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ABSTRACT
Hilbert Space Applications in Integral Equations
By
Misha M. Avetisyan

The purpose of this paper is to describe some applications of the theory of Hilbert
spaces to integral equations. The main goal is to illustrate possible applications of
techniques developed in theory and to include the standard classification of the important
integral equations (Volterra, Fredholm, Integro-Differential, Singular and Abel’s integral
equations) and their solvability. The most available methods of the subject are abstract
and most of them are based on comprehensive theories such as topological methods of
functional analysis. This paper uses some recent developments in the solution of integral
equations without using the extensive mathematical theory and leaves out abstract and
comprehensive methods. The main goal of this paper is to provide both a systematic
exposition of the basic ideas and results of Hilbert space theory and functional analysis,
and an introduction to various methods of solution of integral equations. Several

examples with solutions are introduced in each section.
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CHAPTER 1
Historical Introduction
We began with a historical survey that the name integral equation [10], [13], [18]
for any equation in which the unknown function ¢(x) is under an integral sign was

introduced by du Bois-Reymond in 1888. In 1782 Laplace used the integral transform

e

Fo0 = [ e ats)ds (11)
0

to solve differential equations. In 1822 Fourier found the formulas
f(x) = \/%joosinxs d(s)ds, (1.2)
d(s) = \/%J:osin xs f(x)dx (1.3)

and
flx) = \/%J:ocos xs o(s)ds (1.4)
o(s) = Efoocos xs f(x)dx (1.5)
T J, '

The integral equations (1.2) and (1.4) can be solved in terms of the known
function f(x) by (1.3) and (1.5).

In 1826 Abel solved the integral equation, having the form



fOo = f (x — $)"P(s)ds, (16)

where f(x) is a continuous function satisfying f(a) = 0,and 0 < x< 1.

An integral equation of the type

o(x) = f(x) + Af k(x —s)d(s)ds (1.7)
0

in which the unknown function ¢ (x) occurs outside and within the integral and the
variable x appears as upper limit of the integral, was obtained by Poisson in 1826 the
theory of magnetism. He solved it by expanding ¢(s) in powers of the parameter A
without proving the convergence of this series. In 1837 Liouville proved the convergence
of such a series.

The determination of the function ¥ having values over certain boundary surface
S and satisfying Laplace’s equation V> ¥ = 0 within the region enclosed by S was shown
by Neumann in 1870 to be equivalent to the solution of an integral equation. This is
similar to the procedure used by Poisson and Liouville, and leads to good method of
successive approximations.

In 1896 Volterra gave the first general solution of the class of linear integral
equations bearing his name with the variable x appearing as the upper limit of the
integral.

A more general class of linear integral equations having the form

b
o) = £() + f K (x, )b (s)ds (1.8)

which includes Volterra’s class of integral equations as the special case given by

K(x,s) = 0 for s > x, was first discussed by Fredholm in 1900. He employed a similar



approach to that introduced by Volterra in 1884. In this method the Fredholm equation

(1.8) is regarded as the limiting form as n — oo of a set of n linear algebraic equations

®(x,) = f(x,) + ZK(xr, x)dG)s, (r=1,....,n) (1.9)

where 6, = (b —a)/n and x,=a + rd, . The solution of these equations can be
obtained and Fredholm verified by direct substitution in the integral equation (1.8) that
his limiting formula for n — oo gave the true solution.

In the remaining chapters of this paper we shall be giving a discussion of the
general theory of linear integral equations as developed by Volterra, Fredholm, Hilbert,
and Schmidt. For this purpose we need to introduce the concept of a Hilbert Space [10],
[17], [22]. This is a good generalization of ordinary three-dimensional Euclidian space to
a linear vector space of infinite dimensions which, for the subject of integral equations, is
chosen to be the complete linear space composed of square integrable functions having a
distance property defined in terms of an inner product. The whole theory was initiated by
the work of D. Hilbert (1912) on integral equations.

To explain the meanings of these terms we consider Euclidian space first then the

Hilbert space of sequences and function space.



