
in the tables for k(D).
n, = the number of revolutions the element x goes around the circle before generating
the interval which intersects all other intervals in (D).
n, = the number of revolutions the last element in the D-set goes around the circle
before generating the interval which intersects all other intervals in (D).
POI = the exact value of the singleton point of intersection generated by the two

elements which are added together to obtain the circumference of x(D), when appli-
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cable.

k(D) = the value of k(D) within the given constraints.

51 y=z+56, >1

In the table, k, r and v are determined by x = 2 mod 5 + r, x > 4, with

0<r<4,andzx+3=5y+r.

Theorem 5.1. Let D = {2,3,x,2+ 58}, k > 25. Then the values of k(D) given in

the tables are exact for k > 28 and provide upper bounds when k < 2[3.

Table 5.1: (D), D ={2,3,z,x + 53}
| y=1x+58, B > 2k |

x v d c r

5k+7 |k+2| 2y |z+3]0

5k+8 | k+2| 2v |z+2|1

Sk+4 | k+1| 2y |z+2]|2

5k+5 | k+1| 2v |z+2|3

5k+6 | k+1|2y+1 |z+3 |4
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Table 5.2: (D), D ={2,3,z,z + 55} Continued
’ y=wx +58, B > 2k ‘

x Ny ny POI k(D)

5k+7 | k+1|k+B8+1| 2+k

(1)

5k+8 | k+1|k+p+1|2+2K

(A1)

5k + 4 k k+8 | 1+k | 2%

k
5k +5 k k+B8 | 1+k e

3+2k
5k+6 | k+1|k+p+1| 24k o

5.2 y=x+58+1, >1

In the table, k, r and ~ are determined by x = 2 mod 5 4+ r, x > 4, with

0<r<4,andzx+3=5y+r.

Theorem 5.2. Let D = {2,3,x,2+55+ 1}, k > 28. Then the values of k(D) given
in the tables are exact for k > 28 and provide upper bounds when k < 23 for x =1
mod 5,9 =0,2,3,4. For x =1 mod 5, the value of k(D) given in the table begins at

k > 38 and provides an upper bound when k < 3[3.
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Table 5.3: k(D), D ={2,3,z,x + 58+ 1}
| y=x +50 +1 |

x v d c r

5k+7 | k+248| 2y |y+2] 0

Bk+8 | k+2+8| 2v |y+2]1

Sk+4 | E+1+8 | 2v |y+2| 2

5k+5 |k+1+8| 2v |y+2] 3

5k+6 | k+1+8| 2y |y+2|4
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Table 5.4: (D), D ={2,3,z,2 + 58 + 1} Continued
| y=x +50 +1 |

x Ny ny POI k(D)

5k+7 | k+1|k+8+1] 2+ k48

(S]]

5k +8 k+1 | kt5+1| 242k+5 141—’-_&-25kk—i-_i-25ﬂ5

5k + 4 k| kB | 1+k+8 | EEEE
5k +5 k| k48 | 1+k+p | EEEZ
5k + 6 koo | kB8+1) 1+ k48 | FEE2

5.3 y=x+58+2 >1

Let v be defined by v +58+4 =67+ 58y +7r, 0 <r <6+ 5m+4. Note that
in this section, by our definition of 7, there are necessarily 6 + 53 values of x that
must occur. Let us call the 53 cases the remainder cases. The amount of remainder
cases occurring are then added to the original 6 subcases. Thus, we will use m with
m=20,1,2,....,6 — 1 to describe the additional cases added to the original 6.
Theorem 5.3. Let D = {2,3,z,x + 55 + 2}. Then the values of k(D) given in
the tables are exact for k > 28 and provide upper bounds when k < 28 for all non-
remainder cases. For the remainder cases, the values of k(D) provided in the table

give a lower bound for k(D) when k > 2[3.

28



Table 5.5: k(D), D ={2,3,z,x + 508 + 2}

y=x+56+2, 0<m<p-1

x ~y d c r

6k +5 3 k+56+8 | k+2 (2y)(B+1) y+2 0

6k+58k+58+9 k+2 (27)(B+1) y+2 1

6k +5 3 k+4 k+1 27)(B+1) y+2 2

6k +5 3 k+5 kE+1 27)(B+1) y+2 3

6k+505 k+6 k41 (4y)(B+1)—383 r+y 4

6k +5 3 k+7 kE+1 Ay)(B+1)+1-25 T4y 5
6k+58 k+8+5m | k+1 (27)(B+1)+2m y+2 6+ 5m
6k+58 k+9+5m | k+1 (27)(B+1)+2m y+2 | 6+1+5m
6k+56 k+10+5m | k+1 2y)(B+1)+2m y+2 | 6+24+5m
6k+568 k+114+5m | k+1 (27)(B+1)+2m y+2 | 6+3+5m
6k+56 k+12+5m | k+1 | (47)(B+1)+1-26+3m | v+y | 6+4+5m
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Table 5.6: (D), D ={2,3,z,x 4+ 508 + 2} Continued

y=r 45642, 0<m<pB-1
x Ny 1y POI (D)
6k+58 k+55+8 | (B+1)(k+1) | (B+1)(k+1)+3 (3+2k)(1+5) v
6k+56 k+554+9 | (B+D(k+1) | B+D)(k+1)+8 2+ k) (1+5) TR G HE)
6k-+55 -+4 B+DE) | B8 (L+K)(1+5) Sk
6450 5 6+ 1)(k) 8+ 1D)(k) + 8 (L+k)(1+5) R )
6k-+503 k+6 B+1)(k)+1 B)(k) +B+1 (1+k)1+5) TP IR
6458 k+7 | (B+L(K)+1 | (B+1(k) +B+1 | 3+ 8+2k(1+5) et )
6k+58 k+8+5m | (B+1)(k)+m | (B+1)(k)+B+m - T
6k+508k +9+5m | (B+1)(k)+m | (B+1)(k)+B+m - TSI e)
6k-+58k+10+5m | (B+1)(k)+m | (B+1)(k)+B+m — TS
6k+58k4+11+5m | (B+1)(k)+m+1 | (B+1)(k)+B+m+1 - ﬁ&%m
6k+-50k +12+5m | (B+1)(k)+m+2 | (B+1)(k)+B+m+2 - s
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54 y=x+4+53+3, f>1

