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Abstract

A multi-distance labeling (or radio labeling) of a graph G is a function f that assigns each
vertex a non-negative integer label such that the separation of labels between distinct vertices
u,v is at least diam(G) + 1 — d(u, v), where the distance d(u,v) between v and v is the length
of a shortest path from u to v and the diameter diam(G) is the maximum distance between
any two vertices in G. The span of a radio labeling f is the difference between the smallest and
largest labels assigned by f, and the radio number of G is the smallest possible span for any
radio labeling of G. We will prove a general formula for the radio number of all grid graphs
dependent only on their horizontal and vertical lengths and their parity. We also survey other
graphs and their radio numbers, some of which are completely determined. Of special interest

within this survey is the radio number of different tree graphs.
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1 Introduction to Radio Labelings and Meshes

1.1 The Channel Assignment Problem

Consider a set of radio stations or transmitters at fixed distances apart, each of which paired
with a given frequency. It is of no surprise that proximity of stations induces interference; that
is, the closer that two stations are, the stronger their interference may be. To circumvent this
disruption to the stations, the separation of channels or frequencies of stations must be suffi-

ciently large.

This leads researchers to design a graph model for the system of stations. We first repre-
sent the stations and their proximity as vertices and edges on a graph, respectively. We then
define a function on the vertex set of this graph to assign frequencies, the goal being to find
a function that precludes any interference but does not require unnecessarily high frequencies.
This problem is known ubiquitously as the channel assignment problem, introduced by Hale in

[2] and pursued by many prominent researchers in the field of graph theory.

To date, researchers have discovered many strong results for various classes of graphs in the
channel assignment problem. The plethora of commonalities and differences in their methods

and results is undeniable.

1.2 Definitions and Preliminary Observations

Definition 1.1. Let m,n € N. An m x n grid graph M(m,n) (or mesh) with n rows and m
columns is P,,0P, = {(u,v) : u € V(Py,),v € V(P,)}, called the Cartesian product of P,, and
P,. P,, and P, denote paths with m and n vertices, respectively. (u,v) ~ (v/,v’) in P, 0P, if

and only if either u ~p_ v and v =" or u =" and v ~p_ v’

Beginning from the bottom left corner of M(m,n), we denote the vertices of M(m,n) in a
manner analogous to the Cartesian coordinate system in the first quadrant of R?. That is,
V(M(m,n)) = {(a,b) e N x N: 1 <a <m1<b< n}. Foradditional consistency with
terminology used in the Cartesian coordinate system, for any v = (a,b) € G, we refer to a as

the z-coordinate of v and b as the y-coordinate of v.
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Above is the grid graph M(6,4). Each vertex is juxtaposed with an ordered pair of integers.

Definition 1.2. Let G be a connected graph.
1. The distance between elements u,v € V(G), denoted d(u,v), is the length of a shortest
path from u to v.

2. The diameter of G, denoted diam(G), is max{d(u,v) : u,v € V(G)}.

Observation 1.1. Let G = M(m,n).
1. diam(G) = m+n —2 and |V(G)| = mn.
2. If u = (a,b) and v = (c,d), then d(u,v) = |c —a| + |d — b].
3. M(m,n) = M(n,m). So if m and n have different parity, then we assume that m is even

and n is odd.

Definition 1.3. Let G = M (m,n).
1. A center of G is a middle vertex of G.
(a) fm=20+1and n =2k + 1, then G has a unique center (I + 1,k + 1).
(b) If m =2l and n = 2k + 1, then G has 2 centers, (I,k+ 1) and (I + 1,k + 1).
(¢) If m =2l and n = 2k, then G has 4 centers, (I, k), (I+1,k), (I,k+1),and (I+1,k+1).
2. The left region of G is the set of vertices on the left side of G.
(a) If m =20+ 1, then the left region of G is {(a,b) : 1 <a <1+ 1}.
(b) If m = 2I, then the left region of G is {(a,b) : 1 < a <I}.
3. The right region of G is the set of vertices on the right side of G.
(a) If m =20 + 1, then the right region of G is {(a,b) : I + 1 < a < m}.
(b) If m = 2l, then the right region of G is {(a,b) : I +1 < a < m}.



4. The corners of G are (1,1), (1,n), (m,1), and (m,n).

5. The upper section of G is the set of upper vertices of G.
(a) If n =2k + 1, then the upper section of G is {(a,b) : k+1<b<n}
(b) If n = 2k, then the upper section of G is {(a,b) : k+1 < b <n}

6. The lower section of G is the set of lower vertices of G.
(a) If n =2k + 1, then the lower section of G is {(a,b) : 1 <b<k+1}
(b) If n = 2k, then the lower section of G is {(a,b) : 1 < b < k}.

To simplify our calculations, we introduce an artificial horizontal azis and an artificial vertical
axis to separate the sections and regions of G.

1. If n = 2k + 1, then all vertices with y-coordinate k + 1 lie on the horizontal axis. Vertices
on or above the horizontal axis form the upper section of G. Vertices on or below the
horizontal axis form the lower section of G.

2. If n = 2k, then the lower section of G is below the horizontal axis, and the upper section
of G is above the horizontal axis. No vertices of G lie on the horizontal axis if n is even,
but from a visual perspective, each vertex whose y-coordinate is k or k + 1 appears to be
“half a unit” away from the horizontal axis. The horizontal axis therefore partitions the
vertices of G if n is even.

3. If m = 20+ 1, then all vertices with z-coordinate [ + 1 lie on the vertical axis. Vertices on
or to the left of the vertical axis form the left region of G. Vertices on or to the right of
the vertical axis form the right region of G.

4. If m = 2[, then the left region of G is to the left of the vertical axis, and the right region
of G is to the right of the vertical axis. No vertices of G lie on the vertical axis if m is
even, but from a visual perspective, each vertex whose z-coordinate is [ or [ + 1 appears
to be “half a unit” away from the vertical axis. The vertical axis therefore partitions the

vertices of G if m is even.

Definition 1.4. Let v € V(G).
1. The level of v, denoted L(v), is the vertical separation of v from the horizontal axis of G.
Let w be the vertex in the same column and section of G nearest the horizontal axis.
(a) If n =2k + 1, then L(v) = d(v,w)
(b) If n = 2k, then L(v) = d(v,w) + 1.
2. The displacement of v, denoted D(v), is the horizontal separation of v from the vertical

axis of G. Let u be the vertex in the same row and region of G nearest the vertical axis.



(a) If m =20+ 1, then D(v) = d(v,u)
(b) If m = 21, then D(v) = d(v,u) + 3.

Proposition 1.1. Let G = M(m,n). Let u,v € V(QG).
1. If u,v are in the same region of G, then

don) L(u) + L(v) 4+ |D(u) — D(v)] if u,v are in opposite sections;
u,v) =

|L(uw) — L(v)| + |D(u) — D(v)| if u,v are in the same section.

2. If u,v are in opposite regions of G, then

dos) L(u) 4+ L(v) + D(u) + D(v) if u,v are in opposite sections;
u,v) =

|L(u) — L(v)| + D(u) + D(v) if u,v are in the same section.

Remark 1. If d(u,v) = L(u) + L(v) + D(u) + D(v), then we say the u, v jump is of the best type.

Definition 1.5. Let G be a connected graph.
1. A radio labeling of G (also known as a multi-distance labeling) of G is a function f : V(G) —
{0,1,2,...} such that |f(u) — f(v)| > diam(G) + 1 — d(u, v) for all distinct u,v € V(G).
2. The span of a radio labeling f, denoted span(f), is maz{|f(u) — f(v)| : u,v € V(G)}
3. The radio number of G, denoted rn(G), is the minimum span of all radio labelings of G.

4. If span(f) = rn(G), then f is an optimal radio labeling of G.

Proposition 1.2. Fvery radio labeling on a connected graph G is a one-to-one function on its
vertex set V(G), since d(u,v) < diam(QG) for all u,v € V(G) by definition. So for every radio

labeling f on G, the elements of V(G) = {u1,uz,...,u,} can be uniquely ordered such that

flur) < flug) < ... < f(un).
If we fix f(u1) = 0 for convenience, then f(uy) = span(f).

Notation: Let f be aradio labeling of G = M (m, n) with the vertex ordering (21,v1), -, (Zmn, Ymn )-
1. Let v; denote (x;,y;), and let d; denote d(v;, viy1).
2. Let f; denote f(vit1) — f(v;), 80 fi >n+1—d; for every 1 <i <mn — 1.

3. Let d,, denote |z;+1 — x;], the horizontal separation of v; and v;41.

W

. Let d,, denote |y;+1 — y;|, the vertical separation of v; and v;41.



Lemma 1.1. Let G = M(m,n). If f is a radio labeling of G such that 0 = f(v1) < f(v2) <

oo < [(Vmn) = span(f), then span(f) is bounded below by

mn—1

span(f) = (mn—1)(m+n—1) — Z d(vi, Vi41).

Proof. Let f be a radio labeling of G. Since diam(G) = m + n — 2, we obtain the following

inequalities.

f(’UQ) 7f(U1) 2m+n717d(vg,v1)
f(vs) — f(v2) >m+n—1—d(vs,vs)

f(vmnfl) - f(vmn72) Z m+n — 1-— d(vmnflvvmn72)

f(vmn> - f(vmnfl) Z m+n— 1-— d(’Umn; 'Umnfl)

Summing up these mn — 1 inequalities, we obtain

mn—1

span(f) = (mn —1)(m+n—1) — Z d(vi, vit1)-



2 Radio Number of Ladder Graphs - Lower Bound

2.1 Lower Bound of rn (M (2,n)) for n Odd

Definition 2.1. A ladder graph with n > 3 steps is a mesh M (2,n).

Observation 2.1. Let G = M(2,n). Let v € V(G).
1. If n = 2k + 1, then L(v) = 0 if and only if v is a center. The level of any vertex is
non-negative.
2. If n =2k, then L(v) = % if and only if v is a center. The level of any vertex is at least %
3. Since G has only two columns, every vertex has a displacement of%. Hence, D(u)—D(v) =
0 and D(u) + D(v) =1 for any u,v € V(G).

4. The first column is the left region of G; the second column is the right region of G.

Proposition 2.1. Let G = M(2,n). Let u,v € V(G).
1. If u,v are in the same column of G, then
L(u) + L(v) if u,v are on opposite sections;

d(u,v) =
|L(u) — L(v)] if u,v are in the same section.

2. If u,v are in opposite columns of G, then

L(u)+ L(v) +1 if u,v are on opposite sections;
d(u,v) =
|L(u) — L(v)|+ 1 if u,v are in the same section.

So if d(u,v) = L(u) + L(v) + 1, then we say that the u,v jump is of the best type.

Lemma 2.1. Let n = 2k + 1. Let f be a radio labeling of G = M(2,n), where 0 = f(v1) <
flv2) < ... < f(van) = span(f) gives the ordering of the vertices of G. Then
2n—1 2n—1

S d(vivi1) € 3 [L(0) + L(visn) + 1] = n? 420 — 2 = [L(vy) + L(v,)].

i=1 i=1
Proof. Suppose the assumption holds. It is clear from an earlier proposition defining the distance
between vertices in terms of their levels that d(v;,v;) < L(v;) + L(v;) + 1 for all v;,v; € V(G),

with equality holding only when v; and v; are on opposite sections and different columns, unless



one of the vertices is a center. This gives us the following inequality.

2n—1 2n—1

Z d(vi,vig1) < Y [L(vi) + L(vigr) + 1]

i=1

Notice that each vertex level L(v;) appears exactly twice in the above inequality except L(v)
and L(vay, ), each of which appears only once. Also notice that for any integer 1 < ¢ < k, there

exist exactly four v; € V(G) such that L(v;) = t. Hence, we have

2n—1 2n—1

> d(vivign) < > [L(:) + L(vig) + 1]
=1 =1

=(2n—1) — L(v1) — L(vgyn) + 2 Z L(v;)
(1)
2

=(2n-1)+8 E n+1) (n_lﬂ — [L(v1) + L(van)]

=n%+2n—2— [L(v1) + L(vay)] -

=(2n-1) +2[4 <1+2+ +1>} — [L(v1) + L(van)]

O

From Lemma 2.1, it becomes evident that the values of L(v;) and L(vs,) are directly related to
minimizing the sum of the distances between consecutively labeled vertices and the search for a

lower bound of rn(G).

Definition 2.2. Let f be a radio labeling of G = M (m,n). A secluded vertex of G is a corner
vertex v; of G (where 2 < j < mn—1) satisfying d(v;,vj4+1) = L(v;)+L(vj4+1)+D(v;)+D(vjt1)
and d(vj,vj-1) = L(v;) + L(vj-1) + D(v;) + D(vj-1).

Observation 2.2. If G = M(2,n), then a secluded vertex vj (where2 < j < 2n—1) is a corner

vertex satisfying d(vj,vj41) = L(v;) + L(vj41) + 1 and d(vj,vj—1) = L(vj) + L(vj—1) + 1.

Lemma 2.2. Let n =2k + 1. Let f be a radio labeling of G = M(2,n). If f(vir1) — f(vi) =
n+1—d(vit1,v;) for all1 < i < 2n — 1, then for any secluded vertex vj, we have that either

Vj_1 0T Vj41 5 a center of G.

Proof. Suppose the assumption holds. Let v; be a secluded vertex of G. By the assumption,

we have



fjt1) = f(v;) =n+1—d(vj11,v;) =n+1—[L(vj1) + L(v;) + 1]
fwj) = fvjo1) =n+1—d(vj,vj_1) =n+1—[L(v;) + L(vj_1) + 1]
= f(vj+1) = f(vj—1) = 2n — 2L(v;) — L(vjy1) — L(vj—1)

—2-2(250) - (B + Loy (3)

=n+1—[L(vjy1) + L(vj-1)].

By our assumption, we know that v;;1 and v;_; are both on the column and section opposite

of v;. Hence we know

fjt1) = f(vj—1) 2 n+1—d(vjp1,v5-1)

=n+1—|L(vjt1) — L(vj-1)l.

By (3), we have n + 1 — [L(vj41) + L(vj—1)] > n+1—|L(vj41) — L(vj—1)]

= L(vj41) + L(vj-1) < [L(vj1) — L(vj-1))]
— L(’l}j+1) =0or L(’Uj_l) =0.
So either v;_; or v;41 is a center. O

Lemma 2.3. Let n =2k + 1. Then rn(G) > n? —n + 3.

Proof. Let f be any radio labeling of G = M (2,n), with n = 2k + 1. Since L(vy) + L(ve,) > 0,

we observe three cases to show that span(f) > n? —n + 3.

Case 1: L(vy) + L(va,) = 0, so vy and vy, are the centers of G.

Subcase la: For every 1 <1i < 2n — 1, v; and v;41 are in different columns of G.

Since G has exactly two centers v; and v, in this case (the first and last vertices in the labeling
sequence of f), we know that v, vs, ..., v2,—1 are not centers and therefore cannot concurrently
be in both the upper and lower sections of G. Hence, at most n consecutively labeled vertices
can be labeled by switching sections and columns in each jump, so there must exist an index
2 < j < 2n — 2 such that v; and v;41 are in the same section of G, since we assumed they are

not in the same column in this subcase.



Without loss of generality, suppose L(v;1+1) < L(v;). Notice that v;4q is not a center of G, so

L(vj41) > 1. Therefore, we have

= L(vj) — L(vj4+1) + 1
= L(vj) + [L(vjt+1) = 2L(vj41)] + 1

< L(v) + [L(vj41) =2 + 1.

2n—1 2n—1

Hence, Z d(vi,vig1) < Z [L(vi) + L(vj1) + 1] — 2 .

<n?42n—4.

Therefore, span(f) > (2n—1)(n+1)— (n*+2n—4)=n? —n+3.

Subcase 1b: There exists an index 1 < ¢ < 2n—1 such that v; and v;11 are in the same column
of G.

First note that v; and vy, are on opposite columns, since they are both centers. Since v; and
v;j+1 are in the same column and the two columns of G have equal cardinality, there must exist a
pair of consecutively labeled vertices v; and vj41 in the column opposite v; and v;41. Therefore,

we have

d(vi, vig1) < L(v;) + L(vig1)

d(vj,vjr1) < L(vg) + L(vj41).

2n—1 2n—1
— Z d(vi,’l)zqu) < Z [L(’Ul) + L(’UZ‘+1) + 1] -2
i=1 i=1 (9)
<n?+2n—4.

So span(f) > (2n—1)(n+1) — (n®> +2n —4) =n? —n + 3.



CASE 2: L(vy) + L(va,) > 2.

2n—1 2n—1

- Z d(vi,viﬂ) < Z [L(Ul) + L(Ui+1) + ].]
i=1 i=1
=n%+2n —2— [L(v1) 4 L(van)] (10)

§n2+2n74.

So span(f) > (2n—1)(n+1) — (n? +2n —4) =n? —n + 3.
CASE 3: L(v1)+L(va2p) = 1. Without loss of generality, assume that L(v;) = 0 and L(va,) = 1.

Subcase 3a: There exists an index 1 < j < 2n — 1 such that v; and v;4; are not on opposite

columns and sections. Then

d(l]j, Uj+1) < L(’Uj) + L(Uj_;,_l) + 1. (11)

2n—1 2n—1

— Y d(vi,vig) < Y [L(vi) + Lviga) + 1] = 1

i=1 i=1
=n?+2n—2—[L(v1) + L(vay)] — 1

=n’+2n—4.

So span(f) > (2n—1)(n+1) — (n®+2n—4) =n? —n + 3.

Subcase 3b: For every index 1 < i < 2n—1, v; and v;41 are on opposite columns and sections.
Since L(v1) = 0 and L(va,) = 1, we know v is a center of G and that the only unlabeled center
is adjacent to vy in the opposite column. Since the column opposite v; has 2 corner vertices
and no vertices precede vy in the labeling sequence of f, it is impossible for both corner vertices
in the column opposite v; to immediately precede or follow a center of G, since we assumed in
this subcase that consecutively labeled vertices alternate columns and sections.

Say that v; (where 3 <t < 2n — 2) is a corner vertex in the column opposite v; that does not
immediately follow v;. Since v441 and v;—1 are both in the column and section opposite v¢, we

know that vy41 and v;_1 both reside in the same column and section. Therefore, we have

d(ve, veq1) = L(ve) + L(vegr) +1
(13)

d(Ut,Ut_1) = L(Ut) + L(’Ut_l) +1

10



Hence, the conclusion of Lemma 2.2 fails, and so it follows that there exists an index 1 < i <

2n — 1 such that f(v;11) — f(vi) > n+ 1 —d(v;, vi41), with strict inequality.

= span(f) > (2n — 1)(n+ 1) — (n* + 2n — 3)

=n*—n+2

So span(f) >n? —n + 3.

2

Hence, in all cases, we have span(f) > n* —n + 3, thus proving our lower bound for rn(G)

when n is odd. O

2.2 Lower Bound of rn (M (2,n)) for n Even

Lemma 2.4. Let n = 2k. Let f be a radio labeling of G = M(2,n), where 0 = f(v1) < f(ve) <
e < flvan) = span(f) gives the ordering of the vertices of G. Then

2n—1 2n—1

Z d(’l]i,vi+1) S Z [L(Uz) + L(vi+1) + ].} S n2 + 2n — 2.
i=1 =1

Proof. Suppose the assumption holds. We know that d(v;,v;) < L(v;) + L(v;) + 1 for all
v;,v; € V(G), with equality holding only when v; and v; are on opposite sections and different

columns. This gives us the following inequality.

2n—1 2n—1
D dwi,vien) < Y [L(0:) + L(vir) +1].
i=1 i=1
Notice that each vertex level L(v;) appears exactly twice in the above inequality except L(v1)

and L(vay), each of which appears only once. Also notice that for any ¢ € {%, %, e (”T_l) },

11



there exist exactly four v; € V(G) such that L(v;) = t. Hence, we have

3 dlvivi) € 3 (L) + Lvin) + 1
= (2n—1) = L(v1) = L(van) +2 ) L(vy)
=02n—-1)+2 _4 (; + % SR ; 1)} — [L(v1) + L(van)] (15)

=@2n—1)+40+3+ ...+ (n—1)] = [L(v1) + L(van)]

=02n—-1)+4 % (g) (n)} — [L(v1) + L(vay)]

=n?+2n—1—[L(v1) + L(vay)] -

Since n is even, we have L(v1) + L(v2,) > & 4+ 2 = 1. Therefore, we have

2n—1
Z [L(v;) + L(vig1) + 1] < n® +2n — 2.
i=1
O

Lemma 2.5. Let n = 2k. If v; (where 2 < j < 2n — 1) is a secluded vertex, then either

fjt1) = f(vj) >n+1—d(vjr1,v5) or f(vj) — f(vj—1) >n+1—d(vj,vj-1).

Proof. Let G = M(2,n), where n = 2k. Let v; € V(G) be a secluded vertex, where 2 < j <
2n—1. Suppose for contradiction that f(v;y1)—f(v;) = n+1—d(vj41,v;) and f(v;)—f(vj—1) =
n+1—d(vj,vj—1). Then

f(vjs1) = f(vj—1) = 2(n+ 1) — d(vj11,v5) — d(vj,vj-1)
=2(n+1) = [L(vj+1) + L(v;) + 1] = [L(v;) + L(vj-1) + 1]
=2n — L(Uj+1) - L(Uj—l) - 2L(Uj) (16)

st + 201275

=n+1—[L(vjt1) + Lvj-1)]-

By our assumption, we know that v;;1 and v;_; are both on the column and section opposite
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of v;. Hence we know

fjt1) = f(vj—1) 2 n+1—d(vjp1,v5-1)

(17)
=n+1—|L(vj1) — L(vj-1)l.
By (16), we have n+ 1 — [L(vj41) + L(vj—1)] Z n+1 = [L(vj41) — L(vj-1)|
= L(vj1) + L(vj-1) < [L(vj41) — L(vj-1)]|
(18)

— L(Uj+1) =0or L(’Ujfl) =0.

But this is contradictory, since L(v,i1) > % and L(vj_1) > So our assumption is false;

1
2

therefore, either f(vjy1)—f(v;) > n+1—d(vjy1,v;) or f(v;)—f(vj—1) > n+1—d(vj,vj_1). O

Definition 2.3. Let G = M(m,n). Let f be a radio labeling of G = M(m,n), where 0 =
f(v1) < f(va) < ... < f(Vmn) = span(f) gives the ordering of the vertices of G. The a-number
of f, denoted «(f), is the number of indices 1 <i < mn — 1 such that f; >m+n —1—d;.

From this definition, we obtain the following:

mn—1

span(f) > (mn—1)(m+n—1)+a(f) — Z d(vi,vi41)

Observation: If m = 2 (i.e. G is a ladder graph with n steps), then «(f) is the number of
indices 1 < i < 2n — 1 such that f; >n+1—d;.
Lemma 2.6. Let n = 2k. Then rn(G) > n? —n +4.

Proof. Let f be any radio labeling of G = M (2,n), with n = 2k. Notice that G has exactly
4 corners and therefore at most 4 secluded vertices. We examine different cases based on the

number of secluded vertices in G to show that span(f) > n? —n + 4.

CASE 1: G has four secluded vertices vy, , v¢,, V¢, and vy, where 1 < ] <ty < t3 < t4 < 2n.