CHAPTER 2
Hilbert Space
2.1 Euclidian Space
In three-dimensional Euclidian space each point is represented by a coordinates
(x1, x5, x5) forming the components of the position vector x. The vector Ax has
coordinates (Ax;, Ax,, Ax3) and the vector sum x + y of two vectors x, y has coordinates
(%1 +y1. x5 + v, x5 + y3). These obey the properties of a linear vector space.
The scalar product of two vectors x, y is defined as
(X, y) = x1Y1 + X2); + X3Y3. (2.1.1)
The vectors are orthogonal, at right angles, if (x,y) = 0.
We have
(x,x) =x¥+x2+x%=>0,
where (x,x) = 0 if and only if x is the zero vector 0 with coordinates (0,0,0).

The magnitude or norm [|x|| of a vector x is given by

lxll = @6 x) = 2 + 22 + 2% < 0. (2.1.2)
The vector is said to be normalized if [|x|| = 1.
The distance between two points specified by the vectors x,y is given by [|x — y|l.
Since the length of a side of a triangle is less than, or equal to the sum of the lengths of
the other two sides, we have the triangle inequality.
llx =yl < lIxI| + llyl. (2.1.3)
Suppose that x, y, z are linearly independent vectorssothat ux+ yy+ fz

IS not the zero vector 0 except when u = y = S = 0. We can use them to construct an



orthogonal and normalized, i.e. orthonormal set of three vectors ey, e,, e5 This vector is

normalized, e; = “xT” then

y1=y— (¥ eeq
is orthogonal to e4 and e, = y¢/||ly1ll is normalized. Further
z1 =z - (z,e1)e1— (z,e2)ez
is orthogonal to e; and e, while e3 = z4/||z4]| is also normalized.
The three orthogonal unit vectors e; e, e are said to form a basis since any
vector a of the three-dimensional space can be expressed as the linear combination
a=(aeq)eq+ (aey)e, +(aez)es.
The foregoing vector algebra can be extended to an n-dimensional space whose
points are specified by an ordered set of n complex numbers (x4, x5, ... ... , Xp,) denoted by

the vector x. The inner product of two vectors x,y is now defined as

n

)= ) %37 = 0.0 (2.14)

r=1

while the norm of the vector x is given by

lall = D = ) Il (2.15)

An orthonormal set of n vectors e4, e, ..., e, form a basis of the n-dimensional

space, and an arbitrary vector a in the space can be expressed as the linear combination

n
a= Z(a, e.e,
r=1

where the a,, = (a,e,.)(r = 1, ..., n) are the components of the vector a with respect to

the basis vectors. The only vector which is orthogonal to every vector of the basis is the

5



zero vectors 0 and so the orthonormal set ey, e5, ..., e, is said to span the n-dimensional
space. If we take e; = (1,0,0, ...,0), e, = (0,1,0, ...,0), ..., e, = (0,0,0, ...,1) we see that
a is the vector specified by (a4, a,, ... ... ,ay), Where a, = (a, e,).
2.2 Hilbert Space of Sequences
By a natural generalization of a finite dimensional space, we can consider an
infinite dimensional space [10], [13] and [14] whose points are represented by vectors x
having components, or coordinates, given by the infinite sequence of complex numbers

{x,} = (xq, x5, ... x;, ...) Saisfying

Z|xr|2 < o, 2.2.1)
r=1

The scalar product or inner product of two vectors x and y given by

e

) = ) %55 = X, (222)

r=1
Then we have 0 < (x,X) < oo, where (x,x) = 0 if and only if x is the zero vector 0

whose components all vanish.

Also we define the norm ||x|| of a vector x by the formula

llxll = v/ (x,x) =

(2.2.3)

Thus ||x|| = 0 ifand only if x = 0.
Further we let Ax be the vector with components {Ax, } so that ||Ax|| = |A]||x]],
and let the sum x + y of two vectors x, y be the vector having components {x,. + y,} as

in the case of a finite dimensional space.



Now, by the Cauchy inequality

imum < @w) (iw) (2.24)

and the inequality

[oe)

> xu5

r=1

<> bl i, (2.25)
r=1

we obtain Schwarz’s inequality
1)1 < lixllllyll. (2.2.6)
This is the generalization to infinite sequences of the corresponding result in
three-dimensional Euclidian space which follows from (x,y) = ||x||||y]| cos @ where a
is the angle between the vectors x and y.

Hence

e+ Y12 = ) I + 3, 2
r=1

= D4 D I+ ) G + %)
r=1 r=1 r=1

< (llxll + llyID? < oo.