Let v be defined by v +58+5 =97+ 58y +7r, 0 <r <9+ 5m+4. Note that
in this section, by our definition of v, there are necessarily 9 4+ 53 values of = that
must occur. Let us call the 55 cases the remainder cases. The amount of remainder
cases occurring are then added to the original 9 subcases. Thus, we will use m with
m=20,1,2,...,6 — 1 to describe the additional cases added to the original 9.
Theorem 5.4. Let D = {2,3,z,x + 56 + 3}, k > 208. Then the values of k(D)
given in the tables are exact for k > 2 and provide upper bounds when k < 2/ for
all non-remainder cases. For the remainder cases, the values of k(D) provided in the

table give a lower bound for k(D) when k > 2/
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Table 5.7: k(D), D ={2,3,z,x + 508 + 3}

y=x +50 +3, 0<m<p—-1,08>2k
x ~y d c r
9k+58k+4 k+1 (27)(3+28) —3(B+1) r+y 0
9k+58k+5 k+1 (M@B+26) -1 y+3 1
9k+55k+6 k+1 (M(B+1) y+3 2
Ok+56k+T7 k+1 M@B+1) +1 y+3 3
9k+55 k+8 k+1 (27)(3+28) —2p r+y 4
9k+56 k+9 k+1 (27)(3+258)—3p Tty 5
9k+543 k+10 k+1 (VB +26)+1 y+3 6
9k+56 k+11 k+1 (M)(B+28)+2 y+3 7
9k+553 k+12 k+1 (V)3 +26)+3 y+3 8
Ok+55 k+13+5m | k+1 | (27)(3+28)—28+3m+3 Tty 9+-5m
9k+58 k+14+5m | k+1 (MB+28)+2m+2 y+3 9+5m+1
9k+55 k+15+5m k+1 (MB+268)+2m+3 y+3 9+5m+2
9k+56 k+164+5m | k+1 (M(3428) +2m + 4 y+3 | 9+5m+3
9k+58 k+17+5m | k+1 (MB+28)+2m+5 y+3 9+5m+4
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Table 5.8: (D), D ={2,3,z,x + 508 + 3} Continued

y=x+56+3, 0<m<p-1,02>2k
T Ny ny POI k(D)
Ok+508 k+4 2%k + fk % + Bk + 5+ 1 (1+2K)(2 + B) T
9k+58 k+5 2%+ Bk +1 2% + 28k + B +2 (1+2k)(2+ ) o
Ok-+53 k+6 Wt Bh+1 | 2kt 28k +B+2 (1+26)(2+ B) B
Ok+58 k+T %+ Bh+1 | 2k 428k + 542 (1+26)(2+ ) ety 20
Ok+55 k+8 Ut Bk+1 | 2+ 28kt 542 (1+2)(2+ 5) FoHpae2)
9k+58 k+9 U+ Bk+1 | 2k+28k+B+2 (14 2k)(2+ B) P
k4583 k+10 U4 Bk+2 | 2+ 28k+B+3 (1+2k)(2+ B) g
Ok+58 k+11 U+ Bk+2 | 2k+28k+B+3 (1+2K)(2 + ) e
9k+508 k-+12 2%+ Pk +2 | 2k+28k+B+3 (142k)(2+ B) L
Ok+58 k+13+5m | 2k + Bk +m+2 | 2k+Bk+m+5+3 - T M)
Ok+58 k+14-+5m | 2k + Bk +m+3 | 2k+ Bk+m+B+4 . SamiBA eI
9k+583 k+154+5m | 2k + Bk +m+3 | 2k+Bk+m+5+4 — %m
Ok+58 k+164+5m | 2k + Bk +m+3 | 2k+ Bk+m-+B+4 - S
Ok+58 k+17+5m | 2k + Bk +m+3 | 2k + Bk +m+B+4 — et )
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5.5 y=ax+4+53+4, f>1

In the table, k, r and v are determined by x = 2 mod 5 4+ r, x > 4, with

0<r<4,andx+7=5y+r.

Theorem 5.5. Let D = {2,3,z,x + 55 + 4}, k > 208. Then the values of k(D)

provided in the tables are exact for k > 20 and provide upper bounds when k < 20.

Table 5.9: (D), D ={2,3,z,x + 50 + 4}
’ y=ux +50 +4, 8 > 2k ‘

x ~ d c r
ok + 38 k+3 2y-2 T+ 2 0
bk 44 k+2 Ay+3-8 T+y 1

5k 45 k+2 27v+25-3 y+3 2

5k+6 | k+2 2v+23-2 y+3 | 3

5k+7 | k+2 2v+28-11 | y+3 | 4
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Table 5.10: (D), D = {2,3, 2,2 + 55 + 4} Continued

|

y=2x +55 +4, f > 2k

x Ny Ny POI k(D)
5k + 3 k| k+B+1 | 2+k 2

ok 44 & k+6+1 | 242k+P 124:140kk155ﬁ
Sk+5 | k1 | k42 | 3+k+B | S
Sht6 | k1| k842 | 3+h+8 |
Sh+T | k1 | kB2 | 3+k+B | SR

5.6 Conclusions

In all of the results presented in this chapter, the same methods of proof
were used as in earlier chapters.  must be designated first in order to establish the
distance between x and y. Once this distance is established, k is allowed to go from
0 to co. Because of this choice ordering, there is a secondary pattern that emerges.
In particular, when [ is large and k is small, 8 becomes the dominant term in x(D),
forcing smaller values for x(D), thus making the obtained values an upper bounds
for k(D). Thus we must restrict the equalities for the proven values of (D). Within
that restriction again we find only singleton points of intersection and thus (D) is

known.
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CHAPTER 6
Connections Between p(D) and x(D)
It is known that p(D) > k(D) [19]. In this chapter known values and bounds
of p(D) are stated, as well as techniques for finding values of u(D).
For two-element sets D = {a, b}, Cantor and Gordon [5] proved that

|52

. For 3-element sets D, if D = {a,b,a + b} it was proved that x(D) = u(D) and the
exact values were determined.
Theorem 6.1. [15] Suppose M = {a,b,a+ b} for some positive integers a and b with

ged(a,b) =1, where 0 < a <b. Then

a+k . _ _ N
K(M) = ,U(M) — 3a+3k+1 ifb—a=3k+1;
3aa126kk114 ifb—a=3k+2

\

For the general case D = {i, j, k}, various lower bounds of x(D) were given by
Gupta, in which p(D) was also studied.
Theorem 6.2. [11] If D = {i, j, k} with i > j > k and ged(i,j) = d, then

(o if £ =

G mod 2;

Q.

k(i+j—d)

i j (ied) .
w(D) > { @D if i £ 1 mod 2 and k > U==4.