Then, we have

13



fau>n+1—dyor fi,.1>n+1—dy, 4

ft2 > Tl+1*dt2 or ft2_1 >n+17dt2_1
(19)

ftg >7’L+1—dt3 Orfts,l >n+1—dt3,1

fta>n+1—dy, or fr,o1>n+1—de,—1.

If two secluded vertices are consecutively labeled, then two of the conditions can be concurrently
satisfied in a single jump (the jump between the two said secluded vertices). However, no three
secluded vertices may be consecutive, since any corner vertex whose predecessor and successor
in the labeling pattern of f are both corners would necessarily induce a jump not of the best
type. Since there are two pairs of secluded vertices, we can satisfy the first and second con-

ditions above with a single jump, and likewise the third and fourth conditions with a single jump.
Hence, a(f) > 2, with equality possible only if ¢; + 1 =t and t3 + 1 = t4.

Observe that when n is even, no vertex concurrently exists in both the upper and lower sections
of G. Hence, at most n consecutively labeled vertices can be labeled by alternating columns
and sections in each jump; in other words, at most n — 1 consecutive jumps can be of the best
type. Therefore, there exists an index 1 < j < 2n — 1 such that v; and v;; are either in the

same column or the same section. Hence, we have d(v;,vj4+1) < L(v;) + L(vj41). Consequently,

2n—1
Z d(vi,vig1) < (n? +2n—2) —1=n*+2n - 3.
=1

So span(f) > (2n—1)(n+1) +2— (n?+2n—3) =n? —n+4.

CASE 2: G has exactly three secluded vertices vy, , vt,, and vy, where 1 < ¢ < to < t3 < 2n,

and one non-secluded corner vertex v.. Then we have

fau>n+1—dyor fr,1>n+1—dy, 1
ft2 >Tl+l—dt2 orft2_1>n+1—dt2_1

ft3>n+1fdt3 orft3_1>n+1fdt3_1

de < L(ve) + L(veg1) or de—1 < L(ve—1) + L(v.) unless v, € {v1,v2,}.

Hence, by the same argument from Case 1, we have a(f) > 2 with equality possible only if
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t1+1=tyorty+1=t;3.

Also, since v, is a non-secluded corner vertex, we know that either v, is in {v1,v2,} (in which
case L(v1) + L(va,) > 2) or at least one jump to or from v, is not of the best type. In either

situation, from Lemma 2.4 we have

2n—1
Z d(vi,vi11) < (n*+2n—2) — 1 =n?+2n - 3.
i=1

So span(f) > (2n—1)(n+1) +2— (n?*+2n—3) =n? —n+4.

CASE 3: G has exactly two secluded vertices v, and v, where 1 < t; < t3 < 2n, and two

non-secluded corner vertices v., and v.,, where ¢; < co. Then, we have

fou>n+1—dyor fr,o1>n+1—dy

ftg >n+1—dt2 or ft2_1 >ﬂ+1—dt2_1 (21)

de;, < L(vey) 4+ L(ve,41) or dey —1 < L(ve, —1) + L(v,, ) unless v, € {v1,van}

dey < L(vey) + L(veyt1) Or dey—1 < L(vey—1) + L(ve, ) unless v, € {v1,v2,}-

Hence, a(f) > 1 with equality possible only if t; + 1 = t5.

Also, we know that each non-secluded corner vertex v., and v, either is in {v1, v, } or neces-
sarily induces a jump not of the best type. Any corner vertex in {v1, va, } would automatically
increase L(vy)+ L(vay,) by at least 1 and therefore sufficiently minimize the sum of the distances
between consecutive vertices (as in Case 2), so we examine the different possibilities if neither

of these corner vertices is in {v1, va, }.

1. If v, and v., are not consecutive, then they each induce a distinct jump not of the best
type, since they are non-secluded.

2. If v., and v, are consecutive and antipodal (i.e. in different columns and sections), then
the jump from v., to v., is of the best type, so both these vertices must induce a distinct
jump not of the best type, since they are non-secluded.

3. If v., and v, are consecutive but not antipodal, then the jump from v, to v., concurrently
satisfies the third and fourth conditions of this case; however, that would force t5 to be

strictly larger than ¢; +1 (since secluded vertices vy, and vy, cannot be in the same column
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or section if they are consecutive), which would make the preceding inequality strict.

From our observations, in Case 3 one of the two following statements must hold.

2n—1
Zd(vi,viﬂ)§(n2+2n72)72:n2+2n74 and «a(f)>1

=1

OR

2n—1
Z d(wi,vig1) < (?+2n—2) —1=n>+2n—-3 and off)>2.
i=1

In either case, span(f) > n? —n + 4.
CASE 4: G has exactly one secluded vertex v, where 1 < t < 2n, and three non-secluded

corner vertices v, , Ve,, and v.,, where ¢; < ¢a < ¢3. Then, we have

ft >n+1—dt0rft,1 >’I’L+1—dt,1
de; < L(vey) + L(ve;41) 0r dey—1 < L(vey—1) + L(ve, ) unless ve, € {v1,v2,}

dey < L(vey) 4+ L(vey41) O dey—1 < L(vey—1) + L(v,,) unless v, € {v1,van}

dey < L(vey) + L(Veg41) OF deg—1 < L(vey—1) + L(ve,) unless v, € {v1,v2,}-

Hence, by the first condition, we know «(f) > 1.

Also, unless one of the three non-secluded vertices v, , v¢,, and v, is in {v1, va, } (in which case
L(v1) 4+ L(va,) > 2), it is impossible for v, , ve,, and v, to collectively induce only one jump
not of the best type, since a single jump can only satisfy at most two of the above conditions.

Therefore, we have

2n—1

Z d(vi,vig1) < (n? +2n—2) —2=n%+2n — 4.
i=1
So span(f) > (2n—1)(n+1)+1—(n?+2n—4)=n%>—n+4.

CASE 5: G has four non-secluded corner vertices v, , Vc,, Ves, and ve, with ¢; < 3 < ¢3 < ¢4.

Then
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< L(vey ) + L(vey41) or dey -1 < L(vey —1) + L(ve, ) unless v, € {v1,va,}

< L(vey) + L(veyt1) OF dey—1 < L(Vey—1) + L(ve, ) unless v, € {v1,va,} (23)

dey < L(vey) + L(veg41) OF deg—1 < L(veg—1) + L(ve, ) unless ve, € {v1,v2,}

de, < L(ve,) + L(vey41) or dey—1 < L(ve,—1) + L(ve, ) unless ve, € {v1,v2,}-

We examine the different possibilities for the non-secluded corner vertices v, , Ve,, Vs, and v,.

1. If two of the four corner vertices are in {v1, va, }, then L(vy)+L(vay,) > 3 and the remaining

two corner vertices would induce a jump not of the best type.

2. If only one of the four corner vertices is in {vy,v2,}, then L(vi) + L(va,) > 2, and the

remaining three corner vertices would induce at least two distinct jumps not of the best

type, as was determined in Case 4.

3. If none of the corner vertices are in {v1, v, }, then the four corner vertices would induce

at least two distinct jumps not of the best type. However, if L(vy) + L(va,) = 1 and the

four corners induce ezactly 2 jumps not of the best type (in other words, if ¢4 = ¢3 + 1

and ca = ¢1 + 1), then we consider all of the following observations:

(a)

(d)

The two jumps not of the best type must be between corner vertices within the same
section or column. However, if the jumps are between corner vertices of the same
section, then each jump has a distance 1, which is the worst possible type and further
reduces the sum of the distances between consecutive vertices. So we set the two
jumps that are not of the best type to be between corners in the same column.

If c3 = ¢ca + 1 (so the jump from v, to v., is of the best type) where v, and v., are
in one column and v., and v., are in the other, then v., and v., will be in opposite
columns and sections, which would would force an additional jump not of the best type
in order to label all vertices. So c3 # c2 + 1, which prevents labeling v., immediately
after ve,.

The labeling pattern must begin and end at central vertices. This forces an additional
jump not of the best type unless v; and vq, are on opposite sections and columns
(since no vertices are in more than one section or column). But f already includes
two jumps between vertices in the same region, since co =c¢; +1 and ¢4 =c3+ 1. So
v1 and g, must be in opposite columns and sections to avoid another jump not of
the best type.

If the two jumps that are not of the best type are between corners in the same column
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as indicated in (a), then v.,+; and v, are in the same section but opposite columns.

CLAIM: If v, 41 and v., are in the same section but opposite columns, then we have

fes >n+1—dg or fo, >n+1—4d,.

Proof. Assume that f., =n+1—d., and f,, =n+1—d.,. Then

fC4 =n+1 _d04 =n+1 _L(Uc4+1) —L(UC4) -1

n—1
=n— — L(ve,+1) (24)
n 1
=5~ Llvegt1) + 5

Therefore, since fe, =n+1—d., = (n+1)—(n—1) =2, we have f(ve,41) — f(ve,) =

2 + 2 — L(vey41)- However,

f(UCzHrl) - f(UC3) Zn+1- d<v04+17U63)

=n+1- L(UCS) + L(UC4+1) -1

n—1

=n — + L(UC4+1) (25>
n 1

= 3 L(’UC4+1) + 5
n 5 .

oD L), since ) > 1

This contradiction shows that f., >n+1—d., or f., > n+1—d.,, which indicates

that a(f) > 1. O

From our observations, in Case 5 one of the two following statements must hold.

2n—1
Z d(vi,vip1) < (M +2n—2) =3 =n*+2n -5
i=1

OR

2n—1
Z d(vi,vig1) < (2 +2n—2)—2=n>+2n—4 and off) > 1.
i=1

In either case, span(f) > n? —n + 4.

Hence, in all 5 cases, we have span(f) > n? —n + 4, thus proving our lower bound for rn(G)

when n is even. O
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3 Radio Number of Ladder Graphs - Upper Bound

3.1 Upper Bound of rn (M(2,n)) for n Odd

Lemma 3.1. Let n =2k + 1. Then rn(G) < n? —n + 3.

Observation 3.1. This proposed upper bound is precisely the lower bound previously proven for

rn(M(2,n)).

Proof. Let n = 2k + 1. It suffices to find one radio labeling of G = M (2,n) with a span of

n? —n + 3. Let {w,ws, ..., w2, } be a permutation of V(G) given by the following pattern.

k+2 k+2

wy = (Lk+1) 25 2,1) 22 1,k +2) 25 (2,2) 22 1,k + 3) (2,3)
k k+1

wor = (2,k) 22 (1,n) 2 (1,1) H2 2,k +2) 25 (1,2) 22 2,k +3) L 2L (k)

k+1 k+2 k+1

B2 2n) & 2,k +1) = wa,

Let the quantity above each arrow indicate the distance between the two consecutive ver-
tices. Let f: V(G) — {0,1,2,...} be a function such that f(w;) = 0 and f(w;+1) — f(w;) =

n+1—d(w1,w;) forall 1 <i<2n—1.
CLAIM: f is a radio labeling of G.

To prove this, we show that for all 1 < i < 2n — 2, we have
flw;) — flw;) >n+1—d(wj,w;) for any j > i+ 2.

By assumption,

fwigr) — flwi) =n+ 1 — d(wit1,w;)

f(wiy2) = fwiy1) =n+1 - d(wit2, wit1)

f(wJ) — f(’l,l)j_l) =n-+1- d(wj,wj_l).
Summing up these j — ¢ equations, we obtain
j—1
f(wj) = flw) = (G —i)(n+1)— d(wg, wig1).

t—i

Let j =i+ p, where p > 2. We observe 2 cases, using distances indicated in the labeling pattern
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for f for reference.

CASE 1: p=2.

Subcase la: i = 2k or 2k + 1 (i.e. i = n —1 or n). Then according to the labeling pattern,
d(wj, ’LUZ) = k.

= f(wy) — f(wi) =2(n+ 1) — d(wi, wiy1) — d(wiq1, wit2)
=n+1+ (2k+2) — [(k+2) + 2k] (26)
=n+1—-k=n+1-dwjw).

Subcase 1b: i =4k (i.e. i =2n — 2).

= f(wy) = f(wi) = 2(n 4+ 1) — d(ws, wiy1) — d(Wis1, Wit2)
=n+14+(2k+2) - [(k+2) + k] (27)

=n+1>n+1-d(w;,w;) since d(w;,w;) > 1.

Subcase 1c: i # 2k, 2k + 1, or 4k. Then according to the labeling pattern, d(w;, w;) = 1.

= f(w;) — f(wi) =2(n+1) = d(wi, wit1) — d(Wit1, Wit2)
=n+1+2k+2)—[(k+1)+ (k+2)] (28)
=n+1-1=n+1-dwjuw).
CASE 2: p > 3.

First note that the distances in the labeling pattern alternate between k 4+ 1 and k 4 2 except
on two occasions.
1. The distance from w,, = (1,n) to wy41 = (1,1) is 2k instead of k + 1.
2. The distance from wa,—1 = (2,n) to we, = (2,k + 1) is k instead of k + 1.
Also, for p > 3, at most [ 5| jumps between w; and w; in the labeling pattern are of distance k+1.
j—1

Hence, 3 d(ws, wir1) < p(k +2) - @ 42k — (k+1)] -
t=i 29

—p(k+2) - [F] +h-1.
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j—1
d(wy, wit1)
=i

= flwj) = f(wi) = p(n+1) -

Jj—1
:n+1+(p—1)(2k+2)— d(wt,wtﬂ)
t=1

>n+1+(p-1k+2) - [plh+2) - [F]+k-1] 60
_ _ Pl

=n+1+(p 3)k+{2w 1

>n+1 sincep23and[g}21

>n+1—d(wj,wi).

By Cases 1 and 2, we know that f is a radio labeling of GG, proving our claim.

Notice from the labeling pattern that there are four possible distances between consecutively
labeled vertices, namely k, k 4+ 1, 2k, and k + 2, with the number of occurrences 1, 2k — 1, 1,

and 2k, respectively.

2n—1

= span(f) = (2n—1)(n+1) — Z d(w;, wit1)

= @2n—1)(n+1) — [(K)(1) + (k + 1)(2k — 1) + (2k) (1) + (k + 2)(2k)]

=@2n—1)(n+1)— (4k* +8k — 1)

) (31)
n—1 n—1
(2n1)(n+1)[4<> +8( )1}
2 2
—@n—1)(n+1) - [(n—1)2+4(n—1) —1}
=n?—n+3.
Therefore, rn(G) < n? —n + 3, since f is a radio labeling of G with this span.
O
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rn(M(2,9)) =75

(1-9) o557 3:9)
(18 501 (29
S rramen Aol
(1,6) 5126
(1.5) 0 75 (2.5)
N (G 32 @4)
(1.3) 56 23 (23)
(1,2) 47 14 (2.2)
(1,1) oo (21)

Above is an optimal radio labeling of M(2,9) following the labeling pattern described in the
proof of Lemma 3.1. The radio number of M(2,9) is 92 — 9 + 3 = 75.
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3.2 Upper Bound of rn (M (2,n)) for n Even
Lemma 3.2. Let n =2k. Then rn(G) <n? —n+4.

Proof. Let n = 2k. It suffices to find one radio labeling of G = M (2, n) with a span of n? —n+4.

Let {wy,wa, ..., w2, } be a permutation of V(G) given by the following pattern.

wy = (Lk+1) 25 2,1 2 1,20 25 2,0 B 1, 26—1) 2D 2,k-1) 5 (1, 20—2) 2
(2,k—2) & (1,2k—3)ﬂ>(2,k—3)i> 5 (L k+2) B, = (2,2) 22 (2, 2k—1)ki>
(Lk—1) % (2 21@72)@(1 k—2) 5 (2,26 — 3) L (1,k73)—>...i>(2,k+2)ki>
(1,2) & 2,k + 1) 25 (1,1) 25 (2,2k) 2 (1, k) = wan,

Let the quantity above each arrow indicate the distance between the two consecutive vertices.

Let f: V(G) — {0,1,2,...} be a function such that f(w;) =0 and

n+1—dwitr,w;) if1<i<2n—1unlessi=2or 2n — 2;
flwiyr) — f(wi) =
n+2— d(wit1,w;) if i =2 or 2n — 2.

CLAIM: f is a radio labeling of G.

To prove this, we show that for all 1 < i < 2n — 2, we have

f(w;) — flws) >n+1—d(w;,w,;) for any j > i+ 2.

By the same justification in the previous section, we have

fwy) = flwy) = fi—1 + fj—2+ . + fix1 + fi-

Let j =i+ p, where p > 2. We observe 3 cases, using distances indicated in the labeling pattern

for f for reference.

CASE 1: p=2.

Subcase la: i = 1,2,2n—3, or 2n—2. Then according to the labeling pattern, d(w;, w;) = k—1.
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= f(w;) = flwi) =2(n+1) + 1 = d(w;, wit1) — d(wiy1, wit2)
=2(n+1)+1—[(k+1)+ 2k (32)

Subcase 1b: i =n — 1 or n. Then according to the labeling pattern, d(w;,w;) = k — 2.

= f(wj) — flw;) =2(n+ 1) — d(w;, wit1) — d(wig1, wit2)
=2(n+1)—[(k+1)+ (2k — 3)]
(33)
=n+1-(k-3)
>n+1—(k—2)=n+1-dw;,w).
Subcase 1lc: i # 1,2,n — 1,n,2n — 3, or 2n — 2. Then according to the labeling pattern,
d(wj,wi) =1.

= f(w;) — f(wi) =2(n+ 1) — d(wi, wiy1) — d(Wit1, wit2)
=2n+1)—[(k+1)+k (34)
=n+1>n+1—dw;w).
CASE 2: p—3.

Subcase 2a: i =1 or 2n — 3.

i+2
= flwy) = f(wi) =3(n+1)+1 =Y d(ws,wep1)

t=1

=3n+1)+1—[(k+1)+2k+ (k+1)] (35)
=n+1+202k+1)+1—[(k+1)+2k+ (k+1)]

=n+1+1>n+1-dw;, w).

Subcase 2b: i = 2 or 2n — 4.

i+2
= f(wj) — flw;)) =3(n+1)+1- Zd(wt,wtﬂ)

=3(n+1)+1—[2k+ (k+1) + 4] (36)
=n+1+22k+1)+1—[2k+ (k+1)+k
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Subcase 2c: i =n — 1.
i+2

= f(w;) — f(w;)) =3(n+1)+1— Zd<Wt,wt+1)

=3(n+1)—[(k+1)+ 2k —3) + (k + 1)] (37)
—n4+1+4202k+1) —[(k+1)+ 2k —3) + (k+1)]

=n+1+3>n+1-dw;w).

Subcase 2d: i =n — 2 or n.
i+2

== f(wj)—f(wi):3(n+1)+1_zd(wt,wt+1)

=3(n+1)—[k+ (k+1)+ (2k — 3)] (38)
=n+1+202k+1)—[k+ (k+1)+ (2k — 3)]

=n+1+4>n+1—dw;,w).

Subcase 2e: i € {3,5,7,....,n—3,n+1,n+3,...,2n — 5}.

i+2
= f(w;) — flw;) =3(n+1)+1- Zd(wt,wtﬂ)

=3(n+1)—[(k+1)+k+(k+1)] (39)
=n+1+22k+1) = [(k+1)+k+ (k+1)]

=n+1+k—1>n+1-d(w;,w;) since k> 1.

Subcase 2f: i € {4,6,8,...,n—4,n+2 n+4,..2n—6}.

i+2
= f(w;) — f(w;) =3(n+1)+1 *Zd(wt,wtﬂ)

=n+1+22k+1)—[k+(k+1)+ k]

=n+1+k+1>n+1-dw;w).

CASE 3: p > 4.
First note that the distances in the labeling pattern alternate between k£ and k + 1 except on
three occasions.

1. The distance from ws = (2,1) to ws = (1, 2k) is 2k instead of k.
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2. The distance from w,, = (2,2) to w,1+1 = (2,2k — 1) is 2k — 3 instead of k.
3. The distance from wo,—2 = (1,1) to wa,—1 = (2,2k) is 2k instead of k.

Also notice that for any p > 4, at most [123] jumps between w; and w; in the labeling pattern

are of distance k.

Subcase 3a: i <2and j > 2n—1. Sop > 4k — 3.

j—1

In this subcase, Y d(w, wes1) < p(k +1) - ]ﬂ 2k — 3) — k] + 2(2k — k)]

t=1

_ _ [P _
= p(k +1) 2]+3k 3.

[4k — 3
2

<pk+1)— 1)

-‘+3k—3
<p(k+1)— (2k—1)+ (3k — 3)

=pk—+1)+k—2.

Jj—1

pn+1)+2— Zd(wt7wt+1)

t=1

= f(w;) — fw;)

=n+1+(p-1)2k+1)+2-Y dw,w)

t=1
>n+l+(p-1DC2k+1)+2—[p(k+1)+k—2] (42)
=n+1+pk—-3k+3
=n+1+k(p—3)+3
>n+1+3 sincep >3
>n+1—d(wj,w).

Subcase 3b: i >2or j < 2n — 1.

j—1
In this subcase, Zd(wt,th) <plk+1)- [gw +[(2k —3) — k] + (2k — k)
t=i

p
=plk+1) - H 2k - 3. (43)
<plk+1)—2+2k—3 sincep>4

= p(k+1) + 2k — 5.
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j—1
d(we, wiy1)
3

— )~ fw) = pln 1)~

j—1

=n+1+(@-1)2k+1) - Zd(wt,wtﬂ)

t=i
>n+14+(p—1)2k+1)— [p(k+1) + 2k - 5]
=n+1+pk—4k+5
=n+1+k(p—4)+5
>n+1+5 sincep>4
>n+1—dw;,w;).

By Cases 1, 2, and 3, we know that f is a radio labeling of GG, proving our claim.

Notice from the labeling pattern that there are four possible distances between consecutively
labeled vertices, namely k + 1, 2k, 2k — 3, and k, with the number of occurrences 2k, 2, 1, and

2k — 4, respectively.

2n—1
Hence, span(f) = 2n—1)(n+1)+2 — Z d(w;, witq)
i=1

=2n—1)(n+1)+2— [(k+ 1)(2k) + (2k)(2) + (2k — 3)(1) + (k)(2k — 4)]
=(2n—1)(n+1)+2— (4k* + 4k — 3)

—@2n-1)(n+1)+2— {4(2)14(2) —3]
=@2n—-1)(n+1)+2—(n*+2n-3)

=n®—n+4.

(45)

Therefore, rn(G) < n? —n + 4, since f is a radio labeling of G with this span.
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rn(M(2,10)) = 94

(1,10) g5 (2.10)
(1.9 95 49 29)
8 ST
L7 40 71 27)
(1.6) o551 (2.6)
(1,5) o1 12] 2%
(L) o531 ()
(1:3) 6531 29
(1.2) 76 45 @2)
(L,1) o——0 (2,1)

Above is an optimal radio labeling of M(2,10) following the labeling pattern described in the
proof of Lemma 3.2. The radio number of M(2,10) is 102 — 10 + 4 = 94.

Theorem 3.3. Let G = M(2,n), where n > 3. Then

n?—n+3 if n is odd;
rn(G) = d

n?—n+4 if n is even.

Proof. This result follows immediately from Lemmas 2.3, 2.6, 3.1 and 3.2. O
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4 Radio Number of Meshes M (m,n) for m,n > 3 - Lower

Bound

4.1 Lower Bound of rn(M(m,n)) for m Even and n Odd

Lemma 4.1. Let m = 2] and n = 2k + 1, where l > 2 and k > 1. Let f be a radio labeling
of G = M(m,n), where 0 = f(v1) < f(v2) < ... < f(Vynn) = span(f) gives the ordering of the
vertices of G. Then

mn—1
Z d(vi,vig1) < 2
i=1

1
m(n2—1)+§m n—1.