This shows that the sum x + y satisfies the condition

[oe)

ZIxr + ]2 < (2.2.7)

r=1
and also yields the triangle inequality

llx +yll < llxll + [yl (2.2.8)



which can be rewritten in the form (2.1.3) by reversing the sign of y, as

lx =yl < llxll + [lyll.

The real number

d(x,y) = llx =yl = (2.2.9)

represents the distance between two points characterized by vectors x and y. Clearly || x||
is the distance of the point x from the origin given by the zero vector 0.

A sequence of vectors {x,,} converges strongly or “in norm” to a limit vector x if,
given any € > 0, there exists N such that for n > N we have ||x,, — x|| < &. Strong
convergence is denoted by x,, — x.

If x,, = x we have, using the triangle inequality,

It — Xl = llx — x4+ x — x|
< |x, — x|| + llx,, — x|| < & for large n, m.
A sequence {x,,} satisfying ||x,, — x,,,|| < € for large n and m is known as a Cauchy
sequence. A sequence of points {x,,} in a Hilbert space H is said to converge weakly to a
point x in H if
(xny) = (x,y)
forall y in H. Here, (-, is understood to be the inner product on the Hilbert space.

Weak convergence is in contrast to strong convergence or convergence in the
norm, which is defined by [|x,, — x|| = 0 where ||x|| = \/(x,x) is the norm of x. The
notation of weak convergence defines a topology on H and this is called the weak

topology on H. In other words, the weak topology is the topology generated by the



bounded functions on H. It follows from Schwarz inequality that the weak topology is
weaker than the norm topology. Therefore convergence in norm implies weak
convergence while the converse is not true in general. However, if for each y

(xn,y) = (x,y) and ||x,]| — x, then we have ||x, —x|| - 0 asn — oo.
On the level of operators, a bounded operator T is also continuous in the weak topology.
If x,, —» x weakly, then for all y

(Txn,y) = (X0, T'y) » (x,T°y) = (Tx,y).
Now we consider a sequence e,, which was constructed to be orthonormal, that is,
(en, em) = Omn-

Where 6,,,,, equals one if m = n and zero otherwise. We claim that if the sequence is
infinite, then it converges weakly to zero. A simple proof is as follows. For x € H, we

have

Zl(en, x)|? < ||x]|? (Bessel's inequality),
n

where equality holds when {e, } is a Hilbert space basis. Therefore
(e, )| = 0 i.e.(ey,x) — 0.

Uniform Bounded Theorem (UBT) for Hilbert space: If {y,},=, is a sequence of
vectors in H, such that the numerical sequence t,, = (x,y,) is bounded for each x in H.
The sequence {y, }n=1 iS bounded in norm.

UBT for Hilbert space: If there are for each x in H constants M, such that

|6yl < My, Vn
then there is a single constant B such that

|y, [l <B alln.



Corollary: weakly convergent sequence is bounded.

If y, = y then (x,y,,) = (x,¥) Vx, thisisanumber and any convergent sequence of
numbers is bounded. So, the sequence {(x, y,,)} is bounded in F for each x. By UBT the
sequence {y,, } is bounded in norm.

Now we demonstrate that every Cauchy sequence has a limit vector x in the
space. Suppose that e; = (1,0,0, ...), e; = (0,1,0, ...), ... are vectors in the infinite
dimensional space. They form a basis which spans the space, and the arbitrary vector

a = (aq,a,,...a, ...) can be expressed as

o8]
r=1

where a, = (a,e,) and e, is the rth unit vector satisfying ||e,|| = 1.
Then we have, using Schwarz’s inequality,
|(xn, €r) = (X €)= | (X0 — X, €7)|
<|lx, — x|l <e¢
for large n and m. It follows that the sequence of numbers (x,,, e,) = x,™ is a Cauchy
sequence and approaches a limiting value x,.(r = 1,2, ...) as n — oo. For large n, m we

have

2, — 2| = Zm(m _x M2 < g

r=1

and so for every k

k
Zm(n) —x, M2 < g,
r=1

10



Hence, in the limit as m — oo we obtain

k
D0 sz <
r=1

and since this is true for every k we get

o8]
I =2l = | ™ =22 <.
r=1

But

= |lxll = l1(x — x) + x|

oo
Dl
r=1

< lx = 2l + {124l
<€+ |2yl

and so we have

[ee]
lerl2 < oo,
r=1

Thus x = (x4, x5, ..., X, ... ) belongs to the space and x,, = x as n — oo. A space
in which x,, = x when {x,,} is a Cauchy sequence is called complete. The space of
sequences described above is an example of a Hilbert space.