P if i #24 mod?2 and k < =72,

\

In addition, among other results it was shown in [11] that if D is an arithmetic

sequence then k(D) = p(D) and the value was determined.
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Theorem 6.3. [11] If D = {n,n+d,n+2d,....,n+ (k — 1)d} with gcd(n,d) =1 and

k> 1, then

2+ (k—1)(d—1)

m Zf d 15 even;

p(D) =
1 iof d is odd.

2
It should be noted that throughout the literature thus far, equalities have been

established primarily by utilizing arithmetic relationships in the D-set, or by using
k(D) values, such as in [11], or by finding specific patterns within the relationships
of the D-set elements. For instance, Liu and Zhu proved the following.
Theorem 6.4. [15] If D = {x,y,y —x,y +x}, wherey > x, xt =2k+1, y =2m+1
and ged(z,y) = 1, then
u(D) > it

although, they conjecture that this is in fact an equality.

Many of the above results used the following Lemma by Haralambdis. For a
D-sequence S, denote S[n] =1{0,1,2,...,n}NS]|.
Lemma 6.5. [19] Let D be a set of positive integers, and let o € (0,1]. If for every
D-sequence S with 0 € S there exists a positive integer n such that S[n]/(n+1) < «,
then u(D) < a. Alternatively, if n(D) > «, then there is a D-sequence S such that
S[n] > a(n+ 1), for all non-negative integers n.

For a given D-sequence S, write the elements of S in increasing order, S =
(S0, 81, S2,-..) with sg < s1 < s9 < ..., and denote its difference sequence by A(S) =

(09, 01,02,...) where §; = s;41 — s;. A subsequence of consecutive terms in A(S5),

(0asGat1, - - - 0atp—1), generate a periodic interval of k copies, k > 1, if 6;(a44)1i = dati
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forall0 <i<b—1,1<7<k—1. We denote such a periodic subsequence of A(S)
by (8as0atts-- - 0arp_1)k. If the periodic interval repeats infinitely we simply denote
it by (04, 0as1,---,0a1p-1). If A(S) is infinite periodic, except for a finite number of
terms, with the periodic interval (¢,ts, ..., %), then the density of S is (i ti)/k.

=1

Observation 1. A sequence of non-negative integers S is a D-sequence if and only
ifiéingorcmyagb.
Observation 2. Assume 2,3 € D. If S is a D-sequence, then 6; + d;11 > 5 for
all i. Equality holds only when {6;,0;+1} = {1,4}. Consequently, u(D) < 2/5. More
relevant to the connection between u(D) and k(D) is the fact that this results in
S[ot] <2t+1, S[Gt + 4] < 2t + 2 for any non-negative t, and S[5t + 5] < 2t + 3.
Lemma 6.6. [7] Let D = {2,3} U A for some A C Z. Then (D) = 2/5 if and only
if AC{z:2x=2,3 mod 5}. Furthermore, if k(D)= 2/5 then (D) = 2/5.
Proof. Let D = {2,3} UA. Assume A C {x :x =2,3 mod 5}. Let t =1/5. Then
||td|| > 2/5 for all d € D. Hence (D) > 2/5. On the other hand, the density of the
infinite periodic D-sequence S with A(S) = (1,4) is 2/5. By Observation 2, this is
an optimal D-sequence. Hence, (D) = 2/5, implying x(D) = 2/5.

Conversely, assume x(D) = 2/5. Then u(D) > 2/5. By Observation 2,
w(D) = 2/5. By Observation 1, this implies that if d € D, then d # 0, 1,4 (mod 5).
Thus the result follows. O

Note, in D = {2,3,z,y}, if = 1, then it is known [15] and easy to see that
w(D) = k(D) = 1/4 if y is not a multiple of 4 (with A(S) = (4)); otherwise y = 4k
and pu(D) = k(D) = (k)/(4k + 1) (with A(S) = ((4)¥715)). Thus throughout the

remainder of this thesis it is assumed that x # 1.
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CHAPTER 7
Values of u(D), D ={2,3,z,x +i},1<i<5

As that (D) is known for D = {2,3,x,x +i},1 < i <5, and techniques have
been established to find values of p(D), it is possible to connect the two parameters.
This Chapter is dedicated to stating the values of (D for D = {2,3,z,z + i},1 <
1 < 5, where possible.
Theorem 7.1. [7]

Let D ={2,3,z,x + 1} with x > 4, then (D) = p(D).
Proof. Consider the following cases.
Case 1. x = 5k + 2. The result follows by Lemma 6.6.
Case 2. = = 5k+3. By Theorem 3.1, we have established k(D) = (2k+2)/(5k+6).