N =

Proof. Suppose the assumption holds. We know that d(v;,v;) < L(v;)+L(vj) 4+ D(v;) + D(vi41)
for all v;,v; € V(G), with equality holding only when v, and v; are on opposite sections and

regions. This gives us the following inequality.

mn—1 mn—1

> dwi,vipa) < Y [L(vi) + L(vig1) + D(vi) + D(vig1)]
=1 i=1

We make the following observations.
1. Each vertex level L(v;) and displacement D(v;) appears exactly twice in the above in-
equality except L(v1), L(Vymn), D(v1), and D(vp,y,), each of which appears only once.
2. Foranyt € {1,2,..., (%5%)}, there exist exactly 2m vertices v; € V(G) such that L(v;) = t.
3. Forany s € {1,3,..., (1)}, there exist exactly 2n vertices v; € V(G) such that D(v;) =

S.
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Hence, we have

mn—1 mn—1
Z d(vi, vi1) < Z [L(vi) + L(vit1) + D(vi) + D(vig1)]

=92 — [L(’Ul) -+ L(’Umn) + D(’Ul) + D(Umn)}

Z L(v;) + Z D(v;)

n—1 1 3 m—1
2{2m<1+2+...+2)} +2[2n<2+2+ +2>}

= [L(v1) + L(vmn) + D(v1) + D(vmn)]
-1
2

=4m 1+2+...+< }+2n[1+3+...+(m—1)]

— [L(v1) + L(vmn) + D(v1) + D(vpn)]

() (5] B

- [L(Ul) + L(vmn) + D(v1) + D(Umn)]

= %m(n2 —1)+ %an — [L(v1) + L(vmn) + D(v1) + D(vmn)]-

Since m is even and n is odd, we have L(v1) + L(Umn) + D(v1) + D(Umn) > 0+0+ 3 +1 =1

Therefore, we have

mn—1

> [L(vi) + L(vis1) + D(v;) + D(vig1)] <

i=1

1
m(n® —1) + §m2n -1

1\3\»—\

Lemma 4.2. Let m =2l and n =2k + 1, where l > 2. Let G = M(m,n). Then

rn(G) > =(m?*n 4+ mn® — 2mn —m — 2n) + 2.

DO =

Proof. Let f be any radio labeling of G = M (m,n), with m = 2l and n = 2k + 1 where | > 2.

From Lemma 4.1, we have
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Hence, we have

mn—1

span(f) > (mn—1)(m+n—1) Z d(vi, vi41)

> (mn— D(m+n—1) [;m(nZ D+ %m% _ 1]

(47)
1 1
=mPn+mn®—mn—-—m-n+1-— [2m(n2—1)+2m2n—1}
L, 2
:i(m n+mn® —2mn —m — 2n) + 2.
O

4.2 Lower Bound of rn(M(m,n)) for m,n Odd

Lemma 4.3. Let m =20+ 1 and n =2k + 1. Let f be a radio labeling of G = M (m,n), where
0= f(v1) < f(v2) < ... < f(Umn) = span(f) gives the ordering of the vertices of G. Then

mn—1

E d 'UzaUerl

Proof. Suppose the assumption holds. We know that d(v;,v;) < L(v;)+ L(v;) +D(v;) + D(viy1)

m(n? —1) + %n(m2 -1)—1.

[\3“—‘

for all v;,v; € V(G), with equality holding only when v; and v; are on opposite sections and

regions. This gives us the following inequality.

mn—1 mn—1

> dwi,vipa) < Y [L(vi) + L(vig1) + D(vi) + D(vig1)]
i=1 i=1

We make the following observations.
1. Each vertex level L(v;) and displacement D(v;) appears exactly twice in the above in-
equality except L(v1), L(Vmn), D(v1), and D(vp,y,), each of which appears only once.
2. Foranyt € {1, 2, ..., ("2 )} there exist exactly 2m vertices v; € V(G) such that L(v;) = t.
- (P

3. Forany s € {1,2,..., (%51) }, there exist exactly 2n vertices v; € V(G) such that L(v;) = s.

2
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Hence, we have

mn—1 mn—1

Z d(vi, vig1) < Z [L(vi) + L(vit1) + D(vi) + D(viga)]

=2

Z L(vi) + Z D(vi)] = [L(v1) + L(vmn) + D(v1) + D(vmn)]

T Y R | P P (SR
— [L(v1) + L(vmn) + D(v1) + D(vmn)]
=l (57) () e (7))
= [L(v1) + L(vmn) + D(v1) + D(0mn)]

1
= 2m(n -1+

(48)

2n(m? 1) = [L(01) + L) + D(w) + Do)

Since m and n are both odd, we know that G has a unique center. Hence, only one vertex has
a level and displacement both equal to zero. Since levels and displacements are both integral
values when m and n are odd, we have L(vy) + L(vmn) + D(v1) + D(vmn) > 1. Therefore, we
have

mn—1

Z [L(v;) + L(vit1) + D(v;) + D(vi41)] <

1
m(n? —1) + in(m2 -1)—-1.
i=1

w\'—'

Lemma 4.4. Let m =21+ 1 and n =2k + 1. Let G = M (m,n). Then

rn(G) >

(m*n +mn? — 2mn —m —n) + 2.

DN | =

Proof. Let f be any radio labeling of G = M(m,n), with m = 2/ + 1 and n = 2k + 1. From

Lemma 4.3, we have

mn—1

Z d UuUz+1

m(n? —1) + %n(m2 -1) -

l\D\>—~
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Hence, we have

mn—1

span(f) > (mn—1)(m+n—1) — Z d(vi, vi41)

>(mn—-1)(m+n—-1)— [;m(n2 -1+ %n(m2 -1)- 1] (19)

1 1
m?*n+mn® —mn—m—-n+1-— {2m(n2—1)+2n(m2—1)—1]

1
:§(m2n+mn2—2mn—m—n)+2.

4.3 Lower Bound of rn(M(m,n)) for m,n Even

Lemma 4.5. Let m = 2l and n = 2k. Let f be a radio labeling of G = M (m,n), where
0= f(v1) < f(v2) < ... < f(Umn) = span(f) gives the ordering of the vertices of G. Then
mn—1

1 1
Z d(vi,vi41) < §mn2 + imzn — 2.
i=1

Proof. Suppose the assumption holds. We know that d(v;,v;) < L(v;)+ L(v;) +D(v;) + D(viy1)
for all v;,v; € V(G), with equality holding only when v; and v; are on opposite sections and

regions. This gives us the following inequality.

mn—1 mn—1

> dwi,viga) < Y [L(vi) + L(vig1) + D(vi) + D(vig1)]
i=1 i=1

We make the following observations.
1. Each vertex level L(v;) and displacement D(v;) appears exactly twice in the above in-
equality except L(v1), L(Vmn), D(v1), and D(vp,y,), each of which appears only once.

2. Foranyt € {%, %, ey ("771) }, there exist exactly 2m vertices v; € V(G) such that L(v;) = t.

3. Forany s € {1,3,..., (1)}, there exist exactly 2n vertices v; € V(G) such that D(v;) =

S.
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Hence, we have
mn—1 mn—1

Z d(vi,vig1) < Y [L(0:) + L(vigr) + D(v;) + D(vig1)]

i=1

Z L(v;) + Z D(v;)

1 3 n—1 1 3 m—1
2{2m<2+2+...+ D) ):|+2|:2n<2+2+...+2):|

= [L(v1) + L(vmn) + D(v1) + D(vmn)]

=92 — [L(’Ul) -+ L(’l)7nn) + D(’Ul) + D('Um,n)}

=2ml+3+ ..+ (n—D]+2n1+3+...+(m—1)]
= [L(v1) + L(vmn) + D(v1) + D(vmn)]

—m [; (g) (n)] +on B (%) (m)} — [L(v1) + L(mn) + D(v1) + D(0nn)]

_ %mnz + %m% ~[L(v1) + Lwpn) + D(1) + D(wyn)]-
(50)

Since m and n are both even, we have L(v1) + L(vyn) + D(v1) + D(vpn) > 5+ 5+ 5+ 4 =2
Therefore, we have
mn—1 1 1
Z [L(Ul) + L(’Ui_;,_l) + D(U,‘) + D("%—&-l)] < 5777//12 + 572’127?, — 2.
i=1

O

Lemma 4.6. Let m =2l and n = 2k. If v; (where 2 < j < mn —1) is a secluded vertex, then

either f(vj41) — f(vj) > m+n—1—d(vjt1,v5) or f(vj) — f(vj—1) >m+n—1—d(vj,vj_1).

Proof. Let G = M(m,n), where m = 2l and n = 2k. Let v; € V(G) be a secluded vertex, where

2 < j < mn — 1. Suppose to the contrary that f(v;4+1) — f(v;) = m+n—1—d(vj41,v;) and
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f(’Uj) - f(Uj—l) =m+n—1- d(’Uj,’U]‘_l). Then

fjt1)=f(vj—1) =2(m +n —1) = [d(vjt1,v5) + d(vj,v;-1)]

=2(m+n—1) = [L(vj41) + 2L(v;) + L(vj-1) + D(vj41) + 2D(vj) + D(vj-1)]

=2m+n—1)— {L(vﬁl) +2 (7121) + L(vj-1) + D(vj41) + 2 <le) + D(”J—l)]

=m+n—[L(vjp) + L(vj-1) + D(vjt1) + D(vj-1)]
<m+n—[|L(vjs1) = L(vj-1)| + [D(vj41) — D(vj-1)] + 2]
since L(vj41) + L(vj-1) > [L(vjt1) — L(vj—1)[ + 1
and D(vj41) + D(vj—1) > |[D(vj41) — D(vj—1)| + 1.
(51)

By our assumption, we know that v;4; and v;_; are both on the section and region opposite of

v;. Hence we know

fwjsr) = fvj—1) >2m+n—1—d(vjy1,vj-1)
(52)

=m+n—1—[L(vjs1) — L(vj-1)| + [D(v;41) — D(vj-1)]].
Hence, m+n—2—[|L(vj+1) — L(vj-1)| + [D(vj+1) — D(vj—1)|] = m4n—1—[|L(vj4+1)—L(v;-1)+
|D(vjt1)—D(vj_1)|], a contradiction. Therefore, either f(v;y1)— f(v;) > m+n—1—d(vjt1,v;)
or f(vj) — f(vj—1) >m+n—1—d(vj,vj-1). O
Recall from the previous section that for any radio labeling f on G = M(m,n), «a(f) is the
number of indices 1 < ¢ < mn — 1 such that f; > (m+n — 1) — d;, so we have
mn—1
span(f) > (mn—1)(m+n—1)+ a(f) — Z d(vi, vit1).

i=1

Lemma 4.7. Let m = 2l and n = 2k, where l > 2 and k > 2. Let G = M(m,n). Then

rn(G) > = (m?*n 4+ mn® — 2mn — 2m — 2n) + 6.

DN | =

Proof. Let f be any radio labeling of G = M (m,n), with m = 2] and n = 2k where | > 2 and
k > 2. Without loss of generality, assume that m > n. From Lemma 4.5, we have
mn—1

1 1
Z d(vi,vi41) < §mn2 + §m2n — 2.
i=1
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Notice that G has exactly 4 corners and therefore at most 4 secluded vertices. We exam-
ine different cases based on the number of secluded vertices in G to show that span(f) >

1(m®n + mn? — 2mn — 2m — 2n) + 6.

CASE 1: G has four secluded vertices v, , vs,, Ut,, and vy, where 1 < t; <ty < t3 <t4 < mn.

Then, we have

fao>m4n—1—dyorfry,_1>m+n—1—dy 1

ft2>m—|—n—1—dt20rft2_1>m—|—n—1—dt2_1 (53)

fts>m+n—-1—dyor fr,oi>m+n—1—dy,

fta>m4n—1—dy,or fr,.1>m+n—1—dy,_1.

If two secluded vertices are consecutively labeled, then two of the conditions can be concurrently
satisfied in a single jump (the jump between the two said secluded vertices). However, no three
secluded vertices may be consecutive, since any corner vertex whose predecessor and successor
in the labeling pattern of f are both corners would necessarily induce a jump not of the best
type. Since there are two pairs of secluded vertices, we can satisfy the first and second con-

ditions above with a single jump, and likewise the third and fourth conditions with a single jump.
Hence, a(f) > 2, with equality possible only if t; + 1 = t5 and t3 + 1 = t4.

Observe that when m and n are both even, no vertex concurrently exists in both sections or both
regions of G. Hence, at most %mn consecutively labeled vertices can be labeled by alternating
regions and sections in each jump; in other words, at most %mn — 1 consecutive jumps can be
of the best type. Therefore, there exists an index 1 < j < mn — 1 such that v; and v;11 are
either in the same region or the same section, so the jump from v; to v;41 is not of the best

type. Consequently,

met 1 1 1 1
; d(vi,vi11) < <2mn2 + Emzn - 2> —1= imn2 + §m2n - 3.

So span(f) > (mn —1)(m+n—1) +2 — (3mn? + im?n — 3) = L(m?n + mn? — 2mn —

2m — 2n) + 6.

CASE 2: G has exactly three secluded vertices vy, , vy,, and vy, where 1 < t; < tg < t3 < mn,
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and one non-secluded corner vertex v.. Then we have

fo>m4n—1—dyorfro1>m4n—1—d, 1

fto>m4+n—1—dy,or fr,.1>m+n—1—d, 1 (54)

ft3 >m+n—1—dt3 orft3_1>m—|—n—1—dt3_1

Either the jump to v. or from v, is not of the best type, unless v. € {v1, Vyn }-

Hence, by the same argument from Case 1, a(f) > 2 with equality possible only if t; + 1 = t5
or to +1 = t3.

Also, since v, is a non-secluded corner vertex, we know that either v, is in {vy, vy} (in which
case L(v1) + L(vymn) + D(v1) + D(vpmy) > 4) or at least one jump to or from v, is not of the

best type. In either situation, from Lemma 4.6 we have

me ! 1 1 1 1
l_zl d(vi,vi41) < <2mn2 + imgn — 2> —1= §mn2 + imgn - 3.

So span(f) = (mn —1)(m +n —1) + 2 — (3mn? + im?n — 3) = L(m?n + mn? — 2mn —

2m — 2n) + 6.

CASE 3: G has exactly two secluded vertices v, and v,, where 1 < t; <ty < mn, and two

non-secluded corner vertices v., and v.,, where ¢; < co. Then, we have

fo>m4n—1—dyorfy,_1>m+n—1—dy, 1
fio>m+n—-1—dyor fr,o1>m+n—1—dy,

Either the jump to v., or from v, is not of the best type, unless v., € {v1, vmn}.

Either the jump to v., or from v, is not of the best type, unless v, € {v1,Vmn}-

Hence, a(f) > 1 with equality possible only if t; + 1 = t5.

Also, we know that each non-secluded corner vertex v., and v, either is in {v1, vy} or neces-
sarily induces a jump not of the best type. Note that since m,n > 4, we have that any corner
vertex has a level and displacement of at least % Therefore, any corner vertex in {vy, Vmn}

increases L(v1) + L(vmn) + D(v1) + D(vmn) by at least 2 and therefore sufficiently minimizes
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the sum of the distances between consecutive vertices (as in Case 2), so we examine the different

possibilities if neither of these corner vertices is in {v1, Upn }-

1. If v., and v., are not consecutive, then they each induce a distinct jump not of the best
type, since they are non-secluded.

2. If v., and wv,, are consecutive and antipodal (i.e. in different regions and sections), then
the jump from v., to v, is of the best type. But both these vertices are non-secluded, so
both these vertices induce a distinct jump that is not of the best type.

3. If v., and v, are consecutive but not antipodal, then the jump from v, to v, concurrently
satisfies the third and fourth conditions of this case; however, that would force t5 to be
strictly larger than ¢; + 1 (since secluded vertices vy, and vy, cannot be in the same region

or section if they are consecutive), which would make the preceding inequality strict.

Our observations above lead to the conclusion that in Case 3, one of the two following statements

must hold.

et 1 1 1 1
Z d(vi,vi11) < (2mn2 + imzn — 2) —2= imn2 + imzn —4 and af)>1
i=1

OR

mn—1
1 1 1 1
Z d(vi,vi41) < <2mn2 + imzn - 2> —-1= imn2 + §m2n -3 and a(f)>2.
i=1

In either case, span(f) > 3(m?n + mn? — 2mn — 2m — 2n) + 6.

CASE 4: G has exactly one secluded vertex v, where 1 < ¢t < mn, and three non-secluded

corner vertices v, , U¢,, and v.,, where ¢; < ¢z < c¢3. Then, we have

fi>m+n—1—dior fy_ 1 >m+n—1—d;_1

Either the jump to v., or from v., is not of the best type, unless v., € {v1, vmn}- (56)
56

Either the jump to v., or from v, is not of the best type, unless v., € {v1, Umn}.

Either the jump to v, or from v., is not of the best type, unless v., € {v1,Vmn}-

Hence, from the first condition we know a(f) > 1.

Also, unless one of the three non-secluded vertices ve,, ve,, and ve, is in {v1, vy} (in which
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case L(v1) + L(Vmn) + D(v1) + D(Vmn) > 4), it is impossible for v, , vc,, and v, to collectively
induce only one jump not of the best type, since a single jump can only satisfy at most two of

the above conditions. Therefore, we have

met 1 1 1 1
; d(vi,vi41) < <2mn2 + §m2n — 2> — 2= imn2 + §m2n — 4.

So span(f) > §(m?n + mn? — 2mn — 2m — 2n) + 6.

CASE 5: (G has four non-secluded corner vertices v, , Vc,, Vey, and ve, with ¢; < ca < e3 < cq.

Then

Either the jump to v, or from v, is not of the best type, unless v., € {v1,Vmn}.
Either the jump to v., or from v, is not of the best type, unless v., € {v1, vmn}.

Either the jump to v, or from v., is not of the best type, unless v., € {v1,Vmn}-

Either the jump to v., or from v, is not of the best type, unless v, € {v1,Vmn}-

We examine the different possibilities for the non-secluded corner vertices v, , Ve, , Vs, and vg,.

1. If two of the four corner vertices are in {v1, Uy }, then L(vy)4L(vpmn)+D(v1)+D(vmy) > 6
and the remaining two corner vertices would induce a jump not of the best type.

2. If only one of the four corner vertices is in {v1, Vymn}, then L(vi) + L(vpy) + D(v1) +
D(vpmn) > 4, and the remaining three corner vertices would induce at least two distinct
jumps not of the best type, as was determined in Case 4.

3. If none of the corner vertices are in {vy, vmp}, then the four corner vertices would induce
at least two distinct jumps not of the best type. However, if L(vy) + L(vmy) + D(v1) +
D(vmn) = 2 and the four corners induce ezactly 2 jumps not of the best type (in other
words, if ¢4 = c3 + 1 and ¢y = ¢; + 1), then we consider all of the following observations:
(a) The two jumps not of the best type must be between corner vertices within the same

section or region. If the jumps are between corner vertices of the same region, then
each jump has a distance n — 1. But this is a smaller jump than a jump of length
m—1 between corner vertices in the same section (since m > n). Such a jump between
corner vertices in the same region therefore further reduces the sum of the distances
between consecutive vertices. To avoid this, we set the two jumps that are not of the
best type to be between corners in the same section.

(b) If ¢ = ca + 1 (so the jump from v, to v, is of the best type) where v., and v, are
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in one section and v, and v., are in the other, then v., and v., will be in opposite
regions and sections, which would force an additional jump not of the best type in
order to label all vertices. So cs # co + 1, which prevents labeling v., immediately
after ve,.

(¢) The labeling pattern must begin and end at central vertices. This forces an additional
jump not of the best type unless v; and v,,,, are on opposite sections and regions (since
no vertices are in more than one section or region). But f already includes two jumps
between vertices in the same section, since co = ¢; +1 and ¢4 = ¢z +1. So vy and v,
must be in opposite regions and sections to avoid another jump not of the best type.

(d) If the two jumps that are not of the best type are between corners in the same section
as indicated in (a), then v, 11 and v, are in the same region but opposite sections.

Our observations above indicate that in Case 5, one of the two following statements must hold.

et 1 1 1 1
; d(vi,vi11) < (2mn2 + §m2n — 2) -3 = ian + §m2n -5

OR
! 1 1 1 1
Z d(vi,vi11) < <2mn2 + imzn — 2> —2= imn2 + imzn —4 and «f) > 1.
i=1

So span(f) > (m?n + mn? — 2mn — 2m — 2n) + 6.

Hence, in all 5 cases, span(f) > %(m2n +mn? — 2mn — 2m — 2n) + 6 when m, n are even. []

5 Radio Number of Meshes M(m,n) for m,n > 3 - Upper

Bound

5.1 Upper Bound of rn(M(m,n)) for m Even and n Odd

Lemma 5.1. Let m = 2] and n = 2k + 1, where ]l > 2 and k > 1. Let G = M(m,n). Then
rn(G) < 3(m?*n+mn? — 2mn —m — 2n) + 2.
Proof. Let m =2l and n = 2k + 1, where [ > 2 and k > 1. It suffices to find one radio labeling

of G = M(m,n) with a span of 3(m?n+ mn? —2mn —m — 2n) + 2. Let {w1,ws, ..., Wnn} be a

permutation of V(G) given by the following pattern, which we separate into 3 blocks.
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wi = Lk+1) 25 (m,1) B 1k +2) B (my2) EEES 10k +3) BB (m,3) B
Uk +4) 25 B = (m k) B () 2L e —1,1) B -1k 2) B
m—1,2) 2 -1 k+3) B m—1,3) BN -1 e+ ) B EE 4y =
(m—1,k) 2 g1, p) 2220 2L 41, 1) B (1) k2) BB (141, 2) EEEL
LE+3) 25 04+1,3) B85 e +4) 25 5S04 1k EES (1, 0) = wae

Y s = (142, k+1) E5 (1, k+1) 22 (42, k+1) B (2, k+1) E2 (143, k+1) 25

Gok+1) 22 B k1) B (- 1,k 4+ 1) = w1

I+k+1 wm(k+1) _ (m’n) l-‘rk-‘rl (l k‘) l+k (m’n_ 1) l-‘rk-‘rl (l k— 1) l-‘rlc (m’n _ 2) I+k+1
I+k I+k I+k+1 2k+1—1
Ik —2) 25 5w oa = (mk +2) 5 1,1) 2L (m

(—1,k) 25 (m—1,n—1) 2L -1, k—1) 25 (m—1,n—2) B2 -1, k—2) 25 R,

I+k+1
—1,n) 2L

I+k+1 2k+1—-1 2k+1—-1 I+k+1
w2(l+1)(k+1)+2k_4 = (m — 17]%' + 2) +—) (l - 1 1) e TN —_— (l +1 Tl) —_—

(1 k) l+k (Z—I—LTL— 1) I+k+1 (1 k—l) l+k (l+1,n—2) I+k+1 (1,k—2) I+k I+k

(+1LEk+2) T (11 25 (4 1Lk +1) = wnn
M(8,7
'mw /w13 Wy 50 14 33 W30
wz‘i Iw17 w (Ws Ws2 46 (W40 W34
1 W21 (W15 Wy W3 W4 W4g W40 Wsg
w7 29 wag w1 W56 Wae Wag w30
51 45 39 w33 W24 /w18 W12 'w(;
Ws3 War Wap w3s W2 W1 (W1 W4
55 49 W43 w37 W20 14 8 w2

Above is the labeling pattern described for M(8,7). The red and purple vectors indicate

subsequences of vertices whose indices are of equal parity.