2.3 Function Space

We consider the function space [10], [13] composed of all continuous complex

functions f(x) of a real variable x, defined in the interval a < x < b, which are square

integrable and thus satisfy the condition

11



b
f IF 0O l2dx < .

The inner product of two functions f(x) and g(x) given by

b —_
(f.g) = f FEFEdx,

we define the norm of the function f(x) as

IFll =)
Next we establish the important inequality named after Schwarz.
We have
b 2

| fre LBy ax=0

so that
I(f, 17 1(f, I
CD=20 0 Ve 2°
e
(f. g 9 = 1(f, DI

Hence

If Mgl = 1(f, 9)l

this is Schwarz’s inequality for square integrable functions.

Also

LA+ NgD? =A%+ gll® + 21 F gl
= (f,f) + (9,9 +21(f, 9)I

by Schwarz’s inequality. But

21,1 = (f,9) + (f,9)

12

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)



and so

AIfF I+ 11gD? = (£, ) + (9.9 + (f.9) + (9. )

=(f+gf+9.

Hence we have

WAL+ lgll = 11f + gl

which is the triangle inequality for functions, known as Minkowski’s inequality.

(2.3.7)

Two functions f(x) and g(x) belonging to the function space are said to be

orthogonal if

b

f.9) = f FG)gE dx = 0

a

and the function f(x) normalized if

IF1l = 1.

We consider a set of sectionally continuous complex functions

¢1(x), Py (x), ..., P, (x), .... satisfying the orthonormality condition

b JR—
(d)rl ¢s) = f ¢r(x)¢s(x)dx = Ops

where &, is the Kronecker delta symbol

(1 (r=y9)
5”_{0 (r # s).

Such a set of functions is called orthonormal.

(2.3.1.1)

(2.3.1.2)

(2.3.1.3)

(2.3.1.4)

An orthonormal system of functions [6], [13] is said to form a basis or a complete

system if and only if the sole function which is orthogonal to every number ¢,.(x) of the

system is the null function which vanishes throughout the interval a < x < b except at a

13



finite number of points. We note here that a complete system of functions should not be

confused with a complete space.

14



CHAPTER 3
Abstract Hilbert Space H
3.1 Properties of Hilbert Space

We shall conclude this chapter by abstracting the common axioms that all Hilbert
spaces must satisfy [6], [10], [13], [14].

A Hilbert space H is a linear vector space possessing a distance function or metric
which is given by an inner product and which is complete with sequent to that metric.

A linear vector space points or vectors, forming an Abelian group and permitting
multiplication by the field of complex numbers A over C.

An Abelian group has an internal law of composition satisfying the commutative

law

f+g=g+f (3.1.1)

and the associative law

f+@+h)=((+g) +h (3.1.2)

having a zero element 0 such that

0+f=f+0=F, (3.1.3)

and an inverse element —f corresponding to each element f of the set such that

f+EH=EN+f=0. (3.1.4)

The multiplication by the field of complex numbers satisfies

15



1-f=f (3.1.5)

0-f=0, (3.1.6)

AW f = 2uf) (3.1.7)

and satisfies the distributive law with respect to the elements f, g

AMf+9) =2 +2g (3.1.8)

and the distributive law with respect to the numbers A, u

A+ Wf = Af + uf. (3.1.9)

The inner product of two elements f, g is a complex number denoted by (f, g) satisfying

5.9 =N, (3.1.10)
Af,9) = A(f, 9), (3.1.11)
1+ /29 = (9 + (2 9. (3.1.12)

It follows at once that (f, f) = (f, f) so that (f, f) is a real number. We shall assume

that

(f,f)=0 (3.1.13)
and further that (f, f) = O ifand only if f = 0.

Then we have also that

(f.29) = (A9.f) = 2(g.f) = A(f, 9) (3.1.14)

16



(f,91+92) = (@1 + g2 f) = (9. f) + (g2, f) = (f, g1) + (f, g2)-
(3.1.15)

The norm of the element f is denoted as

Ifll = 1) (3.1.16)
The norm ||f]| = 0 ifand only if f = 0 and ||[Af]| = |AlIIf]l.