Now we claim p(D) < (2k+2)/(5k +6). Assume to the contrary that pu(D) >
(2k 4+ 2)/(5k + 6). By Lemma 6.5, there exists a D-sequence S with S[n|/(n+ 1) >
(2k+2)/(5k+6) for all non-negative n. This implies, for instance, S[0] > 1, so 5o = 0;
S[2] > 2,80 53 = 1; S[5] > 3,80 s3 =5 (as 2,3 € D). Moreover, S[5k + 5] > 2k + 3.
By Observation 2, it must be (dg, 01,92, ..., 00x11) = (1,4,1,4,...,1,4). This implies
5k+5 € S, which is impossible since 1 € S and 5k+4 € D. Therefore, u(D) = k(D).
Case 3. x = 5k +4. By Theorem 3.1, we have established x(D) = (2k+2)/(5k+7).
Now we claim u(D) < (2k + 2)/(5k + 7). Assume to the contrary that u(D) >
(2k 4+ 2)/(5k + 7). By Lemma 6.5, there exists a D-sequence S with S[n|/(n + 1) >
(2k + 2)/(5k 4+ 7) for all non-negative n. This implies, for instance, S[0] > 1, so
so=0; S[3] >2,s0s1 =1 (as 2,3 € D); and S[bk + 6] > 2k + 3. By Observation 2,
either 5k + 5 or 5k + 6 is an element in S. This is impossible since 0,1 € S and
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bk +4,5k+5 € D. Thus pu(D) = k(D).
Case 4. x = 5k +5. By Theorem 3.1, we have established x(D) = (2k+2)/(5k +38).
Now we claim (D) < (2k + 2)/(5k + 8). Assume to the contrary that u(D) >
(2k 4+ 2)/(5k + 8). By Lemma 6.5, there exists a D-sequence S with S[n|/(n+ 1) >
(2k + 2)/(5k + 8) for all non-negative n. Similar to the proof from Case 3, one has
0,1 € S and S[5k + 7] > 2k + 3. This implies that one of 5k + 5, 5k + 6, or bk + 7
is an element in S, which is again impossible, as 0,1 € S and 5k + 5,5k +6 € D.
Therefore, (D) = k(D).
Case 5. © = 5k+ 1. By Theorem 3.1, we have established x(D) = (2k+1)/(5k +4).
Now we claim p(D) < (2k+1)/(5k+4). Assume to the contrary that (D) >
(2k +1)/(5k +4). By Lemma 6.5, (s¢,s1) = (0,1), and S[5k + 3] > 2k + 2. Because
S[bk] < 2k +1,s0 SN {5k + 1,5k + 2,5k + 3} # (), which is impossible, as 0,1 € S
and 5k + 1,5k + 2 € D. Therefore, u(D) = k(D). O
Notice that the denominators in the values of k(D) for D = {2,3,z,z + 1}
are always x + 3. By the above proofs, one can extend the results to other families of
sets which contain D as follows:
Corollary 7.2. Let D ={2,3,z,2+1}UD’, where D' C{y:y=42,43 mod x+

3}. Then u(D) = k(D) = u({2,3,z,z + 1}).

Theorem 7.3. [7]
Let D = {2,3,z,x + 2} with x > 4. Then pu(D) = k(D) for all  # 6k +5
mod 6.

Proof. We prove the following cases.
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Case 1. = = 6k + 2. By Theorem 4.1 we have established k(D) = 1/3. Now we

claim p(D) < 1/3. Let M’ = {2, 2,2 + 2} = {2,6k + 2,6k + 4}. By Theorem 6.1

with M = {1,3k + 1,3k + 2}, we obtain u(M') = u(M) = 1/3. Because M' C D, so

k(D) = pu(D) < p(M') =1/3.

Case 2. = = 6k + 3. By Theorem 4.1 we have established x(D) = (2k+2)/(6k + 7).
By Theorem 6.1 with M = {2,z,x + 2} = {2,6k + 3,6k + 5}, we get u(M) =

(2k +2)/(6k + 7). Because M C D, so u(D) < u(M) = (2k +2)/(6k + 7). Thus, the

result follows that p(D) = k(D).

Case 3. © = 6k +4. By Theorem 4.1 we have established x(D) = (2k +2)/(6k +38).
By Theorem 6.1 with M = {2, 2,2 + 2} = {2,6k + 4,6k + 6} which can be

reduced to M’ = {1,3k + 2,3k + 3}, we obtain u(M) = (k+ 1)/(3k + 4). Therefore,

w(D) < u(M) = (2k 4+ 2)/(6k + 8). So the result follows that u(D) = k(D).

Case 4. © = 6k+6. By Theorem 4.1 we have established x(D) = (4k+4)/(12k+14).
By Theorem 6.1 with M = {2, 2,2 + 2} = {2,6k + 6,6k + 8} which can be

reduced to M" = {1,3k+3,3k+4}, we get u(M) = k(M) = (2k+2)/(6k+7). Hence,

p(D) < p(M) = (2k +2)/(6k +7) and p(D) = #(D).

Case 5. © = 6k+7. By Theorem 4.1 we have established x(D) = (4k+5)/(12k+16).
By Theorem 6.1 with M = {2,z,2 + 2} = {2,6k + 7,6k + 9}, we obtain

u(M) = k(M) = (4k + 5)/(12k + 16).

Therefore, (D) < (4k +5)/(12k + 16) and pu(D) = k(D). O

Theorem 7.4. [7| Let D = {2,3,z,x + 3} with x > 4. Then u(D) = r(D), x #
1,2,4,5 mod 9.
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Proof. Consider the following cases:

Case 1. x = 9k + 3. By Theorem 4.2 we have (D) = (6k + 3)/(18k +9) = 1/3.
By Theorem 6.1, M = {3,z,z + 3} = {3,9k + 3,9k + 6}, which can be reduced to
M’ = {1,3k + 1,3k + 2}. This results in pu(M) = k(M) = 1/3. Because M C D, so
(D) = p(D) = p(M) = 1/3.

Case 2. = = 9k + 6. By Theorem 4.2 we have x(D) = (k+ 1)/(3k + 4). By
Theorem 6.1, M = 3,z,2 4+ 3 = {3,9¢ + 6,9t + 9}, which can be reduced to M’ =
{1,3t+2,3t+3}. Because M C D, k(D) < u(D) < u(M) < k(M) = (k+1)/(3k+4),
which results in u(D) = k(D) = (k+1)/(3k + 4).

Case 3. © = 9k+7. By Theorem 4.2 we have x(D) = (3k+4)/(9k+13). By Theorem
6.1 with M = {3, 2,z + 3} = {3,9t + 7,9t + 10}, we get (M) = (3k +4)/(9k + 13).
Because M C D, so k(D) < u(D) < u(M) = k(M) = (3k +4)/(9k + 13).

Case 4. = = 9k + 8. By Theorem 4.2 we have x(D) = (6k + 6)/(18k + 19). By
Theorem 6.1 with M = {3,z,z + 3}, we get k(M) = (6k + 6)/(18%k + 19). Hence,
(D) = k(D) = (6k + 6)/(18k + 19).

Case 5. © = 9k. By Theorem 4.2 we have (D) = (2k)/(6k + 1). By Theorem 6.1
with M = {3, 2,2 + 3} = {3,9k,9k + 3}, (M) = (M) = (2k)/(6k + 1). Hence, the
result follows that u(D) = k(D). O
Theorem 7.5. Let D = {2,3,z, x4+ 4} with > 4. Then u(D) = (D).

Proof. Consider the following cases:

Case 1. z =5k + 8. By Lemma 6.6 we know that x(D) = u(D) = 2.

Case 2. 7 = 5k + 4. By Theorem 4.3 we have established k(D) = 2:+2.