Let the quantity above each arrow indicate the distance between the two consecutive ver-
tices. Let f : V(G) — {0,1,2,...} be a function such that f(w;) = 0 and f(w;y1) — f(w;) =

m+n—1—dwi41,w;) forall 1 <i<mn— 1.

CLAIM: f is a radio labeling of G.
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To prove this, we show that for all 1 < i < mn — 2, we have

flw;) — flw;)) >m+n—1—d(w;,w;) for any j > i+ 2.

By the same justification in the previous section, we have

flw;) = flwy) = fj—1+ fi—2 + ... + fis1 + fi.

Let j =i+ p, where p > 2. We observe 2 cases, using distances indicated in the labeling pattern

for f for reference.

CASE 1: p=2.

For convenience we first define the following disjoint subsets of V(G):

o A ={(t,k):1+2<t <2}
o Ay ={(t,2k+1):2<t <1}
o As={(t,k+2):1+2<t<2}
o Ay ={(t,1):2<t<I}
o As={(l+1,k),(I-1k+1)}
o Ag={(1,2k+1),(I+1,k+1)}
o A7 ={(t,k+1):1<t<l—-2o0rl4+2<t<2 -1}
Subcase la: w; € OAt. Then according to the labeling pattern, d(w;, w;) = k.
t=1

= flw;) = flwi) = 2(m +n—1) = d(wi, wit1) — d(wip1, wit2)

=(m4n—1)+Q+2k) —(I+k+1)— (2k+1-1)

(58)
=(m+n—-1)—k
=(m+n-—1)—dw;,w).
Subcase 1b: w; € As. Then according to the labeling pattern, d(w;,w;) = 2.
= fw;) = f(wi) = 2(m+n —1) = d(w;, wit1) — d(wit1, wit2)
=m+n—-1)+Q2+2k)—(I+k+1)—(+k+1) 59)

=(m+n—-1)-2

=(m+n—1)—dw;,w).
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Subcase 1c: w; € Ag. Then according to the labeling pattern, d(w;, w;) = k.

= f(w;) = f(wi) =2(m +n—1) — d(wi, wit1) — d(wit1, Wit2)
=m+n—-1)+Q2+2k)—(I+k+1)—(1+1)
=(m+n—1)+k—2 (60)
> (m+4n—1)—1,since k > 1
> (m+n—1) = d(wj, w).

Subcase 1d: w; € A7. Then according to the labeling pattern, d(w;,w;) = 1.

= flw;) — f(w;) =2(m+n—1) — d(w;, wit1) — d(wit1, Wit2)
S man— 1)@ 2k) — (1)~ (1+2)
—(m+n—1)+2k—3 (61)
>(m+n—1)—1,since k> 1
=(m+n—1) = d(w;, w;).

7

Subcase le: w; ¢ UAt‘ Then according to the labeling pattern, d(w;,w;) = 1.
t=1

= flw;) = f(wi) =2(m+n—1) = d(wi, wit1) — d(wis1, wit2)
—(mtn—1)+ @ +2k) —(+k+1)—(1+k)
(62)
=(m+n—-1)-1
=(m+n-—1)—dw;,w).

Hence, f(w;) — f(w;) > m+n —1—d(wj, w;) whenever j =i+ 2.
CASE 2: p > 3.

When p > 3, we can make the following observations about the distances of jumps occurring
between w; and w;.
1. The jumps alternate between lengths of [ + k + 1 and [ + k if the jumps are not to or from
vertices on the horizontal axis, the bottom row of Quadrant 3, or the top row of Quadrant
2.
2. The jumps within Block 2 alternate between lengths of [+1 and [4+2. Note that [+1 < [+k
and [ +2<1l+k-+1.
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3. The transitioning jumps from Block 1 to Block 2 and from Block 2 to Block 3 are the only

two jumps of length [ 4+ k£ + 1 within the labeling pattern that immediately follow another

jump of length [ 4+ k + 1. But since p > 3 and no three consecutive jumps are of length

I+ k41, it is true that at most [5] jumps are of length [ + k + 1.

4. At most [%1 jumps are of length 2k + [ — 1. These jumps occur between jumps of length

I+ k + 1, so they replace the usual jump of length [ + k£ that is between jumps of length

l+k+1

j—1

Therefore, we know Zd(fl,l}t,/(UtJrl) <pl+k+1)— [g—‘ + [ﬁ—‘ [(2k+1—-1)— (14 k)].

2k

t=1

ko= 8]+ [

= f(w;) — f(wi) =p(m+n-1)— Zd(wtathrl)
j—1
=m+4+n—1+(p—1)(2k+2]) — Zd(wt7wt+1)

t=1

>m4n—1+2pl+ 2pk — 20 — 2k — [p(z+k+1)_ [gh[

mn—1+pl+pk—2—2%k—p+ 2] - [L]k+ L]

2~ 2k ok
=m+n—1+(p—2)l—2k+(p—[%D(k—lw[g]
Zm—|—n—1—|—(p—2)l—2k—|—< —[Q%D(k—nm since p > 3
=m+n—1+(p—2)l—2(k—1)+(p—[%D(k—n
>m+n—1—|—<p—[2£k—‘—2>(k—l) since p > 3.

CLAIM: (p - (%] — 2) (k—1)>0forall k > 1.

To prove this claim, we test all integer values of &k > 1.

Case 1: k=1. Thenk—1=0,s0 (p—[£&]-2)(k—1)=0.

Case 2: k> 2.

Ifp=3,then (p—[£]-2)=0B-[Z]-2)>B-[2]-2)=B-1-2)=0

— ( —[3]—2)(1@—1)2(;9—[3]—2)(1):0, since k > 2.

(63)

(64)



10> 4, then (o= [£] -2 > (= [£]-2) > (- (§+1) ~2) = $ 3> -30

. ( _ [2%1 _2) (k—1)> (p_ [2%] —2) (1) >0, since k> 2. (66)
Using this claim, we conclude that f(w;) — f(w;)) >m+n—1+ (p - {2%—‘ - 2) (k—1)
>m+n—1

>m+n—1—dw;,w).

(67)

By Cases 1 and 2, we know that f is a radio labeling of G, proving our claim.

Notice from the labeling pattern that there are five possible distances between consecutively la-
beled vertices, namely [+ k+1, [+ k, 2k+1—1, 141, and [ 4 2, with the number of occurrences
20k +2, 2Lk — 21+ 2,2l — 2,1 — 1, and | — 2, respectively.
mn—1
Hence, span(f) = (mn—1)(m+n—1) — Z d(w;, w;y1)
i=1
= (mn—1)(m+n—1)—[([+k+1)(2lk+2) + (I + k) (2lk — 21 + 2) + (2k + 1 — 1)(20 — 2)
+0+DI-1)+(+2)(1—2)]

= (mn —1)(m+n—1) — (4%k + 4lk> + 4lk + 21> — 1)

= (mn—1(m+n—1)— lmQ (”21>+2m<”21>2+2m<n21>+7g21]

Lo, 1
= -mn —-mn
2 2

1
2f§mfmnfn+2

= §(m2n+mn2 —2mn —m —2n) + 2.
(68)

Therefore, rn(G) < $(m?n + mn? — 2mn —m — 2n) + 2, since f is a radio labeling of G

with this span.
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rn(M(8,7)) = 355

150 113 76 39 316 279 242 205
Was W19 w13 wr Ws0 Waq W3 W32
137 100 63 26, 329 29 255 21
Wa3 wrr w11 W5 Ws2 46 W40 W34
124 87 50 13 34 305 268 23
Wa1 W15 Wo w3 Ws4 Wag W42 w36
165 182 199 0 359 156 173 190Q
(Y 29 ws w1 Wse W26 Wag w30
32 285 24 21 14 107 70 33
2’w51 ) (5 8.11139 ].w33 4'“’24 tors VTIE Tws
33 29 261 22 13 9 o7, 20
W53 Wq7 Way w35 Wa2 W16 W10 Wq
348 31 2744 237 118§ 81 44 7
55 49 W43 wsy w20 14 8 w2

Above is the optimal radio labeling determined by the labeling pattern described above for

M (8,7). The radio number of M (8,7) is 355.
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5.2 Upper Bound of rn(M(m,n)) for m,n Odd

Lemma 5.2. Let m =21+ 1 and n = 2k + 1. Let G = M(m,n). Then rn(G) < $(m?n +

mn? —2mn —m —n) + 2.

Proof. Let m =21+ 1 and n = 2k + 1. Since G(m,n) is isomorphic to G(n,m) and m,n have
the same parity, we may assume without loss of generality that [ > k. Therefore, G has at least

as many columns as it does rows.

When m, n are both odd, a complication with calculations requires that we separate the trivial
case of [ = 1 from the more general case of [ > 2. If [ = 1, then by assumption k& = 1,
and so G = M(m,n) is a square mesh with 3 rows and 3 columns. We define a function

g:V(G) = {0,1,2,...} by the following.

(1,3) —~ 15 (2,3)—5 (3,3) 11
(1,2) =9 (2,2)—0 (3,2) — 17
(L1)—=3 (2,1)—~13 (3, 1)—=7

From simple calculation it is easy to verify that g as defined above is a radio labeling of
G = M(3,3) with a span of 17. Since 17 = % [(3)2(3) +(3)(3)2-2(3)(3) —3 — 3] + 2, the

desired upper bound of rn(G) is achieved when | = 1.

To prove the upper bound when [ > 2, it suffices to find one radio labeling of G = M (m, n) with
a span of %(an +mn? —2mn —m —n) + 2. Let {w1,wa, ..., Wnn} be a permutation of V(G)
given by the following pattern, which we separate into [ blocks. Notice that vertices in this
labeling pattern alternate quadrants in diagonal motions, unlike the patterns used in previous

cases.

I+ 1,k +2) 25N 004 1,1) B 0k + 1) B

wy = (l—l—l,k/’—f—l) I+k (1’1) I+k+1 (

20+ 1,2k + 1) 25 (41, k) B g = (1,26 4+ 1)

I+k+2 I+k+1 I+k+1 I+k+1 I+k+1

B2 g = (143, k+1) S5 (2,1) L (149 k42) (1,2)

(141, k+3)
20 +1,2) DL @k 4 o2) BEEL (9 1) HREL 1k 1) B (o 0k + 1) R

I+k+1
e

I+k+1 I+k+1 I+k+1

(1, k) 22 04 1,2k) B 41 k- 1) (1+2,k) 2 2, 26+ 1) =

(1,2k)

W24
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L2 s = (14 4,k + 1) 22 (3,1) 2L 143,k 4+ 2) 2L (2,9) BN (140 k4

3) I+k+1 (1,3) I+k+1 (l—‘rl,k‘—l—4) I+k+1 (2l—‘r1,3) I+k+1 (l,k‘—|—3) I+k+1 (2l,2) I+k+1

(1—-1,k+2) FE 01— 1, 1) 5L (-2 k1) B (91— 1 2k 1) EEEEL (1o, ) L
(20,2k) FEEL ok — 1) B 20 b 1,20 - 1) B 04 1k - 2) B (1 o - 1) B

(1+2,k—1) EEL (9 o) 8L 43 k) B8N (3 9k + 1) = was

I+k+2 I+k+1 I+k+1 I+k+1

LEY2 gy = (204 1,k + 1) E2ES @ 1) B (o g 4 2) HEEEL (-1, 0) L (97 —
Lk+3) S5 -9 3y WAL Bl o) 41—k 2k + 1) EEEL (1 -k k41) EEEL

Q+1-k1) E5N 41—k k+2) B (91— k4 2,2) EEEL -k 42,k 3) EEEL

SRR o1 k) B 2k 1) B (14 2,k + 1) = wia

M(9,7)

° ° y
ws Wa4 W4 We2 3 : (We
(D W46 We w33 : wop

W44 Wsg w35 W15 w3 7 ol w40
6 7 w1 We3 9 Was w49
q
30 ~ 2 wy wo3 (U wWe1 (W39
21 Wys5 Ws9 W34 w14
w2 w10 Wae 50 43 Ws7 w36 W16 Wy

Above is the labeling pattern described for M(9,7). The red and purple vectors indicate

subsequences of vertices whose indices are of equal parity.
Let the quantity above each arrow indicate the distance between the two consecutive ver-
tices. Let f: V(G) — {0,1,2,...} be a function such that f(w;) = 0 and f(w;+1) — flw;) =
m+n—1—dwi1,w;) forall 1 <i<mn—1.

CLAIM: f is a radio labeling of G.

To prove this, we show that for all 1 < i < mn — 2, we have

flw;) — flw) >m+n—1—d(w;,w;) for any j > i+ 2.
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By the same justification in the previous section, we have

f(wj) = f(wi) = fj—1+ fj—2+ .. + fiy1 + fi-

Let j = i+ p, where p > 2. We observe 2 cases, using distances indicated in the labeling pattern

for f for reference.

CASE 1: p=2.

For convenience we first define the following disjoint subsets of V(G):

o Ay ={wi}={(+1,k+1)}

o Ay ={(1,t): 1<t <k}
o Ay ={(2l4+1,t):k+2<t<2k+1}
o Ay={(t,1):20—k+2<t<2+1}
o As={(t,2k+1):1+2<t<2—k+1} Note: A5 =0 ifk=1.
. ={(t,k):1+1<t<20-1}
(

o Ar={(t,2k+1):1<t<l-1}

o Ag ={wmn—2}={(2L,k)}

Subcase la: w; € A;. Then according to the labeling pattern, d(w;, w;) = 1.

= f(wy) — flwi) =2(m +n — 1) — d(w;, wig1) — d(wig1, wiy2)

=(m+n-1+Q+2k+1)—-((+k)—(I+k+1)

(69)
=m+n-—1
> (m 40— 1) - d{wy, w,)
3
Subcase 1b: w; € UA,:. Then according to the labeling pattern, d(w;, w;) = 2.
=2
= f(w;) = f(w;) =2(m +n —1) = d(wi, wit1) — d(wit1, Wit2)
—(mtn—1)+@+2k+1)—(+k+1)— (I+E+1)
=(m+n-1)-1 (70)

>(m+n—1)—2] sincel >2

=(m+n—1)—dw;,w).
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5
Subcase 1c: w; € UAt“ Then according to the labeling pattern, d(w;,w;) = 2k.
t=4
= f(w;) — f(wi) =2(m +n—1) — d(wi, wit1) — d(Wit1, Wit2)
=m+n—-1)+Q2+2k+1)—-(I+k+1)—-(U+k+1)
=(m+n-1)—-1 (71)
>(m+n—1)—2k,since k > 1

=(m+n—1)—d(w;,w;).

Subcase 1d: w; € Ag. Then according to the labeling pattern, d(w;,w;) = 3.

= f(w;) — f(w;) =2(m +n —1) = d(w;, wi+1) — d(wit1, Wit2)
=(m+n—-1)4+20+2k+1)—(+k+1)—(I+k+1)
=(m+n-1)-1 (72)
>(m+n—-1)—-3
= (m+n—1) - d(w;,w).

Subcase le: w; € A7. Then according to the labeling pattern, d(w;, w;) = 2k + 1.

= flw;) — f(w;) =2(m +n —1) — d(w;, wi+1) — d(wi+1, Wit2)
—mAn 1)+ (2241 - (k) — (k1)
=(m4n—1)—2 (73)
>(m+n—1)— (2k+1),since k > 1
= (m+n—1) = d(w;, w;).

Subcase 1f: w; € Ag. Then according to the labeling pattern, d(w;,w;) =1 — 1.

= f(wj) — flwi) =2(m+n—1) — d(wi, wiy1) — d(wit1, wit2)
=(m+n-1)+Q+2k+1)-((+k+1)—(k+2)
= (m4n—1)+1-2 (74)
>m+n—1,since [ > 2
> (m+n—1) = d(w;, w;).
8

Subcase 1g: w; ¢ UAt‘ Then according to the labeling pattern, d(w;, w;) = 2.
t=1
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= f(wj) — f(w;) =2(m+n—1) — d(wi, wit1) — d(Wit1, Wit2)
=(m+n—-1)+Q+2k+1)—(I+k+1)—(I+k+1)
—(m4n—1)—1 (75)
>(m+n—1)—2
= (m+n—1) = d(wj, w;).

Hence, f(w;) — f(w;) > m+n —1—d(wj, w;) whenever j =i+ 2.
CASE 2: p > 3.

Let S = {(¢t,2k+1):1<t¢<[—1}. When p > 3, we can make the following observations about
the distances of jumps occurring between w; and wj.
1. S is non-empty since [ > 2.
2. The jumps in the labeling pattern are all of length [ + k + 1 except those from a vertex in
{w1, Wmn-1}US.
(a) Jumps from vertices in S are of length I 4+ k + 2, since | > 2. There are [ — 1 jumps
of length [ + k£ + 2 in the labeling pattern.
(b) The jump from w; is of length [ + k.

(¢) The jump from wy,,—1 is of length k+ 2. Since [ > 2, we know that k+2 < I+ k+ 1.
j—1

Therefore, we know Zd(wt, wirr) <p(l+k+1)+(1-1). (76)

t=1
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j—1
Hence, f(w;) = f(w;) =p(m+n—1) =Y d(w;, wei1)

=m+n—-1)+pP-1)2k+20+1) f]id(wt,wﬂ_l)

>m+n—-1)+p@E-1)2k+20+1)—[pl+k+1)+ (—1)]
=(m+n—1)+pl+pk—20—2k—1
=m+n-1)+{@-2)1+k)—1
>m+n—-1)+(p-2)I+k)—(I+k) sincek>1
=(m+n—-1)+(p—-3)(1+k)

>m+n—1 sincep>3

> (m4+n—1) — d(w;, w;).

By Cases 1 and 2, we know that f is a radio labeling of G when [ > 2, proving our claim.

Notice from the labeling pattern that there are four possible distances between consecutively
labeled vertices, namely | +k + 1, l + k + 2, £+ 2, and [ 4+ k, with the number of occurrences

mn — (14 2),1—1, 1, 1, respectively.

mn—1

So span(f) = (mn—1)(m+n—1) — Z d(w;, wit1)

=(mn—-1)(m+n—-1)—-[(l+k+1)(mn—-101-2)+(+k+2)(I-1)+(k+2)+ (I + k)]

_ (mm— )(m 4 n—1) - <m+n) <2mnm 3) B (m+;+2> <m23>
_(m+2n+1)
2

:(mn—l)(m+n—1)—i[(m—i—n)(Zmn—m—3)+(m+n+2)(m—3)—|—2(m—|—2n+1)]

1
=(mn—-1)(m+n-1)— i(2m2n—|—2mn2—2m—2n—4)

1 1
2 2
- - - = - = 2

DN = DN =

(m*n +mn? — 2mn —m —n) + 2.
(78)

Therefore, rn(G) < 2(m?n+mn?® —2mn —m —n) + 2, since f is a radio labeling of G with

this span.
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rn(M(9,7)) = 435

50 16 32 42 209 376 258 119 36
wsg W4 W4g We2 W31 Wss w3s (W18 (We
147, 31 41 22 8 195 362 272 133,
W22 W46 We0 w33 w13 Wag W53 W40 W20
300 397 237, 98 15 70 181 348 28
W4 Wsg w3s w15 w3 w11 wa7 Ws1 W0
383 25 11 29 0, 435 56 167 33
W56 wsar 17 Ws w1 We3 Wy W25 W49
20 369 265 126, 43 1544: 321 418 216
w30 Ws4 w39 w19 wr w23 Wy We1 W39
T 188 35 279 140, 307, 40 230 91
W12 Wag W52 w41 w21 W45 Ws9 W34 W14
8 63 17 34 293 39 244 105 22
Wo w10 Wag 50 43 wWs7 W36 Wie Wy

Above is the optimal radio labeling determined by the labeling pattern described above for

M(9,7). The radio number of M (9,7) is 435.
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5.3 Upper Bound of rn(M(m,n)) for m,n Even

Lemma 5.3. Let m =2l andn = 2k. Let G = M(m,n). Then rn(G) < 1(m*n+mn? —2mn—
2m — 2n) + 6.

Proof. Let m = 2] and n = 2k. Since G(m,n) is isomorphic to G(n,m) and m,n have the same
parity, we may assume without loss of generality that [ > k. Therefore, G has at least as many

columns as it does rows.

When m,n are both even, a complication with calculations requires that we separate the trivial
case of | = 2 from the more general case of [ > 3. If | = 2, then by assumption k& = 2,
and so G = M(m,n) is a square mesh with 4 rows and 4 columns. We define a function

g:V(G) = {0,1,2,...} by the following.

(1,4) =5 (2,4) 18 (3,4)— 28 (4,4) — 41
(1,3) 12 (2,3) =0 (3,3) —»46 (4,3) > 34
(1,2) =25 (2,2)—38 (3,2)—8 (4,2)— 21
(1,1) 43 (2,1) =31 (3,1)—15 (4,1)—3

From straightforward calculation it is easy to verify that g as defined above is a radio labeling
of G = M(4,4) with a span of 46. Since 46 = 1 [(4)%(4) + (4)(4)? — 2(4)(4) — 2(4) — 2(4)] + 6,

the desired upper bound of rn(G) is achieved when [ = 2.

To prove the upper bound when m and n are even where [ > 3, it suffices to find one radio label-
ing of G = M (m,n) with a span of 2(m?n +mn? — 2mn — 2m — 2n) + 6. Let {wy, wa, ..., Wy }

be a permutation of V(G) to define a labeling pattern.

When m and n are both even, there exist slight complications that require a specific labeling
for each subcase determined by the parities of [ and k. The structures of all these labelings
are almost identical, and their commonalities will suffice in proving the desired upper bound.
The only slight adjustments involve the corner vertices of each of the four quadrants. Each of
the labeling patterns can be systematically separated into two blocks. On each of the sample
graphs, the red and purple vectors indicate subsequences of vertices in each quadrant whose

indices are of equal parity .
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Case 1: [ is Odd and k£ = 2.

Then we define f by the following blocks.

= 1,3) "5 (m,1) ™ 1,49 BB+ n2) B 03 BB ar1) BB 20 B2
(+22) 25 3,49 22 1+3,2 2 (2,3 ﬁ> @G+2,1) 2 2 g-1,0) B

(m—1,2) 55 (1,4) 22 (m,2) B35 10— 1,3) 23 (m - 1,1) = worm

ol g = (1,2) B2 0+ 1,4) B2 2,0 B 0+ 2,3) L 2,2) BB 14 2,4) B2
3,1) 22 @ +3,3) E ) B2 m3) B 12) BB (mye) 2 1,1) E2
(141,3) = wam
) M(6,4

3 wr Wy 4 W22

5 W11 Wy Waq W16 Wa(

7 LU21 Wy 8 w10

s (VT W1y am I} "5

Above is the labeling pattern described for M(6,4) .

Case 2: [ is Even and k = 2.

Then we define f by the following blocks.