Now (f +Ag,f + Ag) = 0, and so taking 4 = —(f, g)/(g, g) we obtain Schwarz’s
inequality
If gl = 1(f, 9)I (3.1.17)
and we have the triangle inequality
WA+ lgll = 1lf + gll. (3.1.18)
We now define a distance function d(f, g) in terms of the norm according to the
formula
d(f,g9) = If — gll. (3.1.19)
This satisfies the conditions required of a distance between two points f and g, namely
) d(f,9) =d(g.f)
@i df,g) =0,
(iii) d(f,g)=0 ifandonlyif f =g,
Gv) d(f,g) < d(f, h) +d(h g). (3.1.20)
This last condition follows from the triangle inequality for the norm:
If =gl =1If =)+ (h =l < lIf =kl +lh=gll.
We say that a sequence of elements {f,,} converges strongly to a limit element f
if, given any € > 0, there exists a N such that for n > N we have ||f,, — f|| < €. Strong

convergence is denoted by f,, = f.

17



If fo = fwehave [|If, = finll = lI(fa = F) + (f = fi)l
Sl =fll+ 1l = fll <e

for sufficiently large n, m. A sequence {f,,} of elements satisfying ||f,, — finll < € for
large n, m is known as a Cauchy sequence.

A Hilbert space is complete, that is every Cauchy sequence converges to a limit
vector in the space.

The theory of Hilbert spaces initiated, by David Hilbert (1862-1943), in his 1912
work on quadratic forms in infinitely many variables which he applied to the theory of
integral equations. John von Neumann first formulated an axiomatic theory of Hilbert
spaces and developed the modern theory of operators on Hilbert spaces. Necessary
condition for a normed space is to be an inner product space.

A complete inner product space is called a Hilbert space [6], [10], [13]. Since C is
complete, it is a Hilbert space. CV is a Hilbert space. [? is a Hilbert space.

Every inner product space is a normed space and the convergence defined by the norm.
Definition 3.1.1: (Strong Convergence). A sequence {x,} of vectors in an inner product
space E is called strongly convergent to a vector x € E if

[lx, —x|]| >0 as n — oo.
Definition 3.1.2: (Weak Convergence). A sequence {x,} of vectors in an inner product
space E is called weakly convergent to a vector x € E if (x,,y) = (x,y) as n — oo,
foreveryy € E.
Theorem 3.1.3: A strong convergent sequence is weakly convergent.
Proof. Suppose the sequence ||x,, —x|| = 0 as n — co. By Schwarz’s inequality

|(tn =2, 9| < llxn —x|lllyll =0 as n - oo, and

18



(x,—x,y) >0 as n — oo, foreveryy € E.
3.2 Properties of Orthonormal Systems
Using the principle of mathematical induction, we can generalize the Pythagorean
formula [6] as follows:
Theorem 3.2.1: (Pythagorean Formula). If x4, ..., x,, are orthogonal vectors in an inner

product space, then

n 2 n
> x| = Yl (3.2.1)
k=1 k=1

Proof. If x; Lx,, then |[x; + x,|? = ||lx¢]|? + ||x,]|?. Thus the theorem is true for

n = 2. Assume now that the (3.2.1) holds for n — 1, that is

n-1 2 n-1
Yol = D .
k=1 k=1

Set x = Y- x, and y = x,,. Clearly x L y. Thus

n
k=1

This proves the theorem.

2 n-1 n
=l I = el + W12 = ) ol + el = ) ol
k=1 k=1

Theorem 3.2.2: (Bessel’s Equality and Inequality). Let x4, ..., x,, be an orthonormal

set of vectors in an inner product space E. Then, for every x € E, we have

n 2 n
x= Y ron| =l = Y 1wl (3.22)
k=1 k=1

and
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D lee ol < Il (3.23)
k=1

Proof. In view of the Pythagorean formula (3.2.1), we have

2 n n
= D lenell? = ) el

for arbitrary complex numbers a4, ..., a,,. Hence

n
X—Zakxk
k=1

n

k=1

2 n n

=(x — Z A Xy, X — Z A Xy)

k=1 k=1

n n n
= llxll? - (x, D akxk) = @) + )l

k=1

n n n

= 2l = ) @l x) = ) i m) + ) i
k=1 k=1 k=1
n n

= 11xll” = ) 1ComIP + Y 1003 — @l (3.24)
k=1 k=1

In particular, if a; = (x, xi), this results yields (3.2.2). From (3.2.2) it follows that

n
0 < lIxll” = ) (v xl,
k=1

which gives (3.2.3). The proof is complete.
Remarks. 1. Note that expression (3.2.4) is minimized by taking a;, = (x, x;). This
choice of a;, minimizes |[x — Y.}, ax x|l and thus it provides the best approximation of

x by a linear combination of vectors {x, ..., x,,}.
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2. If {x,,} is an infinite orthonormal sequence of vectors in an inner product space