5k+6

Now we claim p(D) < ?)Z—ié- Assume to the contrary that pu(D) > %. Then
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S[n] S 2k+2

by Lemma 6.5, there exists a D-sequence S such that -5 > £=%,

for all non-negative
integers n. Thus S[2] > 2 which shows that 1 € S, as 0 € S and 2 € D. This also
results in S[bk + 3] > 2k + 2. By Observation 2, S[5k + 3] < S[bk + 4] < 2k + 2,
which in turn gives the equality S[5k + 3] = 2k + 2. Continuing this investigation,
we find that S[5k + 5] > 2k + 3, implying that S N {5k + 4,5k + 5} # 0, which is
impossible as 0,1 € S, and 5k + 4 € D. Thus u(D) < gZ—ié, which further results in

w(D) = k(D), as desired.

Case 3. z =5k + 5. By Theorem 4.3 we have established k(D) = %ﬁ

Now we claim p(D) < gz—ﬁ Assume to the contrary that p(D) > —?]zi? By
Lemma 6.5, there exists a D-sequence S such that S[”] > éii?, for all non-negative

integers n. Thus S[3] > 2 which shows that 1 € S, as 0 € S and 2,3 € D. This also
results in S[5k + 4] > 2k + 2. By Observation 2, S[5k + 4] < 2k + 2, which in turn
gives the equality S[bk + 4] = 2k + 2. Continuing this investigation, we find that
S[6k + 6] > 2k + 3, implying that S N {5k + 5,5k + 6} # 0, which is impossible as
0,1€ 5, and 5k +5 € D. Thus pu(D) < g’;i?, which further results in u(D) = k(D),

as desired.

Case 4. z = 5k + 6. By Theorem 4.3 we have established k(D) = 284

Bk+13 "
Now we claim p(D) < 2EEL. Assume to the contrary that p(D) > 2554
2ht4
Then by Lemma 6.5 there exists a D-sequence S such that 2 - +1 serige for all non-

negative integers n. Thus S[3] > 2 which shows that 1 € S, as 0 € S and 2,3 € D.
This also results in S[5k + 7] > 2k + 3. By Observation 2, S[5k + 5] < 2k + 3, this
gives the equality S[5k 4 5] = 2k + 3. Indeed, as we know from the same Observation
that S[bk + 4] < 2k + 2, we obtain 5k +5 € S. Continuing this investigation, we find

43



that S[5k+10] > 2k +4, implying that 5k+9 € S, as SN{5k+8,5k+9,5k+10} # 0,
and both 0,5k +5 € S and 3,5k + 10 € D. Finally, S[5k + 12] > 2k + 5 implying

that S N {bk + 11,5k + 12} # (), which is impossible as 5k +9 € S, and 2,3 € D.

Thus p(D) < 52,fjf3, which further results in (D) = k(D), as desired.

Case 5. = = 5k + 7. By Theorem 4.3 we have established (D) = 252

Now we claim p(D) < 25t

< i Assume to the contrary that p(D) > 2645 Then

S5k+14"°

S[n] < 2k+5
n+l 5k+147

by Lemma 6.5 there exists a D-sequence .S such that for all non-negative
integers n. Thus S[2] > 2 and S[5] > 3, which shows that 1,5 € 5, as 0 € S and
2,3 € D. This also results in S[5k+4] > 2k+2. By Observation 2, S[5k+4] < 2k+2,
which in turn gives the equality S[5k + 4] = 2k + 2. Continuing this investigation,
we find that S[5k + 6] > 2k + 3, implying that {5k + 5,5k + 6} NS # (). This option
does not present a problem. As S[5k + 8] > 2k + 4, and as 0,1 € S and bk + 7 € D,
this means that both 5k + 5,5k + 6 € S. Additionally, S[5k + 11] > 2k + 5, giving
5k+10 € S, as 3,5k+11 € D and 0,5k +6 € S. Finally, S[5k+13] > 2k+6 implying
that S N {5k + 12,5k + 13} # 0, which is impossible as 2,3 € D, and 5k + 10 € S.
Thus p(D) < 52,%&, which further results in (D) = k(D), as desired. O
Theorem 7.6. Let D = {2,3,z,2+ 5}. Then u(D) = k(D).

Proof. Consider the following cases:

Case 1. = =5k + 2. By Lemma 6.6, we know that (D) = u(D) = 2.

Case 2. © =5k + 3. By Lemma 6.6, we know that (D) = pu(D) = 2.

Case 3. © =5k +4. By Theorem 4.4 we have established x(D) = gﬁ—ig.

2k+2

S+ Assume to the contrary that u(D) > 2642 Then

Now we claim p(D) < St
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S[n] 2k+2

by Lemma 6.5 there exists a D-sequence S such that -5 > Z==,

for all non-negative
integers n. Thus S[2] > 2, which shows that 1 € S, as 0 € S and 2 € D. By our
assumption, S[5k + 3] > 2k + 2. By Observation 2, S[bk + 3] < S[bk + 4] < 2k + 2,
which in turn gives the equality S[5k + 3] = 2k + 2. Continuing this investigation,
we find that S[5k + 5] > 2k + 3, implying that S N {5k + 4,5k + 5} # 0, which is
impossible as 0,1 € S, and 5k +4 € D. Thus u(D) < ggiz as desired, which further

results in (D) = k(D).

Case 4. © =5k + 5. By Theorem 4.4 we have established k(D) = %ﬁ

Now we claim p(D) < ?Iz_ﬁ Assume to the contrary that (D) > gz—ﬁ Then
by Lemma 6.5 there exists a D-sequence S such that iﬂ g’;ﬁ, for all non-negative

integers n. Thus S[2] > 2 which shows that 1 € S, as 0 € S and 2 € D. By our
assumption, S[5k + 4] > 2k + 2. By Observation 2, S[bk + 4] < 2k + 2, which in turn
gives the equality S[bk + 4] = 2k + 2. Continuing this investigation, we find that
S[6k + 6] > 2k + 3, implying that S N {5k + 5,5k + 6} # 0, which is impossible as

0,1 €S, and 5k +5 € D. Thus pu(D) < g’;i?, which further results in (D) = k(D),

as desired.

Case 5. v =5k + 6. By Theorem 4.4 we have established x(D) = g’;—ig.