= (1,3) 2 (m,1) ™2 1,4 B2 0+1,2) BN 3 B o+ 1) B2 2,0 B
(+22 5% 3,4 22 1432 25 23 B g+21) B L E 1-23) B2

(m—2,1) 55 (1-1,3) 22 m - 1,1) E2 (1,4) 22 (m,2) = wom

l+2

2 omer = (1,2) B 1+ 1,4) 5 2,1) B 0 +2,3) ES (2,2) B g+ 2,4) 2

(3,1 22 (1+3,3) 5 L 5ES @) B n3) EE - 1,2) B m-1,4) B 1,2) B2

m+2 l+2
(m,4) — (1,1) —= (I1+1,3) = wam
) M(8,4
w3 wy Wy W15 w3
(5 w11 W13 w1y W32 W20 Way Wae
T : wWag Wy wg w10 W16
w31 w19 w23 Was We w12 w14 W2

Above is the labeling pattern described for M (8,4) .
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Case 3: [ is Odd and k > 4 is Even.

Then we define f by the following blocks.

= (Lk+1) 25 m 1) 2722 (n) B a1k L e -1 B k- 1) B
2,n) 25 (142, k) EEL 3,0) EE (143, k) £ (2,n—1) B 42, k1) B (1, n—2) EE
(1+1,k—2) 255 (1 n=3) B85 (141, 5-3) B 2,n—-2) B (142, k—2) 5 (3, n—1) 5
(43, k—1) 25 4 n) 25 (44, 6) EE2L B 4 k+2) D5 a2 B 1 k1) B
1+1,1) 25 @ k+2) 5 (14+2,2) B L B (—k+1,k+1) E5 (m—k+1,1) B
(—k+2k+1) 25 m—k+2,1) B85 (—k+3,k+2) E5 m—k+3,2) 25 . H5
(n—1) 25 (m,k—1) 225 0 n—2) 25 m k—2) 25 1—1,n-3) 25 (m—1,k—3) 5

SR 1 k+3) 25 (m, 3) L (0 k+2) B (my2) B -1, k1) B (m—1,1) = wim

AR kst = (1,k) 2 (z+1,m) M2 001 EE 42,k + 1) B o1,2) B
(+Lk+2) 2525 1,3 25 0+ Lk +3) 25 @2 25 g+ 2,8 +2) 25 3,1) S
(+3,k+1) 25 @2k +2) EE5 (4,1) B 44,k + 1) 2L (3,2) EE (l+3 k+2) B
CER 2 k—1) B g2, n-1) EEEL 20 k) EE 142,n) B 3, k—1) B (143, 0-1) EE
4 k—2) 25 g+an—2 85 L G-k + k) B m— k4 1,n) B

(—k+2,k—1) 25 m—k+2,n—1) 25 55 01 k) 25 m—1,n) &5 0, k—1) 25

(mon — 1) ZE5 (1) 25 (mon) “2 (1,1 S5 (4 Lk +1) = win

M(10,8)

(w3 w7 sta W21 W23 42 78
ws w11 w1y Was5 W35 W6
w13 w17 War w33 wsr 3 Wes
W15 w29 W31 w39 w1 [wso Wa4 W52 W54 We6
W41 : wr7 Wy wsg w10 W22 W24
7 w75 We w12 W20 Wag W36
L 5 We7 W14 Wis Wag W34 W3s
TWrg W4y W51 Ws3 Wes W16 W30 W32 W40 Wo

Above is the labeling pattern described for M (10, 8).

Case 4: [ is Even and k£ > 4 is Even.

Then we define f by the following blocks.
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= k+1) 25 (m, 1) 22 (n) BB Gr k) B e -1 B gLk -1

) —>
(2,n) 25 (142, k) EEL (3,n) BB 143, k) 5 2,n—1) BB 142, k-1) 25 (1,n-2) 5
(1+1,k—2) 225 (1, n—3) 25 41, 6-3) 25 (2,n—2) 25 (142, k—2) B 3,n—1) 5
(43, k—1) 25 (4 n) 25 (44, 6) 5L B L kr2) B g2 B (k1) B
(1+1,1) 25 2 k+2) B5 (142,2) B Rl G—k+1,k+1) 25 (m—k+1,1) 25
(I—k+2,+2) 25 m—k+2,2) &5 | HE (z n) 25 m, k) EE (1 n-1) 25 n,k—1) E5
(-1,n-2 25 m-1,k—2) 25 55 G n—2) &5 mk—2) 25 g0 -3) 25
(mk—3) 25 BN g2 k+ ) B m—2, ) L vk ) B (m—1,1) ES
1,k +2) 25 (m,2) = wem
PR g = (LK) E5 0+ 1,m) S 21 B a2k +1) B o2) BN
C+Lk+2) 55 13) 5 g+ L,k +3) 25 2,2) 25 42,6 +2) 25 3,1) B
A+3,k+1) 25 2,k +2) 255 (41 U5 44,k +1) 2L 3,2) B 1+ 3, 6+ 2) B

SR 2 k—1) B 42, n-1) FEEL (2,k) B (142,n) B (3, k-1) B (143, 0-1) 5

4,k —2) — Lk, (1+4, n—2) bk, Lk, (l—k+1 k) =2 Itk (m—k+1,n)ﬂ>,,, I+k—1
(lak - 1) i (m,’I’L — 1) l+k (l —1 k‘) (m_ 1,’[7,) I+k—1 (l,k) I+k (m’n) m+n—2

(1,1 E5 1+ 1,k +1) = wynn

M(12,8)

w3 w7 Iw9 W21 W23 37 * 50 W94
Ws w11 w19 was W35 w39 ¢ 90
w13 w17 War w33 W41 Wy 'wss

1 w15 w29 w31 W43 45 w1 Woe Ws2 We0 W62 (W74 W6
Wq9 i Wo3 Wy wsg w10 W92 24 (W3s
5 w89 We W12 W0 W26 W36 w10

) wgr W14 wig Wog W34 W42 '11148
wos w1 Wsy . Wel (IR Ty Wi W3 Wi Waa Wi wo

Above is the labeling pattern described for M (12,8) .

Case 5: [ is Odd and k is Odd.

Then we define f by the following blocks.
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= (LEk+1) 25 m 1) 222 (n) B a1k L n— 1) B k- 1) B

2,n) 25 (42, k) 5L (3,n) BB 143, k) 25 2,n-1) B 142, k-1) 25 (1, n-2) H5
(+1,k—2) =5 (1n ) SR 141, k—-3) B (2,n—2) 25 042, k-2) 5 (3,n—1) £
(1+3,k—1) 25 (4,n) B @44, k) EE25 O EE k1) BB 041,1) S 2, k+1) EE
(1+2,1) 25 3, k+2) H5 (14+3,2) B B (—k+1,k+1) 25 (m—k+1,1) B
(I—k+2, k+1) 25 (m—k+2,1) 55 (1—k43,k+2) 25 (m—k+3,2) &5 55 (1 n—1) 25
(mk—1) 255 (n—2) 25 mk—2) 5 - 1,n—3) 5 m -1,k —3) B Eh
(=2k+1) T m—2,1) 25 10— 1,k+1) 25 m—1,1) 25 1k +2) 25 (m,2) = wim
RS oyt = (L) 25 0+ Ln) 2 2,1 5 g2,k + 1) 25 1,2 B oo+

G+ 2,k +2) EE 3,1) BB 43,k +

l+k - I+k (Lk—l) I+k

Lk+2) 255 (1,8 B 041,k + 3) B (2,2) B

1) EEL ) B 4k + 1) BB 32) B 1+ 3,6+ 2) B

(
I+1,n—1) 5 2,k —1) 25 142,n—1) 25 3,k—2) 5 (1430 )%(4,1@73
(

( (3,

(+4,n-3) 25 . L U=k +1,k) B

(m—k+2,n—1) 25 25 g k—2) D5 mn—2) BN 0k — 1) B (myn - 1
(

I—1,k) 25 (m—1,n) 255 @ k) 25 (myn) 2522 (1L,1) EES (4 1Lk + 1) = winn

l+k

)
m—k+1,n) 5 (—k+2,k-1) 15
)

M(10,6)

s Ok b5 'w19 w21 : W32 8 (W58
Wy w11 w17 W23 wa9 38 4 W54
w13 w15 w25 war w1y Weo 34 W40 (W42 52
w31 Ws7 W4 wg w10 20 22

W53 We w12 w18 W24 (W30

“Ws9 w33 w39 Wa1 Ws1 W14 W16 W26 28 wa

Above is the labeling pattern described for M(10,6) .

Case 6: [ is Even and k is Odd.

Then we define f by the following blocks.
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= k+1) 25 (my 1) 222 (n) B k) B e B g4 e—1) B
9.n) Ltk (I + 2, k) LRl gy L (I +3,k) L5 Lk, I+k

Lk (+2,k—1) 25
1,n—2) 25 (141, k—2) 2255 (1, n-3) 25 (141, k-3) B (2,n—2) B8 (142, k—2) 5

2,n—1) —

3’ ) l+k (Z+3 k— 1) I+k (4,71) l+k (l+4 k) I+k—1 I+k (1,k‘+1) l+k (l+1 1) +k—1
2.k+1) 25 1+2,1) 5 3k +2) B 43,2 AL e -kt L, k+1) 2
m—k+1,1) 25 (- k+2,k+2) B85 m—k+2,2) B 5 @on) B (k) B

Ln—1) 25 mk—1) 25 (-1, -2) B5 m— 1,k —2) B5 BN @k +3) B

~—~ Y~ o~ ~~ o~ o~

m,3) LEL 1k +2) B m,2) B (- Lk +1) B (m - 1,1) = wim

RS ot = (L) S5 (14 1,n) 22 (2,1) B k2, b+ 1) EE (1,2) BB 1+ 1,k +

2) B (1,3) EE 141, k+3) B (2,2) BB 142, k42) B 3,1) B 43, k1) EEEL

(4,1) 25 44 k+1) B85 3,2) B 43 k+2) B O EE k-1 B g41,n-1)
2,k—1) 25 142,n—1) B85 3 k—2) B85 143,0-2) U5 (4 k—3) B (44,0 -3) 5
......... -k + 1,k S m—k+1n) EEL G-k 2k) B -k +2,0) B
(—k+3,k—1) 25 m—k+3,n—1) 25 2L g1 k) B (m—1,0) 25 (1, k—1) 25

(mymn—1) 25 (1 k) 225 (myn) 222222 (1,1) 25 (4 1,k + 1) = wonn

M(8,6)
w3 ST b0 w19 : Wae W46
1 W5 w11 w17 w21 - S W44
w13 w15 23 w1 Wys wWag W34 W36
W25 g a5 4 wg w10 w20
W43 We w12 w18 w22
Wy way w33 W35 W14 W16 Waq wWa

Above is the labeling pattern described for M(8,6) .

In each block, let the quantity above each arrow indicate the distance between the two consec-

utive vertices. Let f: V(G) — {0,1,2,...} be a function such that f(w;) =0 and

m+n—1—dwj1,w;) if1<i<mn-—1unlessi=2or mn-—2;
f(wigr) = flw;) =

m+n — d(wi41,w;) if i =2 or mn — 2.

CLAIM: f is a radio labeling of G.
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To prove this, we show that for all 1 < i < mn — 2, we have

flw;) — flw;)) >m+n—1—d(w;,w;) for any j > i+ 2.

By the same justification in the previous section, we have

flw;) = flwy) = fj—1+ fi—2 + ... + fis1 + fi.

We make the following observations about the distances of jumps occurring between w; and wj.

1. The jumps in the labeling pattern are all of length | + k£ and [ 4+ k£ — 1 except those from a
vertex in the set {wa, Wim, Wkm+2, Wmn—2}-

(a) Jumps from vertices in {ws, Wyn—2} are of length m 4+ n — 2, since these jumps are
between antipodal vertices. There are 2 jumps of length m 4+ n — 2 in the labeling
pattern.

(b) The jump from wg,, is of length m + k& — 3. Since m > 6 by assumption, we have
m+k—-3>1+k

(¢) The jump from w42 is of length n + 1 — 2. Since n > 4 by assumption, we have
n+l—2>101+k.

2. The jumps of length [ + k — 1 are all from vertices in the right region of G and have a
one-to-one correspondence with the vertices w; in the left region such that w; and w;i2
are adjacent. Quadrant II and Quadrant III each have (I — 1)+ (k—1)—1=1+k—3
such vertices. Hence, there are 21 + 2k — 6 = m + n — 6 vertices w; in V(G) such that
dwj,wjt1) =1+ k—1.

Let j =i+ p, where p > 2. We observe 3 cases, using distances indicated in the labeling pattern

for f for reference.

CASE 1: p=2.

We examine five different cases when j =i + 2.

Subcase la: i = 1,2, mn — 3, or mn — 2. Then according to the labeling pattern, d(w;,w;) =

l+k—-2
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= flwy) = flwi) = 2(m +n = 1) + 1 = d(w;, wi1) = d(wis1, wit2)
=(m+n—-1)4+m+n—(m+n-2)—(+k)
=(m+n-1)+2-(+k) (79)
=(m+n—-1)—(1+k-2)
= (m+n—1) = dwj, wi).

Subcase 1b: i = km + 1 or km + 2. Then according to the labeling pattern, d(w;, w;) = k.

= flw;) = flwi) =2(m+n—1) = d(wi, wit1) — d(Wiy1, wit2)
=m+n—-1D+m+n—-1—(I+k)—(n+1-1)
=(m+n—1)+2—(1+k) (80)
=(m+n-1)—k
=(m+n—1)—dw;,w).

Subcase 1c: i = km. Then according to the labeling pattern, d(w;, w;) =n +1 — 3.

= f(w;) = fwi) =2(m +n —1) — d(wi, wir1) — d(wiy1, wit2)
=m+n—-1)+m+n—-1—(m+k—-3)—(+k)
=(m+n-1)—(1-2) (81)
>(m+n—1)—(n+1-3) sincen >1
=(m+n—1)—dwj,w).

Subcase 1d: i = km — 1. Then according to the labeling pattern, d(w;,w;) =1 — 1.

= f(w;) — f(wi) =2(m +n—1) = d(wi, wit1) — d(Wit1, Wit2)
=m+n—-1)+m+n—-1—(0+k)—(m+k—3)
=(m+n-1)—(1-2) (82)
>m+n—-1)—(1-1)
=(m+n-—1)—dw;,w).
Subcase le: i ¢ {1,2,km — 1,km,km + 1,km + 2,mn — 2,mn — 2}. Then according to the

labeling pattern, d(w;,w;) < 2.
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= fw;) = flwi) =2(m+n—1) — d(wi, wit1) — d(wiy1, wit2)
>(m+n—-1)4+m+n—1—(1+k)—(I+k)
=(m+n—-1)—1
> (m+n—1)—d(wj,w;) since d(wj,w;) > 1.

Hence, f(w;) — f(w;) > m+n —1—d(wj, w;) whenever j =i+ 2.
CASE 2: p=3.
We examine five different cases when j =i + 2.

Subcase 2a: i = 1,2, mn — 3, or mn — 4.
j—1
= flwy) = flw) =3(m+n—1)+1—=> d(w,w1)
t=i
j—1

:(m+n71)+2(m+n*1)+1*Zd(wt7wt+l)

>m+n—1)+2m+n—1)+1—[20+k) + (m+n-2)] (84
=(m+n—-1)+2m+n—1)+1—[2m+2n — 2]
=m+n—-1)+1

> (m+n—1)—dw;j,w;).

Subcase 2b: i = km — 2 or km — 1.

= f(w;) — fw;) =3(m+n—1) Zdwtawt-i-l

=m+n—1)4+2(m+n-1) Zdwt,wt_H

=(m4n—1)+2m+n—1)—20+k) +(m+k-3)]  (85)
=(m+n—-1)+2(m+n—-1)—(2m+3k —3)
=(m+n—-1)+(k+1)

> (m+n—1)—dw;,w;).
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Subcase 2c: i = km.

Jj—1
= f(’w])*f( )f3m+n71 Zdwt,wt_,_l

J—1
=(m+n—-1)+2(m+n-1) Zdwt,wt+1

=(m+n—-1)4+2m+n—-1)—[(m+Ek=3)+((+Ek)+(n+1—-2)]
=(m+n—-1)4+2(m+n—-1)—(2m+2n—5)
=(m+n—-1)+3

> (m+n—1)—dwj,w;).

(86)
Subcase 2d: i = km + 1 or km + 2.
Jj—1
—— f(w])ff( )f3m+n71 Zdwt,wt_,_l
Jj—1
=(m+n—-1)+2m+n-1) Zdwt,th
=(m4n—1)+2m+n—1)—[2(0+k)+ (n+1—2)] (87)
=(m+n—-1)4+2m+n—-1)—(3l+2n—-2)
=(m+n—-1)+1
> (m+n—1)—dwj,w;).
Subcase 2e: i ¢ {1,2,km — 2,km — 1,km,km + 1,km + 2,mn — 4, mn — 3}.
j—1
= f(w;) = f(wi) =3(m+n—1) Zdwtathrl
j—1
=(m+n—-1)4+2(m+n—-1)— Zdwt,th
(88)

>(m+n—1)+2(m+n—1)-3(l+k)
=(m+n—1)+(0+k—2)

>(m+n—1) —d(wj,w).

Hence, f(w;) — f(w;) > m+n —1— d(w;, w;) whenever j =i+ 3.
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CASE 3: p > 4.
Subcase 3a: : <2 and j > mn—1. Sop > mn — 3.
j—1

In this subcase, Zd(wt,wtﬂ) <pl+k)+[(m+k=-3)—(I+k)]+[(n+1-2)—(+E)

+2[(m+n—2)— (I +k)]
=pl+k)+(1-3)+(k—2)+20+k—2)

—p(l+ k) + 31+ 3k —9.

j—1

= f(wy) — f(w;) =plm+n—1)+2— Zd(wt,wm)

:(m+n—1)+(p—1)(m—|—n—1)+2—z_:d(wt,wt+1)

>m+n—-1)+@p@E-1m+n—-1)+2—[p(l+Ek)+3(1+k—3)]
=(m+n—1)+pl+pk—p—m—n—3l—3k+12
=(m4n—-1)+@-3)(1+k) —20+k) —p+12
)

+
=(m+n-1)+I+k)@p-5—-p+12
>(m+n—1)4+5(pp—5)—p+12 sincel >3 andp>mn—3>21>5
=(m+n—-1)+4p—13

>(m+n—-1)+71

>m+n—1—dw;,w).

Subcase 3b: i > 2 or j < mn — 1.

In this subcase, ]z_:d(wt,wt+1) <pl+k)+[m+Ek=3)—(+K)]+[(n+1—-2)—(1+k)

+[(m+n—2)—(+k)]
=pl+k)+(1-3)+k-2)+(1+k—-2)

=p(l+Fk)+m+n—-T.
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j—1
d(wt,wt+1)
2

— )~ F) 2 plm - 1)~ Y

= (m+n—1)—1—(p—1)(m+n—1)—id(wt,wt+1)

>m+n—-1)+@-1m+n—-1)—p(l+k)+m+n—7 (02)
=(m+4+n—1)4+pm+pn—p—2m—2n —pl — pk + 8
=m+n—-1)+p@-2)(m+n)—p(l+k)—p+8
=(m+n—1)+2p—D1I+k) —pl+k) —p+8
=(m+n-1)+@p-4)(I+k)—p+8.

1. If p =4, then f(w;) — f(w;)) > (m+n—-1)+0+4>m+n—1—dw;,w).

2. If p > 4,then f(w;) — f(wi)) > (m+n—-1)+(p—-4)5)—p+8=(m+n—-1)+4p—-12>

m+n—1—d(wj,w;).

Hence, f(w;) — f(w;) > m+n—1—d(w;,w;) whenever j =i+ p, where p > 4.
By Cases 1, 2, and 3, we know that f is a radio labeling of GG, proving our claim.
From direct calculation, there are five possible distances between consecutively labeled vertices,

namely [+ k, [+ k—1, m+k—3, n+1—2, and m + n — 2, with the number of occurrences

mn—m-—n+1 m+n—6,1,1, and 2, respectively.
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So span(f) = (mn—1)(m+n—1) — i d(w;, wit1)
=mn—-1)(m+n-1+2—[(l+k)mn—m-n+1)+({(+k—-1)(m+n—6)+(m+k—3)
+(n+1-2)+ (m+n—2)(2)]

:(mn—l)(m+n—1)+2—{( ><mn—m—n+1)+(m+;‘_2)(m+n—6)}

[ () ()

:(mn—l)(m+n—1)+2—%[(m—!—n)(mn—m—n—!—l)—&—(m—|—n—2)(m—|—n—6)}

m-+n

1
—5(7n+7m—18)
1
:(mn—l)(m+n,—1)+2_5[(m2n+mn2—7m—7n+12)+(7m+7n—18)]
1
:(m2n+mn2—mn—m—n+l)+2—§(m2n+mn2—6)

1
= §(m2n +mn? — 2mn — 2m — 2n) + 6.

(93)

Therefore, rn(G) < 4(m*n 4+ mn? — 2mn — 2m — 2n) + 6, since f is a radio labeling of G with

this span.
O
rn(M(8,6)) = 280
8 33, 46 107, 149 234,
W03 w7 (s w19 W26
2 58 9 12 17
Ws w11 W17 Wa1 w30
7 83, 13 0, 280,
w13 W15 w23 wy Wy
143 228 24 26 1
Was W39 W41 W45 Wy w10
16 179 21 25¢ 27, 6 10 12
‘Wag w31 w37 W43 We w12 w18 W22
27 15 19 20 76 89 13§ 6,
Wyr wa7 w33 W35 14 w16 Wa4 w2

Above is the optimal radio labeling determined by the labeling pattern described above for
M (8.6). The radio number of M (8,6) is 280.
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Theorem 5.4. Let G = M (m,n), where m,n > 3. Then

(m®n +mn? — 2mn —m — 2n) + 2 if m is even and n is odd;
rn(G) = ¢ L(m?n+mn? - 2mn —m —n) + 2 if m,n are odd;
1(m®n +mn?* — 2mn — 2m — 2n) + 6 if m,n are even.

Proof. This result follows immediately from Lemmas 4.2, 4.4, 4.7, 5.1, 5.2, and 5.3.
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6 A Survey of Relevant Results - Trees

Other results by prominent researchers in the calculation of the radio number of various classes
of graphs have both motivated and concurred with the work of this thesis. Such results in trees

more notably include the radio number of spiders and level-wise regular trees.

6.1 Radio Number of Spiders

Definition 6.1. A tree is a connected acyclic graph.

The difficulty of determining the radio number of general trees is that its definition allows too
many variations in its structure. As seen in the proof for the lower bound of the radio number for
grids, determining a lower bound of the radio number for a graph requires calculating both its
diameter and the distances between consecutively labeled vertices of an optimal radio labeling,
all of which require more restrictions in the structure of the graph. Thus, we focus on specific

types of trees whose structures are far easier to characterize.

Definition 6.2. A spider is a tree T that contains at most one vertex of degree greater than
or equal to 3, called the center of T
e If deg(v) < 2 for all v € V(T), then T is a path, and the center of T is the middle vertex
of T if the order of T is odd and either of the middle vertices if the order of T is even.
e A leg of a spider is a path whose ends are the center and a leaf (a degree-one vertex) of

the spider. A spider with m legs (given m > 2) is denoted by S, i, where [; € N

..... Iy
is the length of the i*" leg such that I; > Iy > ... > l,,. The j* vertex of the i leg is
denoted v; 4, the center is appropriately denoted v, and the vertex set of the it leg is
denoted V.

e The level of a vertex v, denoted L(v), is the distance from the center of T' to v. So

L(v; ;) =j, where 1 <i<mand 0 <j <.

Observation 6.1. From this definition, the following must be true for T = Sy, 1, .1, -
1. diam(T) =11 + la.
2. V(T)=ViUVaU..UV,,.

3. vt =VinVen..NV,. In fact, V,NV; ={voo} if 1 <i<j<m.
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4. VD) =li+la+ ...+, + 1

In order to optimize the sum of distances between consecutive vertices in a radio labeling f, we

also note that the distance between two vertices v; ; and vy j» can be characterized as follows.

j+7 if i

g-ql ifi=i.

d(vsj,vir 1) =

Liu’s [4] initial strategy of ordering the vertices by increasing labels and using the summation
of n— 1 inequalities (where n = |V (G)]|) as the span of a radio labeling f was used in this thesis
to prove the general lower bound of the radio number for general grid graphs. This strategy is
also used to find a general lower bound of the radio number of various other graphs that are

currently investigated, including paths and cycles in [6].

Also, in this thesis the preliminary concepts of level and displacement of vertices in a grid were
both inspired by Liu’s concept of the level of vertices in a spider (and a rooted tree in general).
Level and displacement were used in this thesis as an integral element of the proof of the lower
bound for the radio number of grids. These similar concepts characterize the distance from a
vertex to the “middle” of the graph in order to calculate and optimize the sum of the distances

between all |V (G)| — 1 pairs of consecutively labeled vertices.

To determine a general lower bound of the radio number for spiders and identify spiders that
meet this bound, Liu introduced some special notations and a sequence of short lemmas, which
we now prove in greater detail. Our arguments differ slightly in some areas, but the structure

of the proofs is consistent with the original source.

Definition 6.3. Let f be a radio labeling of G with the vertex ordering given by 0 = f(up) <

flur) < ... < f(up—1). Then for 0 <i<n—2,

where L(vm») = j. u; and u;41 are consecutive vertices.
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Observation 6.2. The following are true for x;.
1. x; must be non-negative, since by definition f(u;y1)— f(u;) > diam(G)+1—d(wit1,u;) >
diam(G) + 1 — [L(uit1) + L(us)].
2. x; measures a surplus of distances between consecutive vertices for a radio labeling f. If
x; =0 and d(ui,uir1) = L(u;) + L(uiy1), then the equality holds and u; and u;11 are on
different legs.

3. If u; and u;yq1 are on the same leg, then x; > 2Min{L(u;+1), L(u;)}.

Lemma 6.1. Let G = Si,..1,,. Say f: V(G) — {0,1,2,...} satisfies f(ug) < f(u1) < ... <
f(up—1). Then f is a radio labeling of G if and only if the following two statements hold for

every set {u;, Uit1,...,u;} of consecutive vertices, where 0 <i < j <n—1.

1. jgjxt >2(j§ L(ut)> (G —i— 1)l e+ 1).

=i t=i+1
2. If u; and u; are on the same leg, then

ixt >2 ( i L(ut)> —(G—i—=1)(l+ 1o+ 1)+ 2Min{L(u;), L(u;)}.
t=i t=it1

Proof. Let G = S, 1,,. Say f: V(G) = {0,1,2,...} satisfies f(ug) < f(u1) < ... < f(un—1).
( ) : Suppose f is a radio labeling, so f(uj+1) — f(u;) > diam(G) + 1 — d(uit1,u;) for all

0 <i <n—2. Thus, we have the following j — i equations.

&
|

fuir1) — f(ug) + L(uit1) + L(u;) — diam(G) — 1
f(uiv2) = f(uit1) + L(uite) + L(uipr) — diam(G) — 1
zj—a = fluj—1) — f(uj—2) + L(uj—1) + L(u;j—2) — diam(G) — 1
Z'j—l = f(u]) — f(uj—l) =+ L(U]) =+ L(Uj_l) — dzam(G) — 1
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j—1 j—1
Hence, th = f(uj) — f(u;) +2 < Z L(ut)) + L(uj) +1(w;) — (G —i)(li + 12 + 1)

t=i+1
Z (ll + 12 + 1) — L(ul) — L(uj) +2 < ]i L(ut)> + L(uz) + L(Uj) — (j — Z)(ll + lQ + 1)
t=i+1

=2 ( Z_: L(ut)> —(j —i—1)(lh + 2 + 1), which proves (1).
t=it1
(94)

Now if u; and u; are on the same leg, then d(u;, u;) = Max{L(u;), L(u;)} — Min{L(u;), L(u;)}.

i1
Therefore,Zact = f(u;) — flu;) +2 ( Z L(uy) ) + L(uj) + L(w;) — (j — ) (L + 1o+ 1)
t=1 t=i+1

> (lh+1lo+1) — Mazx{L(w;), L(u;)} + Min{L(u;), L(u;)} + 2 < Z L(ut)>

t=i+1
+ L(’ui) + L(uj) — (] - i)(h + 1y + 1)
( Z L(uy ) (j—t—=1)(l4 +12+ 1) + 2Min{L(u;), L(u;)}, which proves (2).

t=i+1
(95)

(«<): Suppose (1) and (2) hold for every set {u;,wit1,...,u;} of consecutive vertices, where
0 <i<j<n—1. We must verify the inequality in the definition of radio labelings by observ-

ing two separate cases.

Case 1: u; and u; are on different legs, so d(u;, u;) = L(w;) + L(u;). By (1), we have

flu ZﬂCt—?(Z (Ut)> = L(uj) = L(ug) + (G —i)(h + 12+ 1)
t=i+1
j—1
>2<Z L(ut)>—(j—i—l)(l1+l2+l—2(2 Lut> (ui) — L(uj)
t=i+1 t=i+1

+(G -1 +1+1)

= (ll + s + 1) — [L(uz) + L(u])] = dmm(G) +1-— d(ui, Uj).
(96)

Case 2: u; and u; are on the same leg, so d(u;,u;) = Max{L(u;), L(u;)} — Min{L(u;), L(u;)}.
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Then by (2),

Flug) = flu) =) e —2 ( > L(“t)) = L(uj) = L(uy) + (G =) (L + 12 + 1)
t=i t=it1

j—1

>2 ( 3 L(ua) —(j—i— )l + 1o + 1) + 2Min{L(u,), L(u;)}
t:Hlj—l (97)

+2 ( Z L(ut)> — L(u;) — L(uj) + (j —9)(lh + 12+ 1)
t=i+1
= (1 + 1o + 1) — Maz{L(u;), L(u;)} + Min{L(u;), L(,)}
= diam(G) + 1 — d(u;, u;).
Thus, f is a radio labeling, which completes our proof of Lemma 6.1. O

Notation: Let G = Sy, 1,,....1,, such that iy — Iy > 2.

1. Let z = |b=k=2],
2. Let f be a radio labeling of . For 0 < j < 2, let t; be the integer such that u;; = vy, —j,

where u;, denotes the tjth vertex in the labeling sequence for f.

Lemma 6.2. Let f be a radio labeling for G = S;, 1, such that ly —ly > 2. Let n = |V(G)]|.

..... Lim

1. If1 <t; <n—2 for some j =0,1,2,..., 2, then
.’Etj,1 +£Utj Z ll —lg — (2]+1) 2 1.

2. If the first equality holds, then uy;—1 and uy,+1 are on different legs of G, unless one of

them s vg 0.

Proof. Suppose ut, = v1,,—j (where j =0,1,2,..., z) for some 1 < ¢; <n — 2. Consider the set

{ut].,l, U, ut].H} of consecutive vertices. Then L(ut].) =1[; —j. By Lemma 6.1 and considering
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0<j<z=|b==2] < (b=k=2) and I; — I, > 2, we obtain the following.

w1t @y >2(L(ug,)) = [t +1) = (6 —1) =1l + 12+ 1)
=2(Li—j) -+l +1)

=h—lh—2j—1 (98)

Iy — 1y —2
>11—12—2(122)—1

Sh—l—(l—lh—2)—1=1.

To prove the second statement, we argue by contraposition. Assume that us; 1 and w11 are

on the same leg and that neither of them are the center. Then by Lemma 6.1, we have

iL’t]._l + IIth 2 2 (L(ut])) — [(tj -+ ].) — (tj — ].) - 1](11 + ZQ + 1) + 2Min{L(utj_1), L(Utj+1)}
>2(h—j) - (W +l+1)
=1y —lp—2j—1.

(99)

The above inequality is strict because by assumption neither u;, 11 nor u;, 1 can be the center,

so Min{L(us, 1), L(us,+1)} must be positive. Thus, the proof for Lemma 6.2 is complete. [

Lemma 6.3. If there exist j,j’ such that tj;; =t; + 1 (in other words, Uty = Ug;4+1, SO V11, —j

and vy 1, —j are consecutive), then
Tt > 2(11 — 1y —jl —J— 1)

Proof. Assume that j,j’ are integers such that U, = Ut;41. Since uy; and wug;41 are both on

the longest leg, we have by Lemma 6.1

t=t;+1
= 2M’L-TL{L(Utj)7L(Utj+1)}
(100)
= 2Mzn{11 7]‘,11 7]./}
>2(li—j—j' — 1)

>2(l1—j—j/—lg—1).
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The second inequality holds because Iy —j > 1y —j —j’ and I; — 5 > 1; — j — j’. This completes

the proof of Lemma 6.3. O

Lemma 6.4. Let f be a radio labeling of G = Sy, 1,....1,,, where n = |V (G)|.
1. If one of the following two statements holds
(a) 1 =13 <1; or
(b)) i —le>2and1<t; <n—2 foralj=1,2,.., 2, then we have
pard b 2 2 '
2. Ifly — lo > 2 and equality holds, then the following three statements must be true:
(a) For all 1 < j < z, us;—1 and w11 are on different legs unless one of them is the
center.

(b) For all0 < j <j <z, vij—; and vy, —j are not consecutive vertices.

(c) Ifi¢{t;:7=0,1,2,...,2}U{t; —1:5=0,1,2,...,2}, then z; = 0.

Proof. If l; —ls <1, then L%J = 0, so the result is trivially true (since x; > 0 for all ). So we
assume that [y —lp >2and 1 <t; <n—2forall j=1,2,...,2. Let A={t;: =0,1,2,...,2}.
and B={t; —1:5=0,1,2,...,z}. By Lemma 6.2 and 6.3 (and calculating arithmetic series),

we have

n—2

E%: E T + E Ty > E Ty

i=0 teAUB t¢ AUB teAUB
4

(h=l)(z+1)=> (25 +1)
=0
=1 —lo)(z+1) = [14+34+5+ ... + (1 +22)]

1+ 2z+1))(z+1)
2

Y

=l —l)(z+1) -

(L) (4 1) — (2 4 1) (101)

=G+l —l—z-1)

() (e [
_ Vl;ng (211—?2—2 _ Vl—l;—QD
-5
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This proves the Part 1 of Lemma 6.4. To prove Part 2, notice that if [y — ls > 2 and equality
holds, then (a) follows immediately from Lemma 6.2 and (b) follows immediately from the con-
trapositive of Lemma 6.3. Since z; is non-negative for all 4, if for any ¢ ¢ AU B we have z; > 0,
then > ;> 0, which would contradict the assumed equality.

t¢ AUB

Thus our proof of Lemma 6.4 is complete. O

Lemma 6.5. Let f be a radio labeling of a spider G = Sy,
by 0= f(up) < f(u1) < ... < f(up—1). Then

with the vertex ordering given

Loyl

(ZL%)—}—L@LO)—FLU” 1 i (I +1) — 1.

Also, the equality holds if and only if {ug,un—1} = {vo,0,ve1} for some 1 <t < m (in other

words, the first and last vertices in the labeling sequence are the center and one of its neighbors).

Proof. Let f be a radio labeling of a spider G = 5;, 4,
0= f(UQ) < f(ul) <. < f(un_l). Then

with the vertex ordering given by

----- Im

n—1

<ZL U; ) + L(uo) + L(up—1) =2

2

L(U1)> — L(Uo) — L(un,l)

=0

(1 +2+34+ ...+ lk)> — L(Uo) — L(Un_l)

el
Il
—

NE

I
2o

N N N
NE

[WD ~ L(uo) = L{tn_1) (102)

k

Il
—

I
NE

Ie(lk +1) = [L(uo) + L(un—1)]

£
I

1

<

NE

ES
Il

1

The final inequality holds because L(ug) + L(u,—1) > 041 = 1. Note that the equality holds if
and only if {L(ug), L(un—1)} = {0,1} if and only if {ug, un—1} = {v0,0, v¢,1} for some 1 <t <m
(in other words, the first and last vertices in the labeling sequence of f are the center and one

of its neighbors). This completes the proof for Lemma 6.5. O
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With Lemmas 6.1, 6.2, 6.3, 6.4, 6.5, we prove a comprehensive theorem for determining a lower
bound of the radio numbers of spiders and characterizing radio labelings whose span match this

bound.

Recall: Let G = Sy, 1,....1,,, where n = |[V(G)|.
1. Given a radio labeling f of G, we assume that f(ug) = 0 and span(f) = f(unp—1).

3. n=1—|—2lk
k=1

Theorem 6.6. Let G = Sy, 1,,...1,,, where n = |V(G)|. Let f be a radio labeling of G. The
following statements must hold.
1.orn(G) = >0 (1l — k) + [%1 [%J +1.
k=1

2. span(f) equals this bound if and only if all the following statements are true.

(a) {uo,un—1} = {vo,0,vs,1} for some 1 < s < m (in other words, the first and last

vertices in the labeling sequence of [ are the center of G and one of its neighbors).

(b) Ifli—l2 > 2, then1 < t; <n—2 for all0 < j < z (in other words, neither first nor the

last vertex in the labeling sequence of f are within the set {v11,,v1,1,-1, -, V1,1,—2})-
(c) Ifly — 1o > 2, then, ¢, 1 + x4, =1y —lo — (2§ + 1) for all 0 < j < 2.

(d) Ifly — 12 > 2, then for any 0 < j < 2z, uy,—1 and ug, 1 belong to different legs, unless

one of them is the center.

(e) If Iy — 1o < 1, then z; = 0 for all0 < i < n—2. Ifly —ly > 2, then x; = 0 if

i¢{t;:j=01,.,2}U{t;—1:5=0,1,...,2}.

Proof. Let f be a radio labeling of G = S, 4,,..1,., where n = |V(G)|. To prove the first

statement, we write the following n — 1 equations by the definition of x;.

flun—1) = flun—2) = (i +1l2+1) = L(up-1) = L(up—2) + Tn—2
Jun—2) = f(un—s) = (1+1l2+1) = L(up—2) — L(tp_3) + Tp_3

f(u1) — f(uo) = (lh +1l2+1) = L(u1) — L(uo) + xo
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From summing up these n — 1 equations and applying Lemmas 6.4 and 6.5, we have

span(f) = (L + 12 +1)(n — 1) — 2 <n§ L(Ui)) — L(ug) — L(un—1) + ném
Z(ll+l2+1)§:lk_ilk(lk+1)+1+ {h;lﬂ Vl;lzJ
Ny oo h—1] b=l (103)
:;[lk(llJrlQJrl) —l(l + 1))+ 1+ [2w {2J
L=l [l—l
:k_lzk(l1+z2—zk)+{ . l { . J“'

Notice that the second equality holds if and only if (a), (¢), (d), and (e) all hold by Lemmas 6.2,

6.4, and 6.5. To show that (b) is necessary for equality, we prove the following claim.

m

CLAIM: If t; = 0 or t; = n— 1 for some j = 0,1,..., 2, then span(f) > > lp(l1 + 12 —
k=1
)+ [B52] [BgR] + 1.

Proof: We observe two cases.

CASE 1: There is exactly one value 0 < j < z such that u;; € {ug,up—1}. Then j fails to

satisfy the conditions of Lemma 6.2, so from the proof of of Lemma 6.4, we know

n—2

L=l |h—1 )
Y > —(h—ly—2j—1).
i:oxl_[ 5 —‘{ 7 J (lh—1l2—2j-1)

Also, since L(ug;) = Iy — j, we know that L(uo) + L(un—1) > l1 — j. Therefore,

span(f) = (ll + s + 1)(n — 1) —2 <i L(uz)> — L(’ILQ) — L(’U/nfl) + i x;

- “ , =1l |l =1 ,
>(zl+zg+1>§jzk—sz(zk+1>+(zl—g)+{12 ﬂ {12 QJ—(11—12—2.7—1)
k=1 k=1

li —1 li —1
>Zlk(ll+l2*lk)+ 12—‘ Ll 2J+1.

2 2
k=1

(104)

CASE 2: There exist 0 < j < j' < z such that {us;,us, } = {uo,un—1}. Then j and j’ fail to
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satisfy the conditions of Lemma 6.2, so from the proof of of Lemma 6.4, we know

sz_ Pl_lﬂ Vl;hJ —2(ly —ly—j—j —1).

Also, since L(uy;) = i — j and L(ug,,) = l1 — j', we know that L(uo) + L(up—1) = (b — j) +

(lh, —j) =21y — j — j'. Therefore,

span(f) = (h+1+1)n—1) -2 (Z_: L(ul)> — L(uo) — L(un—1) + Z_: T
‘ i=0

1 —1 1 —1
ll+12+1z Z (Ix +1)+ 211—3—3)4'{122-‘{12? (105)

2 —lh—j—j—1)

Lh=0]hL -1 . .
> ];lk(ll +ly—1lg) + [ 3 —‘ { 3 J + 1, proving the claim.

Thus, the proof for Theorem 6.6 is complete, and we have established a general lower bound for

the radio number of spiders and characterized radio labelings that achieve this bound. O

Liu’s result [4] for the radio number of spiders is as follows.

Theorem 6.7. Let G = 5i, 1,,...1,, be a spider. If [ = I3, then

S L2 —1)+1 ifm>3orl =1;
r(G) o

o2 = 1)+ otherwise.

i=1

m m
Ifly > Iy, then tn(G) = 3 Li(ly + 1o — ;) + [B52] [ 252 | + 1if and only if > 1; > L=t

i=1 =2
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rn(S7,2,1,1,1,1) = 67

18
®
Uy
9
[ ]
U2
52 39 14 5 62 47
@ L @ L @ @
w10 Uz U3 (51 U2 Uy

Us Ui us

bound established in Theorem 6.6.

6.2 Radio Number of Level-Wise Regular Trees

parity of diam(T'), the length of a longest path in T'.

1. If diam(T) is even, then T has a central vertex r € V(T'), and we say Lo = {r}.

Above is an optimal radio labeling for the spider S721,1,1,1. This spider achieves the lower

A fundamental property of trees is that every tree T has a central element, depending on the

2. If diam(T) is odd, then T has a central edge r'r" € E(T), and we say Lo = {r/,7"}.

defined as the unique vertex with degree at least 3 (if such a vertex exists).

Halasz and Tuza provide the following definitions [1] of several special types of trees.

Definition 6.4. Let T be a tree with order n.

It is important to note that in the context of general trees T', the center of T is a vertex with

minimum eccentricity. That is not necessarily the case for the center vy of a spider, which is

1. The level sets of T are the sets L; = {v € V | d(u, Lg) = i} for 1 <i < h = |1diam(T)],

where d(v, Ly) denotes the minimum distance from v to an element of Lg.
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2. An i-vertex is a vertex v € L;, where 0 < i < h.
3. T is level-wise reqular if all i—vertices have equal degree for each i = 0,1, 2, ..., h, and this
common degree of i-vertices is denoted m;.
(a) If diam(T) = 2h, then |Lg| = 1, and we denote the tree uniquely determined by
(mo,ma,.mp—1) as Tp 0
(b) If diam(T) = 2h + 1, then |Lg| = 2, and we denote the tree uniquely determined by
(Mo, M1, ...,mp_1) as Tgl07m17---7m}L—l'
4. A complete m-ary tree is a level-wise regular tree represented by mg = m, m; = m + 1 if
1<i<h-1,and m, = 1.
5. An internally m-regular complete tree is a level-wise regular tree represented by m; = m

if 0 <i<h—1and my = 1. So all vertices except leaves have degree m.

The radio number of complete m-ary trees was previously completely determined by Li, Mak,
and Zhou [3]. The radio number of (m + 1)-regular complete trees, as defined above, follows

from Halasz and Tuza’s formula [1] for the radio number of level-wise regular trees.

To prove this formula, we introduce the following definitions.

Definition 6.5. Let G be a graph. Let j = (j1,j2, ..., ja) be a d-tuple of integers such that
1 < d < diam(G).

1. The d** power of G, denoted G, is the graph such that

V(G) = V(Gd) and uv € E(Gd) if and only if dg(u,v) < d

We denote the edge set of G by E“.

2. The weight function w; : E* — {41, ja, ..., ja} is defined by
wz(u,v) = j; if and only if dg(u,v) =i for all uv € E

Powers of graphs should not be confused with the Cartesian product of graphs. Although the
notation representations for both are identical, it is important to recognize the context under
which the graph is discussed to avoid confusion or ambiguity. In this subsection, the exponential

notation represents powers of graphs as defined above.
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Observation 6.3. Given a graph G with diameter d, if we set j; =d+1—1 fori=1,2,...,d
and define a weight function w; : E* — {j1, j2, ..., ja} by w;(u,v) = j; if and only if dg(u,v) =i
for all wvv € E?, then a function f : V(G) — {0,1,2,...} is a radio labeling if and only if it
satisfies

|f(u) = f()| = w;(u,v) for all wv € E<.

Definition 6.6. Given an understood j = (41,72, -+, ja) for a graph G, the weighted d*" power

graph for G, denoted G(V, E,w) or G% | is the graph satisfying

V(G =V(G), E(GY) = E(G?), and w(u,v) = j; if and only if dg(u,v) = i.

For the graph G with diameter d, we henceforth take j = (J1,J2y -y ja), where dg(u,v) =i and
ji=d+1—iforeach 1 <i<dandu,veV(Q).

Observation 6.4. By taking the above definition off, G2 is a complete graph with edge weights

w(u,v) =d+ 1 —1, where i = dg(u,v) for all distinct u,v € V(G).

Definition 6.7. Let G be a graph.
1. A Hamiltonian Path P of G is a path that spans V(G), i.e. P contains all vertices of G.

2. Suppose G has diameter d, and let w be a weight function on E?¢. Then the weighted length
of a path P in G2 is the sum of the weights of the edges in P.

Lemma 6.8. Let G be a graph. Then rn(G) is at least as large as the minimum weighted length

of a Hamiltonian Path in G, where d = diam(Q).

Proof. Let G be a graph with order n = |V(G)| and diameter d. Let f be a radio labeling
of G, so f is one-to-one. Let G be the weighted power graph of G, so w(u,v) =d+1—1i ,

where i = dg(u,v), for all distinct u,v € V(G). Since f is one-to-one, f induces a unique linear
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ordering of V(G) given by

0= flu) < f(uz) < ... < flun—1) < f(un) = span(f).