2k+3

St Assume to the contrary that p(D) > 23 Then

Now we claim pu(D) < 5k 0

S[n] 2k+3

by Lemma 6.5 there exists a D-sequence S such that -5 > 575,

for all non-negative
integers n. Thus S[2] > 2 which shows that 1 € S, as 0 € S and 2 € D. This also
results in S[5k + 4] > 2k + 2. By Observation 2, S[5k + 4] < 2k + 2, which in turn
gives the equality S[bk 4+ 4] = 2k + 2. Continuing this investigation, we find that
S[5k + 6] > 2k + 3, implying that 5k +5 € S, as 0 € S and 5k + 6 € D. Furthermore,
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S[5k + 8] > 2k + 4, implying that S N {5k + 7,5k + 8} # 0, which is impossible as
Sk+5€ S, and 2,3 € D. Thus u(D) < %, which further results in (D) = k(D),

as desired. O]
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CHAPTER 8
Generalized Results on (D) and x(D)

After examining patterns between p(D) and k(D) for the first few fixed dis-
tances between the z and y elements of the D-set, namely the D-sets {2, 3, z, z+i}, 1 <
i <5, it remains to be seen if these results may be extended to the generalized x(D)
values from Chapter 5. In this Chapter we show that these results can currently be
extended to y =x + 56 and y =z 4+ 56 + 1.

Theorem 8.1. Let D = {2,3,x,x +56},8 > 1. Then

[\

if x =5k +7 orx =5k+38;

B ifx =5k +4;

22 if o =5k +5;

| 222 ifo=5k+6.

Furthermore, u(D) = k(D) when k > 20.
Proof. Consider the following cases:
Case 1. x = 5k + 7. By Lemma 6.6, we know that (D) = u(D) = 2.
Case 2. © = 5k + 8. By Lemma 6.6, we know that (D) = pu(D) = 2.

Case 3. z = 5k +4. By Theorem 5.1, we have established k(D) = g:—ig when

k> 28.

2k+-2

s Assume to the contrary pu(D) > 2k2  Then by

Now we claim p(D) < St

2k+2

Sits, for all non-negative

Lemma 6.5 there exists a D-sequence S such that S[—ﬂ >
integers n. Thus S[0] > 1 and S[2] > 2, making 0,1 € S. Additionally, S[5k + 4] >

2k + 2. By Observation 2, S[bk + 4] < 2k + 2, so combined with S[5k + 4] > 2k + 2,
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we know that S[5k + 4] = 2k + 2. S[bk + 5] > 2k + 3, forcing 5k + 5 € S, which
creates a contradiction, as 1 € S and 5k +4 € D. Thus p(D) is bounded above by

222 and furthermore, x(D) = u(D), when k > 23 as desired.

Case 4. x = bk + 5. By Theorem 5.1, we have established x(D) = g’;—ﬁ when

k> 28.

We claim p(D) < 242 Assume to the contrary p(D) > 222, Then by

2k+2

sri7, for all non-negative

Lemma 6.5 there exists a D-sequence S such that S[”] >
integers n. Thus S[0] > 1 and S[2] > 2, making 0,1 € S, as 2 € D. Additionally,
S[bk + 4] > 2k + 2. By Observation 2, S[5k + 4] < 2k + 2, so combined with
S[bk + 4] > 2k + 2, we know that S[5k + 4] = 2k 4+ 2. S[5k + 6] > 2k + 3, implying
that SN{5k+5,5k+6} # () which creates a contradiction, as 0,1 € S and 5k+5 € D.

Thus p(D) is bounded above by gﬁﬁ and furthermore, (D) = k(D), when k > 24,

as desired.

Case 5. © = bk + 6. By Theorem 5.1, we have established x(D) = gz—ig when

k> 28.

< 2M3 - Assume to the contrary p(D) > 243 Then

In general, we claim p(D) < z=5. 540"

S[n] 2k+3

w1 > Ei4o. for all non-negative

by Lemma 6.5 there exists a D-sequence S such that
integers n. Thus S[0] > 1 and S[2] > 2, making 0,1 € S, as 2 € D. Additionally,
S[bk+6] > 2k+3. By Observation 2, S[bk+4] < 2k+2, forcing 5k+5 € S, as0 € S
and 5k + 6 € D. Finally, S[5k + 8] > 2k + 4, implying that S N {5k + 7,5k + 8} # 0,
which is impossible as 5k +5 € S and 2,3 € D. Thus p(D) is bounded above by gzig

and furthermore p(D) = k(D) = g:—ig, when k > 2/, as desired. O

Observation 3. Note that for Case 3 we have shown that there is an upper bound
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of n(A) < ?]z—ig when A = {2,3,5k + 4}, and thus p(D) < u(A) = gi—ig for any D

where A C D. Similarly, upper bounds of p(A) < %ﬁ when A = {2,3,5k + 5} and

u(A) < ?)I]z_ig when A = {2,3,5k + 6} have been established through Cases 4 and 5,

and by extension, u(D) < u(A) = ?Z—ig, for any D-set with A C D.

Theorem 8.2. Let D = {2,3,x,2+ 55+ 1}. Then

¢ 2 o )
H if x =5k +T,
Wet2B44 o .
5k+50+11 if © =5k +8;

u(D) < gﬁggﬁ if v =5k +4;

—giﬁ if v = bk +5;

| 2 if & = 5k + 6.

Furthermore, when k > 23, then the first three cases of the above theorem become
equalities, and (D) = k(D).
Proof. Consider the following cases:

Case 1. z =5k + 7. By Lemma 6.6, we know that (D) = u(D) = 2.

Case 2. z =5k +8. By Theorem 5.2, k(D) = 52::52;:11 when k > 20.

2k+258+4

< 2k420+4
5k+58+11"

= Bk+5B8+11"

Now we claim p(D) Assume to the contrary that u(D) >

for all

Then by Lemma 6.5 there exists a D-sequence S such that f[—ﬂ > 52::525’3:141,
non-negative integers n. Thus S[2] > 2 which shows that 1 € S, as 0 € S and
2 € D. This also results in S[5k + 58 + 8] > 2k + 26 + 4. By Observation 2,
S[5k 4+ 56+ 8] < S[bk+ 56+ 9] <2k + 26+ 4, as 2,3 € D, which in turn gives the

equality S[bk + 58 + 8] = 2k + 25 + 4. Continuing this investigation, we find that
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S[5k + 58 + 10] > 2k + 28 + 5, implying that S N {5k + 58 + 9,5k + 58 + 10} # 0,

which is impossible as 0,1 € S, and 5k + 56 + 9 € D. Thus u(D) < ;f:;gjﬁ as

desired, which further results in p(D) = k(D) when k > 20.