From Observation 6.3, we know that f(ugy1) — f(ug) > w(ugs1,ux) for all 1 <k <n—1. This

produces the following n — 1 inequalities.

f(un) = flun—1) > w(tn, Un—1)

f(un—l) - f(un—Z) 2 w(“n—l,“n—?)

n—1
Thus, span(f) = f(un) > > w(ugs1,ur), where uy, ug, ..., Up—_1, Uy is the Hamiltonian Path in
b=

G4 corresponding to the f-ordering of V(G) = V(G2). Therefore, by definition of radio number,

n—1

rm(G) > Min{ > w(vep1,vt) : v1, Ve, ..., Uy is a Hamiltonian Path in GZJ} , which completes
t=1

the proof of Lemma 6.8. O

It is important to remember that although a radio labeling f of G induces a Hamiltonian Path
V1,02, ..., Uy in G that satisfies |f(vii1) — f(vp)| > w(vger,vp) forall 1 < k < n — 1, the
converse is not true. In other words, given a Hamiltonian Path vy, v, ...,v, in G2, a function
f:V(G) = {0,1,...} that satisfies |f(vit1) — f(vk)| = wy(vg+1,vp) for all 1 <k <n—1isnot
necessarily a radio labeling of G. This is because the Hamiltonian Path criterion only satisfies
the necessary inequality for every pair of consecutive vertices and not necessarily globally for

all distinct u,v € V(G). Therefore, the above equality does not always hold.

Definition 6.8. Consider a directed graph T
1. T is a tournament if there is exactly one directed edge connecting any two vertices.
2. A tournament T is transitive if adjacency is transitive in T’; in other words, if u «~ v and

v win T, then u «~w in T.

Proposition 6.1. Let T be a tournament.
1. T has a Hamiltonian path.

2. T is transitive if and only if the Hamiltonian path in T is unique.
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Though there are several details and cases to consider in the proof of (2), a general sketch of
the argument is as follows:

1. @ : If T is transitive and yet contains two distinct Hamiltonian paths P; and P», then
by transitivity the first two vertices u and v that differ in the orderings of P; and P, will
necessarily be mutually adjacent, since both paths span T' by definition. This violates the
requirements of a tournament.

2. @: If T contains a unique Hamiltonian path vy, v, ..., v,, then if we assume there is a
vertex v, that is incident to a vertex vy of smaller index (thus violating transitivity), then

the existence of this edge creates a second Hamiltonian path in T, a contradiction.

The importance of this proposition is that there must exist a bijection between the directed
Hamiltonian paths of G¢ and the transitive orientations of G¢. Any transitive orientation of

G? therefore induces a unique Hamiltonian path.

Lemma 6.9. Let G be a graph with diameter d. Then rn(G) is equal to the smallest possible

weighted length of a longest directed path taken over all transitive orientations of G<.

Proof. Let G be a graph with order n and diameter d.
1. Let 7 := max {mil W(Wi1, Wi) © UL, Uy vy Upy 1S & path in T} for each transitive orienta-
tion of T of G4,. -
2. Let M = min {l7 : T is a transitive orientation of G% }.

We wish to show that rn(G) = M.

rn(G) < M: Let T be a transitive orientation of G¢, and let vy, va, ..., v, be the unique Hamil-
tonian path in 7. We show that rn(G) < Ip. Define a map f : V(G) — {0, 1,2, ...} recursively

by

0 ifi=1;
f(vi) =
d+ 14 max{f(v;) —d(vi,v) : 1 <t <i—1} if2<4<n.

Notice for all 1 < j < ¢ < n, we have

d+1+ max{f(v;) —d(vi,v) : 1 <t<i—1} >d+ 1+ f(v;) — d(v;, v;).
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Thus, for each 1 < j < i < n, by definition f satisfies f(v;) — f(v;) > d+ 1 — d(v;,v;), and so
f is a radio labeling of G. In fact, for each 2 < ¢ < n equality is achieved for some j; < ¢, so
by backtracking we obtain a monotone decreasing sequence of labels of vertices that define a
directed path vy = uy,us, ..., Uy = v, (not necessarily Hamiltonian) from v; to v,. By definition
of the weight function w on E?%, w(u;y1,u;) =d+ 1 — d(usy1,u;) for each 1 <i <m —1. We

therefore have the following equations by the definition of f.

f(um) - f(um—l) = w(umaum—l)

f(umfl) - f(um72) = w(umflv um72)

f(uz) — f(u2)
f(uz) — f(ur) = w(uz,u1)

w(usz, uz)

m—1
The weighted length of wuq, ug, .oyt i8>, w(wip1, u;) = f(um) = f(vn), so we have rn(G) <
i=1

f(vn) <lp. Since T is an arbitrary transitive orientation of G4, we have rn(G) < M.

rn(G) > M: Let f: V(G) — {0,1,2,...,rn(G)} be an optimal radio labeling of G, so span(f) =
rn(G). Then f is necessarily one-to-one, and we can uniquely order the vertices vy, va, ..., vp

such that

0= f(v1) < f(v2) < ... < f(vn)=1rn(G).

We construct a tournament by orienting the edges of G¢ from smaller index to larger index,
so v; v v; if and only if 1 < j < 4 < n. Since inequality is a transitive relation on natural
numbers, we know that adjacency so defined is a transitive relation on the vertices of G¢. Thus,
this orientation T’ of G¢ is transitive and by definition induces the directed Hamiltonian path
V1, V2, veey Uy

Now let P be a heaviest weighted directed path uq, ua, ..., 4y, in T (not necessarily Hamiltonian),
so lp = mz_lw(uiﬂ,ui). Since f is a radio labeling of G by assumption, we have f(u;y1) —

i=1
fu;)) > d+1—d(uip1,u;) = w(uipr,u;) for all 1 < i < m — 1. We therefore have the following
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system of inequalities.

f(um) - f(um—l)

> W (U, Un—1)
f(umfl) - f(um72) 2 w(umflyum72)

By summing up these inequalities, we have f(un) > > w(u;r1,u;) = lp. Since the largest
i=1
element of the codomain of f is rn(G), we know

m—1
rn(G) > Z w(Uiy1,w;) = lp > M.
=1

Thus, rn(G) = M, which proves Lemma 6.9. O

Notation: Given an h-tuple (mg,m1,...,mp—1), we use the following notation for level-wise
regular trees.

T =711 and T2 = T2

mo,M1,...,;Mp—1 mo,M1,...;Mphp—1

Theorem 6.10. Suppose h > 1 and m; > 2 for all0 <i < h —1.

L Ifd=2h, then r(TY) > (d+ D(n—1)+1—-23 [i.mo lﬁl(mjl)].
7 =1

h i—1
2. Ifd=2h+1, thenn(T?) >dn—1)—45 |i (mj—l)].

<

H
l—|

st L
=l

Proof. Suppose h > 1 and m; > 2 for all 0 < i < h—1. Let d denote the diameter of the graph.

Consider two cases.

Case 1: d = 2h, so the center Lo of T' =T, . . is a singleton. For each vertex v of
T, let a(v) := d(v, Ly). Because T is level-wise regular, vertices with equal level have equal
degree. Also, the center has exactly mg children and each i-vertex (where 1 < i < h — 1) has

m; — 1 children. Thus, for each 1 < ¢ < h, we have
i—1
|L2| =Tmy H(m -
j=1
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CLAIM: Let 0 < ¢ <4” < h. If v € Ly and v"” € Ly, then d(v',v") <4’ +1i".

To prove this claim, we consider two possibilities.
1. If v’ is on the path from v” to Lo, then d(v/,v"”) =" — i’ <4"” 4+ ¢/, with equality holding
if and only if v’ € L.
2. If v/ is not on the path from v” to Lg, then if w is the closest common ancestor of v’
and v”; then d(v',v") = d(v',w) + d(w,v"”) <4’ 4+ ¢", with equality holding if and only if
w € Lyg.

This proves the claim. By the claim, w(v',v") > d+1—d(v',v") > d+1— (i +i") in (T1).

We define a function  on V(T") by I(v) := h + & — a(v) = I;, where v € L;. Notice that
l(v) = % — a(v), since d is even. Observe now that if P = vy, vs, ..., v, is a Hamiltonian path
in (T1)4, then for 1 < j <n — 1, we have
w(vj,vir1) 2 d+1 = (a(v;) + a(vj41))
1 1
= |:h + 5 - a(vj)} + |:h + 5 — CK('U]‘+1):| (106)
= 1(v;) + U(vj41)-

Thus, we have the following system of inequalities.

w(vy, v2) > 1(vy) +1(v2)

w(ve, v3) > l(ve) + 1(v3)

w(vn—%vn—l) > l('Un—Q) + Z(Un—l)

w(Vp—1,Un) > l(vn-1) + l(vy).

By summing up and noting that each I(v;) appears twice except for I(v1) and I(v,,), we have

-1

Z w(vj,vj41) >l(v1)+Zl(v] )+ (v,) > 2 Z vj) — l(v1) — U(vp). (107)
j =1

j—2
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We can now apply Lemma 6.8, from which we have
rn(T") > Min Z w(vj,vj41) : V1, V2, ..., Uy is a Hamiltonian path of (T")%

> Min ZQl(vj) —1(vy) — I(vy) : V1,02, ..., U, is a Hamiltonian path of (T%)%
j=1

= Min Z [d+1—2a(v)] —d—1+a(v) + a(vy,) : v, ..., v, is Hamiltonian in (7")%
j=1

w

[d+1-2a(vj)]—d—1+0+1
1

n
=

=n(d+ 1)—d—22n:a(vj)
;1
=n(d+1)—d-2) ilLj

h i—1
=(d+1)(n—1)+1-2Y |i-mo[J(m;—1)].
i=1 j=1
(108)

This completes the proof for Case 1.

Case 2: d = 2h, so the center Lo of T? = contains exactly two adjacent vertices.

mo My, mMh—1
For each vertex v of T2, let a(v) := d(v, Lg). Because T? is also level-wise regular, vertices with
equal level have equal degree. Also, each of the two central vertices has exactly mg — 1 children
and each i-vertex (where 1 < i < h — 1) also has m; — 1 children. Thus, for each 1 <i < h, we

have

i—1
Lil =2 ] (m; -
j=0

By the same argument as in Case 1 (and taking account the additional edge at level 0 in T2,
we know if v/ € Ly and v” € L, then d(v',v") < i’ +4” + 1. Thus in (7?)%, we know

w,v") >d+1—-d@ W) >d+1-G" +i+1)=d— (" +i").

As in Case 1, we define a function  on V(T) by l(v) := h+ 5 —a(v) = I;, where v € L;. Notice

that I(v) = 4 — a(v), since d is odd. Observe now that if P = v1,vs, ..., v, is a Hamiltonian
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path in (72)% then for 1 < j < n — 1, we have

w(vj,vjp1) > d — ((vj) + a(vjt1))

=2h+1—a(v;) - avj1)
= [h + % - a(vj)} + {h + % - a(vjﬂ)] (109)

= l(vj) + U(vjt1).

Notice that although the parity of d alters the computations, the result is identical to our result

in Case 1. Thus, by summing up edge weights as in Case 1, we still obtain

n—1 n
Z w(vj,vj41) > QZl(vj) —(v1) = l(vg). (110)

j=1
By applying Lemma 6.8 again, we obtain

n—1
rn(T?) > Min Z w(v;,vj11) : V1,9, ..., Uy is a Hamiltonian path of (T%)%
j=1

> Min Z2l(vj) —1(v1) = I(vy) : V1,02, ..., v, is a Hamiltonian path of (T%)%
j=1

n
= Min Z [d —2a(v;)] —d + a(vy) + a(vy) : v1,02, ..., v, is Hamiltonian in (7%)%
j=1

[d—2a(v;)] —d+0+0
1

n

J

:nd—2Za(vj) —d
j=1

h
=d(n—1)-2) i|L]
i=1

h i—1
=dn—1)-2) |i-2][(m; - 1)
i=1 §=0

h i—1
=dn—-1)—4)_ |i-[J(m; 1)
i=1 | =0
(111)
This completes the proof for Case 2. O
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If we make a stronger assumption that m; > 3 for all 0 < ¢ < h — 1, then it is possible to
construct a radio labeling whose span meets the lower bound established in Theorem 6.10. This

will establish the radio number for all level-wise regular trees that meet this requirement.

Theorem 6.11. Suppose h > 1 and m; > 3 for all0 <i < h —1.

1. If d = 2h, then rn(T*) = (d + 1)(n — 1)+172i li~mo~iﬁl(mj 1)]

7 j=1

2. Ifd=2h+1, then rn(T?) :d(n—l)—4zh: [i-inl(mj —1)].

=1 j=0
In other words, the equalities of Theorem 6.10 hold if m; > 3 for all 0 <¢ < h — 1.

Proof. Suppose h > 1 and m; > 3 for all 1 <47 < h—1. Let d denote the diameter of the graph.
Consider two cases.

Case 1: Suppose d = 2h, so the center of T is a single vertex. To prove equality for the radio
number of T', we must construct a radio labeling f of T' whose span meets the lower bound
established in Theorem 6.10. For each 1 <7 < h — 1 and each vertex v in L;, we enumerate the
edges between v and its children from 0 to m; — 2. Mark the edges between Ly and its children

with integers from 0 to mg — 1.

Now let v € L;. There is a unique path from Lg to v since T is a tree, so v can be uniquely

represented by the following i-tuple:

a(v) = (CLO(U)a CLl(’U), (a3 ai—l(v))

where a;(v) denotes the number assigned to the edge between the j* and (j + 1)** levels on

the (v, Lo)-path. Now for each 1 < ¢ < h, define a map s; : L; — Z by

Sz'(’U) = Qo + aimo + agmo(ml — 1) —+ ...+ ai_lmo(ml — 1)(m1_2 — 1)

, mo if j=0; il k=1
If we let m/; = ' . then we have s;(v) = >° |ax(v) - [ mj|.
mj—l Zflg_jgh—]_ k=0 7=0

Notice that for each 4, s; is a bijection between L; and the set {0,1,2,...,|L;| — 1}. So each
s; induces a unique ordering of the vertices in L; from smallest to largest s;-value. Using the

ordering Ly — Ly, — Lj_1 — ... = L1 of the levels of T" and listing the vertices within each

89



level according the function s;, we uniquely determine an ordering vy, vg, ..., vy, —1, vy, of V(T1).

Now define a recursive map f : V(T1) — {0,1,2,...} by

0 if i =0;
fic) +l(viey) +1(v;)  if1<i<n

f(vi) =

where [(v) := h+ 3 — d(v, Ly). For convenience, denote d(v, Ly) by a(v) for each v € V(T).

By definition, I(v) > 3 for all v € V(T?) and I(vi—1) + I(v;) = 2h + 1 — a(vi—1) — a(v;) =

d+1—a(vi—1) —a(v;) for all 1 <i <mn. A critical observation now is that for any level i, any

h
|L;| consecutive vertices in ULk have mutually distinct ancestors in L;. Thus, if two vertices
k=i
h )
i—1
Up, Vg € ULk have a common ancestor z € L, then [p — g > |L;[ = [[ mj.
k=i j=0

To verify that f satisfies the radio labeling inequality, let v, € L;» and v,44 € L;», where k > 1.

Let z € L; be the lowest common ancestor of v, and vpyx, 50 d(vp, Vptx) = ¢ + ¢ — 2i and
h

{Vp, Upt1, s Upti} C ULt based on the ordering defined on V(7). Then we have the following
t=i

system of k inequalities.

f(Uerk) - f(Uerkfl) = Z(Uerk) + l(UpHcfl) > l(vark) + %
fprn-1) = F(pyr—2) = Uvpsr—1) +l(vpyr—2) > 5+ 5 =1
f(vpt2) = f(vps1) = U(vpt2) + U(vp41) >3+3=1
f(”p+1) - f(”p) = Z(Up+1) + l(vp) > % + l(”p)

By summing up these inequalities and taking into account the minimum values of & and m; for
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each 0 <i < h — 1, we have

f(opir) = f(vp) 2 Wvptr) +1(vp) + K =1

1 ./ 1 .17
= _ — _ — _1
<h+2 Z>+<h—|—2 Z)+k

>d+1—4i —i"+|L;] -1
i—1
=d+1—i —i"+mo[[(m; —1)—1

e (112)

>d+1—4 —i"+3-271 -1
>d+1—d —i" +2i
=d+1—(i'+1i" —2i)
=d+1—d(vp,vpir)-

Thus, f is a radio labeling of T' as claimed. Furthermore, using the standard telescoping

argument for calculating the span of radio labelings, we have by definition of f that

span(f) = f(vn) = (d+1)(n —1) - 2Za(w) + a(v1) + a(vy)
h i—1
:(d+1)(n—1)—2z z‘-mo-H(mj—U +0+1 (113)

h i—1
=(d+1)(n-1)+1-2Y  |i-mo-[J(m; —1)

This matches the lower bound for rn(T") found in Theorem 6.10, so Case 1 is proved.

4 13 7 16 10 19 5 14 8 17 11 20 6 15 9 18 12 21

Above is an optimal radio labeling for the level-wise regular tree T317 13- Edges are marked and
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vertices are ordered as in the proof of Case 1 of Theorem 6.11. T3, 3 has a radio number 61.

Case 2: Suppose d = 2h + 1, so the center of T2 is contains two vertices. To prove equality for
the radio number of 72, we must construct a radio labeling f of T2 whose span meets the lower

bound established in Theorem 6.10.

Let e denote the central edge of T2. Then T2 \ e has two isomorphic level-wise regular compo-
nents, say 77 and T with diameter 2h. The difference between the trees discussed in Case 1

and T” or T" is that the central vertices of 77 and T” have degree mg — 1, not myg.

To prove that rn(7T?) is bounded above by the lower bound established in Theorem 6.10, we
will establish an ordering vy, va, ..., v, of V(T?) such that the same recursive map f from Case 1

satisfies the required inequality for radio labelings between any two distinct vertices in V (72).

Our ordering will meet the following initial requirements.
1. {v1,vn} = Lo, so a(vi) = a(v,) = 0.
2. The vertices in the labeling will alternate between T’ and T”, beginning with 7’. Thus,
T’ will contain all odd-indexed vertices, and T" will contain all even-indexed vertices.
3. The levels of T" are ordered by Lo — Ly, — Lp_1 — ... = Ly — L.
4. The levels of T” are ordered by L; — Lo — L3 — ... — Lj; — Lg, the reverse order of

levels in T".

For each 1 < ¢ < h, let L} denote V(T") N L;, and similarly let L} denote V(T")N L;, so |L}| =
|LY| = |L;|. Analogous to Case 1, for each level i there are bijections s, : L} — {0, 1, ..., |L}|—1}
and s/ : L} — {0,1,...,|LY| — 1} that when applied to each level of V(T?) yield a cumulative
ordering vy, vs, vs, ...un—1 of V(T”) and a cumulative ordering vy, vy, ..., v, of V(T") such that

the following hold.

h
1. Any |L;] odd consecutively labeled vertices in UL% have mutually distinct ancestors in
k=i
L.
h
2. Any |L}| even consecutively labeled vertices in UL% have mutally distinct ancestors in
k=i
LY.
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h
Thus, since L, N L = @, we have that any |L;| consecutively labeled vertices in ULk have

k=i
h

mutually distinct ancestors in L;. Consequently, if two vertices v, v, € ULk have a common
k=i
ancestor z € L;, then [p — q| > |L,|.

With this ordering vy, va, ..., v, of V(T?) established we verify that the recursive map from Case

1 is a radio labeling for T2. Let vp € Ly and vpy € Ly, where k > 1. Observe two cases.

Case 2a: Suppose v, and v,4y are on different branches of T2, so d(vp, vp4x) = i’ + " + 1.

Then by the telescoping argument from Case 1 and the fact that d = 2h + 1, we have

fpi) = f(op) 2 Uvpar) +1U(vp) + k=1

1 -/ 1 -1/
= _— _ — _1
<h+2 z>+<h+2 z)+k

—d—i' —i"+k—-1 (114)

=d+k— (" +i"+1)

>d+1—d(vp, vptr)-

Case 2b: Suppose v, and v, are on the same branch of 72, Let 2z € L; be the lowest common

ancestor of v, and vp4, 80 d(vp, vptr) =9’ +4” — 2i. Then again by telescoping, we have
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f(ptr) = f(vp) = Uvpyr) +U(vp) +k — 1

1 1
= <h+2—i’>+<h+2—i")+k—1

>d—i —i"+|L;| -1

i—1
=d—i —i"+2]J(m;—1) -1
§=0

' (115)
>d—i —i"+2-20—1

=d+1—di —i" +2(2" - 1)
>d+1—i —i"+2
=d+1— (" +1i" —2i)

=d+1—d(vp,vpir)-

Thus, since both cases satisfy the radio labeling inequality, we have that f is a radio labeling
of T?. Furthermore, using the standard telescoping argument for calculating the span of radio

labelings, we have by definition of f that

span(f) = f(va) = d(n —1) =23 a(v;) + a(v1) + afvn)

i=1

h i—1
=dn-1)-2) |i-2-[J(m; =1)| +0+0 (116)
i=1 j=0

i—1
=dn—1)—4)_|i-[J0m;—1)
; i

This matches the lower bound for rn(T?) established in Theorem 6.10, so the proof for Case 2

is complete. This completes the proof for Theorem 6.11. O

9 35 19 41 27 45 1539 2343 3147 40 56 44 64 48 72 42 60 46 68 52 78
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Above is an optimal radio labeling for the level-wise regular tree T3 , 5. Vertices are ordered as

in the proof of Case 2 of Theorem 6.11. T32,473 has a radio number 87.

Corollary 6.11.1. Let T be an internally (m + 1)-regular complete tree (where m > 3) with
diameter d > 3, so the height h = L%J and the degree parameters are given by mg =my = ... =
mp—1 =m-+1. Then

1. If d = 2h, then

h—1
r(T) =1+ [mi(m+1)(d—1—2i)]
i=0 (117)
. Am"*t — 2hm? — dm + 2h
a (m—1)?
2. Ifd=2h+1, then
h .
rn(T) = Z [2m'(d — 2i)] — d
i=0 (118)
htl o h _ _ 2
—omh 6m 2m" — (2h — 1)m* —4m + 2h + 1.
(m—1)?

Proof. Let T be an internally (m+1)-regular complete tree (where m > 3) with diameter d > 3.
By setting m; = m + 1 for all 0 < ¢ < h — 1 in the formulas established in Theorem 6.11, the

result follows in each case with lengthy but elementary algebraic simplification. O
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7 A Survey of Relevant Results - Graphs with Cycles

Our final survey involves other graphs that do not contain unique paths between all pairs of
vertices, particularly 7" power paths and Hamming graphs. It is here that we investigate radio
labelings that are bijections from a vertex of size n onto a set of n consecutive natural numbers

in greater detail.

7.1 Radio Number of r*"-Power Paths

Recall: The r*" power of a graph G, denoted G, is the graph constructed from G by inserting

an edge between any pair of vertices whose distance is at most r in G..

Thus, a fourth-power path P2 is the fourth power of a path P, of n vertices. The radio number
of fourth-power paths is almost completed determined by Lo and Alegria in [7], and bounds are
established for the single case in which the exact radio number of P2 is not yet fully determined.
Preceding results for rt* power paths include Liu and Xie’s proof of the radio number of all square

paths in [5] and Sooryanarayana’s proof of the radio number of third-power paths in [9].

Liu and Xie [5] have the following result on the radio number of square paths P2.

Theorem 7.1. Let P2 be a square path on n vertices, and let k = |5]. Then

k2 +2 if n=1(mod4) andn > 9;
rn(Pz) = ! ( )
K241 otherwise.

Following Liu and Xie’s result is Sooryanarayana’s [9] solution for the radio number of third-

power paths P2, also known as the cube of P,.
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Theorem 7.2. Let P3 be the cube of a path on n vertices, where n > 6 and n # 7. Then

# if n=0 (mod 6);
n2220419 G =1 (mod 6);
n415 if n =3 (mod 6);
n2=20416 G f = 4 (mod 6);
% if n=>5 (mod 6).

An immediate commonality between grids, spiders, level-wise regular trees, and 7 power paths
is the concept of center and level in relation to distances between vertices. However, it is
important to note that the level function on the vertex set of P defines the level of a vertex v

to be the P,-distance from v to a center of P,, not its distance in P;.

The same system used by Lo and Alegria of representing a radio labeling f by blocks that
indicate both the ordering of vertices and the distances between consecutive vertices is adopted
several times in this thesis as a means to prove the upper bound of the radio number of a
grid graph. The advantage of adopting this systematic notation is that the pattern of labeling
becomes apparent in the sequencing of the vertices in each block and that the distances between
consecutive vertices can more easily be summed by calculating the number of occurrences of

each distance in each block.

Lo and Alegria’s result [7] on the radio number of the fourth-power path P2 is as follows.

Theorem 7.3. Let G = P2} be a fourth-power path on n vertices (where n > 6), and let
k=T[271], so k = diam(G). Then

2k% +1 if n=0,3,6,0r 7 (mod8) orn=29;
™m(G) = 2k +2 if n=4orb (mod 8);
2k> if n =2 (mod 8).

If n = 1(mod 8) and n > 17 (where n is of the form 8q + 1), then
2k? 42 < rn(Pgqu) < 2k% 4 q.
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rn(Py,) = 52

RIS S,
AUSANARANANOANAIAIR

29 3 23 4934 8 1844 3913 0 26 52 31 5 21 47 36 10 16 42

\»
/

Above is an optimal radio labeling for the fourth-power path Py,. Following Case 2 of

Theorem 7.3, P3; has a radio number 52.

When calculating the radio number of fourth-power paths of order n with Theorem 7.3, it is
acceptable to consider only the cases with n > 6, since Py, P3, P¢, Py, and PZ are all complete
graphs and therefore trivially have a radio number of n — 1. Any proper coloring suffices as a
radio labeling of complete graphs. The following subsection generalizes the types of graphs that

satisfy this property.
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7.2 Radio Number of Hamming Graphs and Graceful Radio Labelings

Definition 7.1. Let ny,ns,...,nq € N, where d > 2 and n; > 2 for every 1 < i < d. A Hamming
Graph is a graph H of the form K,,,0K,,,00..0K, , the Cartesian Product of d complete graphs

of orders ni,ns,...,ng respectively. If ny = ny = ...ng = n, then we denote H by Knd.

Observation 7.1. Let G1, G2 be graphs.
1. dG1|:|G'2 ((u7 U)v (ulv Ul)) = dG] (uv u/) + dG2 (U’ UI)'

2. diam(G10G2) = diam(G1) + diam(Gs).

In finding optimal radio labelings for Hamming Graphs, Niedzialomski uses a slightly altered

definition [8] of radio labelings and span than the definitions used throughout this thesis.

Definition 7.2. Let G be a graph.
1. A radio labeling of G is a function f : V(G) — N such that |f(u) — f(v)| > diam(G)+1—
d(u,v) for all distinct u,v € V(G).
2. The span of a radio labeling f, denoted span(f), is Max{f(u) : u € V(G)}.

3. The radio number of G is the minimum span of any radio labeling of G.

The subtle difference between Niedzialomski’s definition of radio labeling and the definition
otherwise used throughout this thesis is the codomain of f; in this new definition, 0 is not
a possible label. Also, the span of f is now the largest label and not the largest separation
between labels. However, the inequality requirement is identical in both definitions, so this slight
modification of the definition does not change the process of determining the radio number of
Hamming Graphs. In this section we are to determine the span of optimal radio labelings of
Hamming Graphs H. Notice by this new definition that for a graph G of order n, rn(G) > n,

since radio labelings are injective maps.
Definition 7.3. Let G be a graph with order n, and let f be a radio labeling of G.

1. f is a consecutive radio labeling of G if f(V(G)) ={1,2,...,n}.

2. If a consecutive radio labeling of G exists, then G is a radio graceful graph.
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Observation 7.2. Let G be a graph of order n.

1.

2.

G is radio graceful if rn(G) = n.
Since any radio labeling f is one-to-one, if f is indeed a consecutive radio labeling of G,
then f is onto {1,2,...,n}.
If V(G) = {v1,v9,...,0,}, then G is radio graceful if and only if there exists an or-
dering x1,Ta,...,x, of elements of V(G) such that for oll A € {1,2,...,diam(G)} and
i€{1,2,..,n— A},

d(x;, Titn) > diam(G) — A+ 1.

If the diameter of G is 2, then any labeling f on G such that consecutive vertices in
the labeling sequence of f are not adjacent (in other words, d(x;,xiy1) > 2 for 1 < i <
|V (G)|—1) will satisfy the requirement in (3) of a graceful labeling of G. Since nonadjacent
vertices in G are adjacent in G¢ (the complement of G), this implies G is radio graceful if
and only if G¢ contains a Hamiltonian Path, which is used as the ordering of the vertices

of a graceful labeling of G.

Examples:

1.

Complete graphs K, are radio graceful. Since diam(K,) = dk, (u,v) = 1 for all distinct
u,v € V(K,), we know that if u,v € V(K,) are distinct, then |f(u) — f(v)| > diam(K,,)+
1—d(u,v) =1+1—1=1. So any proper vertex coloring suffices as a radio labeling of
K, provided the colors are in {1,2,...,n}.

The Petersen graph is radio graceful, since the diameter of the Petersen graph is 2, and

its complement contains a Hamiltonian Path.

General Strategy for Proving Radio Gracefulness: Let G be a graph with order n.

1.

2.

3.

Define a list of elements {x1, 23, ...x, } of V(G).
Prove that the list is an ordering of V(G), that is, there is neither any repetition nor
exclusion.

Prove that the order induces a consecutive radio labeling.

We use this strategy in a moderately revised proof of the radio number of Hamming Graphs of

the form Knt, where n > 3.

Definition 7.4. Let C = G,0G,0...0G;. For z; € V(C), let x; = (ziy, Ty, ..., i, ). Then we
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define a function 7 : V(C) x V(C) — {0,1,2,...,t} by

t .
1 if i, = Tj.;
m(z;, x;) = Zwk(xi,xj), where (2, z;) = " e
k=1 0 otherwise.

Observation 7.3. If C = G, then

¢
t—m(xg,x;) < dge(z,z;) = ng(xik,mjk) < diam(G) (t — w(z;, x;)) .
k=1

From this inequality, if H = K,,0K,,0..0K,,, then

t—m(x, ;) < dp(x;, ;) < diam(K,,) (t — 7(z;,x;)) = (1) (¢ — 7(xs,25))

which implies

dH((Ei, (Ej) =t— 7T(.’L'7;7£Cj).

Lemma 7.4. Let G be a graph with n = |V(G)|. Fort € N, let {x1,22,...,x,t} be an ordering
of V(G?) that induces a consecutive radio labeling of Gt (so G* is radio graceful). Then

S
(@i ay) < i — j

rJ - i€ {1,2,...,nt}.
= diam(@) foralli,j e {1,2,..,n'}

Proof. Suppose the above conditions hold. Then there exists a map f : V(G') — {1,2,...,n'}
defined by f(z;) =i for every 1 < i < n' that satisfies | f(x;)— f(z;)| > diam(G*)+1—dg: (z;, x;)
for all ¢, 5.

= |i — j| > t(diam(G)) + 1 — dg+ (x4, x;) for all 4, j.

= t(diam(Q)) +1—|i — j| < dgt(z;,z;) for all i, j.

From Observation 7.3, dgt(z,z;) < diam(G) (t — m(x;,x;)), so t diam(G) + 1 — |i — j| <
t diam(G) — w(x;, z;)(diam(G)). Therefore,

7'(‘((1?1',{13j) < |Zi‘7|71

S Giam(@) since diam(G) > 0.
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Lemma 7.5. Let H = K,,00K,,0..0K,, be of order N. Then an ordering xi,%s,...xn Of
V(H) induces a consecutive radio labeling of H if and only if m(z;,x;) < |i — j| — 1 for all
i,j € [N].

Proof. Let H = K,,,0K,,00..0K,, be of order N.

(=) : Suppose the ordering x1,xa, ...,zy induces a consecutive radio labeling of H. Then

there exists a function f : V(H) — [N] defined by f(x;) = ¢ for all i satisfying | f(z;) — f(z;)| >
diam(H) + 1 —dg(z;, x;) for all 4,5 € [N].

= |i—j| >t+1—du(z;,z;) for all ¢, j € [N].

= t+1—|i—j| <dp(z;,z;) for all i, j € [N].
Since dp (s, z;) <t —m(x;,x;), we know that t +1 — |¢ — j| <t —7(x;,z;) for all 4,5 € [N]. So

m(zi,x) <|i—j| —1for all i,j € [N].

(«<=): Suppose 7(z;,z;) < [i —j| — 1 for all i,j € [N]. Then ¢ + 7(z;,z;) <t + i —j[ -1 for
all 4,j € [N]. Note that diam(H) =t and t — 7(z;, ;) = du(z;, z;).
= diam(H) — i —j|+1=t—|i—j|+ 1 <t—n(zx;,z;) = du(zi;,x;) for all ¢,j € [N].
= |i —j| > diam(H) + 1 — dg(x;,x;) for all 4,5 € [N].
Hence, if we define a function f : V(H) — [N] by f(z;) = ¢ for all ¢ € [N], then f satisfies the

inequality for a radio labeling, which completes the proof. O

Step 1: Define the vertices z1, o, ...z, of H = K,,".

Let n > 3 and V(K,,) = {v1,v2,..v,}. Let t € [n]. We recursively describe vertices as the rows

t—1

of n matrices of order n x t.
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Definition 7.5. Assume the following notations.

1. V(Kn) = {1}1,’02,...

2. 0 =(v1,v9,...

s Un}

3. For 2 <k <n'! pp = Max{a € Z: n*|k — 1}.

Then the matrices AM, A@) |

U1

]

Un

U1

Z2

Un

U1 U1
V2 V2
Un Un

and ai’j(

Example: Consider A = K4 = {v1, va, 3, v4}.

A —

AB) —

U1

V2

U3

Vg

U1

V2

U3

Vg

U1

V2

U3

Vg

U1

V2

U3

V4

U1

V2

U3

Vg

U3

Vg

U1

V2

U1
A — v2
U3

Vg

U1
A _ |72
U3

U4

U1

V2

U3

(%

U1

V2

U3

Vg

Observation 7.4. Let 2 < k < nt~1.

1. All columns of A®) are the same

Jj=1t—p.

V4

U1

V2

U3

k)

,A®) =

o (CLfL"j (k—1)
a; ;51
V1 U1 V2
Vo V2 U3
V3 V3 U4
Vg Vg U1
V1 V2 U4
Vo V3 U1
Vs V4 VU2
Vg4 V1 U3

)

,Un), @ permutation in the symmetric group Sy (g,,)-

A are defined recursively as follows.

if j=1—px;

otherwise.

sincet—p2=3—-0=3

sincet—ps =3—-—1=2

as the columns of A*=V) except the column at which

2. Since k —1 < k <n'!, n'~! does not divide k — 1, and so p, <t —2. Thus, j > 2, and

so o is never applied to the first column of any A% . In other words, A1) A®)

all have the same first column.
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Definition 7.6. Let V(K,") = {21, 22, ...,2,¢ }. If i = bn + ¢ (where ¢ € [n]), then
Ti = Tpmpe = (ac,l(lﬂrl)’ o@D ac,t(b“)) ,

In other words, Zp,4c is the ¢t row of A+,

Step 2: Verify x1, 29, ...,z is an ordering of V(K,,").

We show that z1,x2, ...z,¢ has no repeated vertices (so z; = z; if and only if ¢ = j) and does not
omit any elements of V(K,"). To simplify this task, notice first that Column 1 is fixed in each
A®) and also that for 2 < i < n,1<j<t and1<k<nt"! wehave ai,j(k) = (ai_w(’“)).

Thus, the first row of each matrix uniquely defines all other rows in the matrix.

Observation 7.5. Since the first row of each matriz uniquely defines all other rows of the same

matriz, it suffices to show that no two matrices have the same first row.

Definition 7.7. For K,,', take A, ..., A as defined above.

1. Let A = [a; ] be the n'~! x ¢ matrix defined by a;; = a1 ;(, so the i row of A is the

3

first row of A(). Explicitly, the i, j** entry of A is defined recursively by

U1 if j=1
aij =194 o(a;—1, ;) if j=t—pi;
ai—1,j otherwise.
2. A j-block is any of the vectors
a1, j Apt=iy1, j A(ni—1—1)nt=i+1, j
az, 45 Ant=i42, j a(nj71,1)nt7j+2’j
, e ,
G,nt—l7 j a2nt—j7j G/nt—l7 j
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3. The ct* j-block , denoted S(c, j), is the vector

A(ec—1)nt=i41, j

Alc—1)nt=742, j

Qent=i, j

4. The scope of B(c,j) is the set of consecutive integers {(c — 1)n'=7 + 1,(c — 1)n*=7 +

2, ...,cn'™7}. In essence, the scope of B(c, j) is the set {i : a; ; is an entry of B(c, )}

Observation 7.6. For each j, there are n?~' j-blocks, each of dimension nt=7.

Lemma 7.6. Let 1 <j <t and 1 <c<n’~'. Then all entries of B(c,j) are identical.

Proof. Let 1 < j <tand1<c<ni~l If j =t then f(c,j) has n'~t = n® = 1 entry, which
is a trivial case. So assume that 1 < j <t — 1. Note that the only i € S (5(c,j)) that satisfies
nt=Ii—1isi= (c—1)n'=7 +1, the top row of 3(c, ;). Soif i # (c—1)n'=7 +1 (in other words,

if a; ; is not the top of B(c, j)), then p; #t —j (so j #t — p;).

= a;; = a;—1,; by the definition of the matrix A.

Therefore, all entries of f(c,j) are identical to its top entry, which completes the proof of

Lemma 7.6. 0

Observation 7.7. Since all entries of 5(c,j) are identical, any entry of B(c,j) can represent

B(e,j). So o (B(e,j)) makes sense, since it is uniquely defined by any entry in B(c,j).

Lemma 7.7. Let2<j<tand1<c<n/~'—1. Then B(c,j) = B(c+1,7) if and only if n|c.

Proof. Let 2 < j < tand 1 < c¢ < ni7! —1. Let a;; be the top entry of B(c + 1,j), so

i=-cn'=7 +1. Then n'~7|i — 1, so p; >t — j. From Lemma 7.6, we have
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Blc+1,7) = PB(c,7) The bottom entry of 8(c, j) equals the top entry of S(c+ 1, )
Qi—1,5 = Q45

JF#Ft—pi

pi>t—j

I -1

[ I A

nle, since i — 1 = en'™7.
(119)

This completes the proof of Lemma 7.7. O

Lemma 7.8. Let2 < j <t and 1 <m <n?~2. Then B(z,j) # B(y,7) if ( m—1)n+1<z <

y < mn.

Proof. Let 2<j<tand 1 <m <n/~2. Suppose (m—1)n+1<z<y<mn,soy=x+A
for some 0 < A < n. By Lemma 7.7, since n does not divide z if (m — 1)n+1 < z < mn — 1,

we have

Blmn, j) = o (B(mn — 1)) = 0 (B(mn — 2,5)) = ... = " (B((m — Yn+1,5)).

Thus, B(y,7) = Bz + A, j) = o (B(x,5)) # B(x,j), since 0 < A < n = |o|. This completes the

proof of Lemma 7.8. O

Lemma 7.9. If two rows of A share their first k entries, then they are in the scope of the same

k-block.

Proof. We proceed with induction on k. The base case (k = 1) is trivial, since there exists a

unique 1-block, so every row is in the scope of this 1-block.

For the inductive step, assume that the result holds for some & € N. Suppose the 2zt and

y*" rows share the first k& + 1 entries (and therefore the same first k entries). Then the z*" and
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y'" rows are in the scope of the same k-block, say the m!* k-block, by the inductive hypothesis.

By Lemma 7.8, {8((m—1)n+1,k+1),...,8(mn,k+ 1)} are n distinct (k + 1)-blocks with
scope (m, k). So the x'" and y'" rows can be in the scope of exactly one of these (k + 1)-
blocks, since they share the same (k + 1) entry. Thus, they are in the scope of the same

(k 4 1)-block, which completes the induction and proves Lemma 7.9. O

Lemma 7.10. The list x1,2y, ..., T, is an ordering of V(K,").

Proof. Suppose the 2" and 3 rows of A have equal entries. Then by Lemma 7.9, they are in

t

the scope of the same t-block. This has only n‘~! = n® = 1 entry, so = y; in other words, A

has no identical rows. By definition, the rows of A are the top rows of A1, A?) A("t_l), SO

none of the top rows of AN, A®) A®Y are identical.

= None of the rows z; of AN, AR?) A®Y) are identical by by Observation 6.7.

Hence, the sequence x1, xs, ..., T,¢ is an ordering of V(Knt)7 which proves Lemma 7.10. O

Step 3: Prove that the ordering 1, s, ..., z,¢ induces a consecutive radio labeling of K,,". This

gives the first main result for Hamming Graphs.

Theorem 7.11. Letn >3 and t < n. Then K,' is radio graceful.

Proof. Let H = K,,', where n > 3 and t < n. Let x1,2,..., 2, be the previously defined
ordering of V(H). Define f : V(H) — N by f(x;) =i for all ; € V(H). By Lemma 7.5, using

j =1+ A (where A > 0), it suffices to prove
m(z, vien) < A—1forall A€ [n' —1] and i € [n* — A]
since A —1=[i—j| — L
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By Lemma 7.10, z; and z;4a are distinct (since A > 0), so not all coordinates of x; and

TiyA are equal.

— W(l’i,l'iJrA) <t-—1.

Hence, we only need to prove m(z;, z;1a) < A —1 for all A € [t — 1], not [n* — 1].

Let x; be some row in A®), and let A < ¢— 1. Since A® has n rows and A <t —1 < n, we

k+1) We examine both cases.

know x;4 A is either in AK) or Al
CASE 1: ;5 is in A®,

Note that for each 1 < j < ¢, we know o (a;;(®)) # a; ;(®, since 0 < A < n =|o|.

Since a;a,; M = o2 (a; ;) for each 1 < j < ¢, we have aiyn ;™ #a; ;¥ for each 1 < j < t.

Thus, 7(z;, zi4n) =0 < A —1.

CASE 2: z;,a is in A®*t1D We consider two subcases based on the value of A.

Subcase 2a: A > 1.

Recall that all but exactly one of the columns of A®) and A**1 are identical. Since A < n and
n is the number of rows of A% we know x; and ;A are in different rows of their respective
matrices. Thus, at least t—1 of the entries of x; and z;4 A differ. Hence, 7(z;, z;4n) <1 < A—1,
since A > 2.

Subcase 2b: A =1.

In this sub case, x;4A = Z;+1, S0 we know the following;:
1. x; is the last row of AK®).

2. x4 is the first row of Alk+1)
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Let j' =t — ppy1. Recall that a; ;**) = 5 (a; ;¥)) if and only if j = j'. Thus, we have
TipA = Tig1 = (al,l(k+1)a ey ag o F D, -~-,Cll,t(k+1)) = <a1,1(k), s 0 (al,j/(k)> 7~--7a1,t(k)>

and

€Tr; = (an’l(k), ...,an’j/(k‘% ...7an7t(k)) = (0'_1 (al,l(k)> ,...,0'_1 (al’j/(k)) ,...,0'_1 (al’t(k))) .

But |o| =n > 3, so for each j, a; ;¥ # 071 (a1,;(®) and o (a1,;;®) # o7t (a1, ™).

Thus, m(x;,z;4a) = 0 < A — 1, since A = 1. This exhausts all all cases, and so our proof

of Theorem 7.11 is complete. [

rn(K3) =9

Above is a consecutive (hence optimal) radio labeling for K3, a radio graceful Hamming graph.
The ordering of V (K?2) satisfies the characterization of consecutive radio labelings established

in Lemma 7.5.

Lemma 7.12. Giwen a graph G, let d = diam(G) and n = |V(G)|. Let

5= 1+§(nk) {ZJ (120)

Ift > s, then G is not radio graceful.
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Proof. Let G be a graph with diameter d and a vertex set V(G) = {v1, va, ..., v}, son = |[V(G)].
n—1

Let s =14 > (n—k)|%]. Let t > s. Suppose (to the contrary) that z1, 22, ...z,,+ is an ordering
k=d

of V(G?) that induces a graceful labeling f : V(G*) — [n'], where f(z;) = i for each z; € V(G").

From Lemma 7.4, we know

ST
m(z;, ) < % for all 4,5 € [n'].

Define a function IT : V(G") x V(G*) — Z by

(2, ;) = Min {t, |Z_jd|_1} for all (z;,7;) € V(G') x V(G").

Note from this definition that the maximum number of coordinates z; can have in common with
i—1
any prior vertex in the ordering of f is Y I(z;,z;), since m(z;, ;) < II(x;, x;) for all j. Thus,

Jj=1

n+1l [i—1
the first n + 1 vertices x1, 2, ...Z,+1 can agree on at most » <Z H(:ci,:cj)> coordinates. So
i=2 \j=1

if M is the number of coordinate agreements within x1, x5, ..., 41, then

n+1 [i—1
M <y | D M)
i=2 \ j=1
nt1 [i—1

IN

I
M- 14

Z{'i_ﬁ'_l

j=1

(!
_
—
BN
\
QS
\
_

:zj ]3121J +;{42J1] N +]ilw(nﬂ)d—j|_1J
SIS IS sl 121
o HESF IS

o

Fl

Genfrn
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Thus, the first n + 1 vertices contain fewer than ¢ coordinate agreements. This indicates that
there must exist at least one coordinate in which none of the first n + 1 coordinates agree, say
the pth coordinate. So the set P of pth coordinates of x1, zg,...x,4+1 has n+ 1 distinct elements,
which is impossible because P C {vy,va, ..., v, }. Therefore, G* has no graceful labeling, which

completes the proof of Lemma 7.12. O

Lemma 7.12 leads us to our second main result for Hamming Graphs.

Theorem 7.13. Letn>3 andt > 1+ w. Then K,¢ is not radio graceful.

Proof. From Lemma 7.12, we know that K,," is not radio graceful for any ¢ > s, where

s=1+ ni:l (n—k) lem?f(m)J

k=diam(K,)

— 1+ i(n —k)(k)
k=1

n—1 n—1
:1+n<2k>—2k2 (122)
k=1 k=1

N G [ I e V1 TGR VY
2 6
2(n—1)—n(n—1)2n -1
:1+3n (n—1) n6(n )(2n — 1)
_ 2
:1+n(n+1)(3n 2n+1):1+wl
6 6
Thus, K,," is not radio graceful if ¢ > 1 + w. -

n(n?—1)
6

Whether K" is radio graceful for n +1 < t < remains open. Recent attempts were
made to find a consecutive radio labeling for K3, the smallest example of a Hamming Graph
K,," whose radio gracefulness (or lack thereof) remains unproven. We have thus far determined
using programming techniques a sequence of 79 vertices of K3* (i.e. 79 4-tuples of {1,2,3}) that

satisfy the requirements for consecutive vertices of a graceful labeling. However, whether it is

possible to find such a sequence of all 81 vertices of K3 as needed remains unknown.
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