Case 3. = =5k + 4. By Theorem 5.2, we have established (D) = ;Ziggﬁ when

k> 28.

2k+28+2

- 2k+26+2
Now we claim u(D) < ShSAT

— Sk+584T7"

Assume to the contrary u(D) >

2k+28+2
5k+58-+7"

Then by Lemma 6.5 there exists a D-sequence S such that S[”] > for all non-
negative integers n. Thus S[0] > 1 and S[2] > 2, making 0,1 € S. Also, we observe
that S[5k+56+4] > 2k+25+2. By Observation 2, S[5k+55+4] < 2k+25+2, so
combined with S[5k+56+4] < 2k+25+2, we know that S[bk+50+4] = 2k+25+2.
Finally, S[5k+53+6] > 2k+28+3, implying that SN{5k+53+5,5k+58+6} # 0,

which creates a contradiction, as 0,1 € S and 5k+55+5 € D. Thus pu(D) is bounded

above by g:iggi? and p(D) = k(D), when k > 2/, as desired.

Case 4. x = 5k + 5. By Observation 3, (D) < u({2,3,5k +5}) = g:—ﬁ, as desired.

Case 5. © = bk + 6. By Observation 3, (D) < u({2,3,5k +6}) = ?I::S’ as desired.

]
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CHAPTER 9
Interesting Properties and Questions for Future Study
When looking at the tables from Chapter 5 for the overarching generalized

behaviors, we can see that lim x(D) = 2 or lim (D) = 3. One of the next questions
B—00 B—00

to be answered is what are the interactions dominating the first of the generalized
cases, where k < 2. The value of k(D) seems to initially drop dramatically towards a
lower fractional value that is closer to }l, but then resumes its asymptotic rise towards
%. We conjecture that there is another modulo pattern at work in these initial cases,
dominant only so long as k < 23, and further ask whether or not there are perhaps
interesting dynamics within the initial k(D) values that may shed light on how to
extend these results to more inclusive D-sets, such as ones that do not require the
first two elements to be 2 and 3. Finally, it remains to be seen if asymptotic upper
bounds may be found for the p(D) of other D-sets, and whether this may, in turn,

be extended to generalize the complete behavior for all 4-element D-sets.
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APPENDIX A

Java Program Code for Generating (D) Values
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package colortheory;

public class TimeCircumDistanceSingle {

public static void main(String[] args) {
//System.out.print(" y:");
for (int columnCounter = 5; columnCounter < 99; columnCounter++) {
if (columnCounter < 10) {
System.out.print(columnCounter + " ");
}else {
System.out.print(columnCounter + " ");
}
}
finalinta=2,b=3;
final int distanceBetweenXandY = 51;
int C=171, D = C + distanceBetweenXandY;
int[][] timeMatrix = new int[C+1][C+1+distanceBetweenXandY];
int[][] circumMatrix2 = new int[C+1][C+1+distanceBetweenXandY];
int[][] distMatrix = new int[C+1][C+1+distanceBetweenXandY];
for (int cVariable = 4; cVariable <= C; cVariable++) {
int c = cVariable;
for (int variable = ¢ + 1; variable <= D; variable++) {
int d = variable;
int[] circumf = new int[6];
double[] maxKappa = new double[6];
int[] timeKeeper = new int[6];
int[] circumMatrix = new int[6];
int[] dist = new int[6];
circumf[0] =a + b;
circumf[l] =a+¢;
circumf[2] =a +d;
circumf[3]=b +c;
circumf[4] =b +d;
circumf[5] =c+d;
for (int counter = 0; counter < 6; counter++) {
int circum = circumf[counter];
int[][] distance = new int[4][circum];
for (int time = 1; time <= circum; time++) {
int min;
min = (time * a) % circum;
if (min <= circum / 2) {
// System.out.printin("min is " + min);
distance[0][time - 1] = min;
continue;
}else {
min = (circum - min) % circum;
distance[0][time - 1] = min;

}
// System.out.printin("min is " + min);
continue;
}
for (int time = 1; time <= circum; time++) {
int min;

min = (time * b) % circum;

if (min <= circum / 2) {
// System.out.printin("min for b is " + min);
distance[1][time - 1] = min;
continue;

}else {
min = (circum - min) % circum;
distance[1][time - 1] = min;



// System.out.printin("min for b is " + min);

1
for (int time = 1; time <= circum; time++) {
int min;
min = (time * ¢) % circum;
if (min <= circum / 2) {
// System.out.printIn("min for cis " + min);
distance[2][time - 1] = min;
continue;
}else {
min = (circum - min) % circum;
distance[2][time - 1] = min;
}
// System.out.printin("min for cis " + min);
}
for (int time = 1; time <= circum; time++) {
int min;
min = (time * d) % circum;
if (min <= circum / 2) {
// System.out.printin("min for d is " + min);
distance[3][time - 1] = min;
continue;
}else {
min = (circum - min) % circum;
distance[3][time - 1] = min;
}
// System.out.printin("min for d is " + min);
}

for (int bob = 0; bob < 4; bob++) {
for (int min = 0; min < circum; min++) {
if (distance[bob][min] > 99) {
// System.out.print(distance[bob][min] + " ");
} else if (distance[bob][min] < 100
&& 9 < distance[bob][min]) {
// System.out.print(" " + distance[bob][min] +

")

}else {
// System.out.print(" " + distance[bob][min] +
")

}

}
// System.out.printin();
}

int[] minDist = new int[circum];
for (int column = 0; column < circum; column++) {
minDist[column] = distance[0][column];
if (distance[1][column] < distance[0][column]) {
minDist[column] = distance[1][column];
if (distance[2][column] < distance[1][column]) {
minDist[column] = distance[2][column];
if (distance[3][column] < distance[2][column]) {
minDist[column] = distance[3][column];
continue;

} else
continue;

} else if (distance[3][column] < distance[1][column]) {
minDist[column] = distance[3][column];
continue;

} else
continue;

} else if (distance[2][column] < distance[0][column]) {



}

minDist[column] = distance[2][column];

if (distance[3][column] < distance[2][column]) {
minDist[column] = distance[3][column];
continue;

} else
continue;

} else if (distance[3][column] < distance[0][column]) {
minDist[column] = distance[3][column];
continue;

}
/*

* System.out.printin(); for (int minPlaceHolder = 0;

* minPlaceHolder < circum; minPlaceHolder++) { if

* (minDist[minPlaceHolder] < 10) { System.out.print(" " +
* minDist[minPlaceHolder] +" "); } else {

* System.out.print(" " + minDist[minPlaceHolder] + " "); }
*}

*/

// System.out.printin();
int maxMinValue = minDist[0], timeCounter = 1;
for (int findingMaxMinValue = 0; findingMaxMinValue < circum; findingMaxMinValue++) {
if (minDist[findingMaxMinValue] > maxMinValue) {
maxMinValue = minDist[findingMaxMinValue];
timeCounter = findingMaxMinValue + 1;
continue;
} else
continue;
}
// System.out.printin();
double kappa = (double) maxMinValue / circum;
/*System.out.printIn("The maximum minimum distance is " +
maxMinValue
+ " for circum " + circum);
System.out.printin("This gives the kappa value of " +
kappa);*/
// System.out.printin("The first time giving this distance is "
// + timeCounter);
// System.out.printin();
maxKappa[counter] = kappa;
timeKeeper[counter] = timeCounter;
circumMatrix[counter] = circum;
dist[counter] = (int) (kappa*circum);

int dist2 = 0;

inttime =0;

double kappa =0;

int circum =0;

for (int counter = 0; counter < 6; counter++) {

}

if (maxKappa[counter] <= kappa) {
continue;

}else {
kappa = maxKappa[counter];
time = timeKeeper[counter];
circum = circumMatrix[counter];
dist2 = dist[counter];
continue;

}

//System.out.printin(circumReference + " is the circum");



/*System.out.printIn("The circum that results in kappais " +
circum +" The final Kappa value for{"+a+","+b+
+c+","+d+"}is" +kappa+".");
System.out.printin(time + " {"+a+","+b+""+c+"," +
d+"}");*/

timeMatrix[c][d] = time;

circumMatrix2[c][d] = circum;

distMatrix[c][d] = dist2;

non
’

}
}

for (int place = 5; place < D; place++) {

}

System.out.printin("x, y");

for (int row = 4; row < C; row++) {
if (row < 10) {

System.out.print(row + ", " + (row+distanceBetweenXandY) +" || ");
} else if (row < 100 && 10 <= row) {

System.out.print(row + ", " + (row+distanceBetweenXandY) + " || ");
}else {

System.out.print(row + ", " + (row+distanceBetweenXandY) + "| | ");
}

for (int column = row+distanceBetweenXandY; column == row+distanceBetweenXandY; column++) {
if (timeMatrix[row][column] < 10) {
if (circumMatrix2[row][column] <10){
if (distMatrix[row][column]<10){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else if (distMatrix[row][column]>=10 && distMatrix[row][column]<100){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else {
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}}
else if (10 <= circumMatrix2[row][column] && circumMatrix2[row][column]<100){
if (distMatrix[row][column]<10){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else if (distMatrix[row][column]>=10 && distMatrix[row][column]<100){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else {
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}}
else {
System.out.print(timeMatrix[row][column] + " (" + circumMatrix2[row][column] + ")["
+ distMatrix[row][column] + "] ");
}
} else if (10 <= timeMatrix[row][column]&& timeMatrix[row][column] < 100) {
if (circumMatrix2[row][column] <10){
if (distMatrix[row][column]<10){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}



else if (distMatrix[row][column]>=10 && distMatrix[row][column]<100){
System.out.print(timeMatrix[row][column] + "(" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else {
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}}
else if (10 <= circumMatrix2[row][column] && circumMatrix2[row][column]<100){
if (distMatrix[row][column]<10){
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else if (distMatrix[row][column]>=10 && distMatrix[row][column]<100){
System.out.print(timeMatrix[row][column] + "(" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
continue;}
else {
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "]");
continue;}}
else {
System.out.print(timeMatrix[row][column] + "(" +
circumMatrix2[row][column] + ")[" + distMatrix[row][column] + "] ");
}
continue;
}else {
if (circumMatrix2[row][column] <10){
System.out.print(timeMatrix[row][column] + " (" + circumMatrix2[row][column] + ") ["
+ distMatrix[row][column] + "] ");
continue;}
else if (10 <= circumMatrix2[row][column] && circumMatrix2[row][column]<100){
System.out.print(timeMatrix[row][column] + "(" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "] ");
}
else {
System.out.print(timeMatrix[row][column] + " (" +
circumMatrix2[row][column] + ") [" + distMatrix[row][column] + "]");
}
continue;
}
}

System.out.printin();



APPENDIX B

Mathematica Program Code for Checking Intersection Intervals

61



k=B;
"Clear[k]";
Clear|[al;

x =5k+6;

y = x+5B+1;
y=k+1+f3;
r=0;

c=y+x

d =4y-5
Kappa = Simplify[d/c]
c;

d;
Simplify[d];

Simplify[Expand[twolLeft=d/2]];
Simplify[Expand[threeRight = 1/3(c-d)]1];
set = Simplify[{twoLeft, threeRight}];

xn =k+0;

yn=xn +f3;

x1=Simplify[ 1/x(d + xn* c)];

xr= 1l/x(c-d+xn * c);

yl=Simplify[Expand[ 1/y(d + yn *c)]1;

yr= 1/y(c-d+yn * c);

Expand[ {Simplify[x1*2*x] ,Simplify[xr*2*x]}]
Expand|[ {twoLeft*2*x, threeRight*3*x}]
Expand[ {Simplify[x1*3*x] ,Simplify[xr*3*x]}]

Expand[ {Simplify[yl*2*y] ,yr*2*y}]

Expand|[ {twoLeft*2*y, threeRight*3*y}]

Expand[ {Simplify[yl*3*y] ,yr*3*y}]

" Left X Interval Right X Interval"
Expand[ {Simplify[xl*x*y],Simplify[xr*x*y]}]
Expand[ {Simplify[yl*x*y],Simplify[yr*x*y]}]

" Left Y Interval Right Y Interval"

Simplify[{twoLeft, threeRight}]

Simplify[x1]
Simplifyl[yr]

Simplify[xr]
Simplify[yl]