E, then from (3.2.3), by letting n — oo, we obtain

D lee ol < Il (3.25)
k=1

This shows that the series Y5, |(x, x;)|* converges for every x € E. In other words, the
sequence {(x, x,)} is an element of [2. We can say that an orthonormal sequence in E

induces a mapping from E into (2. The expansion

x~ ) (x,x,) Xn (3.2.6)

is called a generalized Fourier series of x with respect to the orthonormal sequence {x,}.
This set of coefficients gives the best approximation. In general we do not know whether
the series in (3.2.6) is convergent. The next theorem shows, the completeness of E
ensures the convergence.

Theorem 3.2.3: Let {x,,} be an orthonormal sequence in a Hilbert space H and let {«,,}
be a sequence of complex numbers. Then the series Yo, a,x, converges if and only if

>® . la,|? < o, and in that case

Z s (3.2.7)
n=1
Proof. Foreverym > k > 0, we have
m
Z AnXn (3.2.8)
n=k
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If ¥ la,|? < oo, then, by (3.2.8) the sequence s,, = Ym-, a,x, isa Cauchy
sequence. This implies convergence of the series }.,—; a,x,, because of the
completeness of H.

Conversely, if the series Yo a,x, converges, then the same formula (3.2.8)
implies the convergence of Y5, |, |?, because the sequence of numbers

Om = 2 |a,|? is a Cauchy sequence in R.

To obtain (3.2.7) it is enough to take k = 1 and let m — oo in (3.2.8).
Definition 3.2.1: (Complete Sequence). An orthonormal sequence {x,} in a Hilbert

space H is said to be complete if for every x € H we have

x= ) (x,x,)xp. (3.2.9)

Since the right side of (3.2.8) is a series, the equality means

n
X — Z(x, Xy )X
k=1

where ||-]| is the norm in H. For example, if H = L?([—m, ]) and {f,,} is an orthonormal

lim =0,

n—-oo

sequence in H, then by

f=§:(f;fn)fn,

we mean

2

FO-) afi®| de=0,  a=| FOROE

k=1

T
lim f
n—>00 -

This, in general, does not imply the pointwise convergence: f(x) = Yoe1(f, f) fn (X).
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The following theorem gives important characterization of complete orthonormal
sequences [6], [10], [17].

Theorem 3.2.4: An orthonormal sequence {x,,} in a Hilbert space H is complete if and
only if the condition (x, x,,) = 0 for all n € N implies x = 0.

Proof. Suppose {x,} is complete in H. Then every x € H has the representation

oo
X = Z (x, xp) %y,
n=1

Thus, if (x,x,) = 0 foreveryn € N, then x = 0.
Conversely, suppose the condition (x, x,,) = 0 for all n implies x = 0. Let x be

an element of H. Define

y = Z(x, Xp) X
n=1

The sum y exists in H by (3.2.5) and Theorem 3.2.3. Since, for every € N,

(x = y1300) = (%) = (Z (1), xn>
k=1

= () = 06250 G %) = (3, 2%) = (6.20) = 0,
k=1

we have x —y = 0, and hence

e

x = Z(x, Xn) Xn.

n=1
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CHAPTER 4
Linear Operators in Hilbert Spaces

In an integral equation the unknown function occurs under an integral sign and
thus, if the functions involved belong to a Hilbert space, it is clear that we have to deal
with integral operators acting on a Hilbert space of functions.

Linear operators (or transformations) [6], [10], [17] on a normed vector space are
widely used to represent physical quantities. The most important operators include
differential, integral, and matrix operators. The major objective of this chapter is to
introduce linear operators in Hilbert spaces with some attention to different kinds of
operators and their basic properties. Although linear mappings may be from a vector
space E; into a vector space E,, we are interested mostly in the case when E; = E, = E,
where E is a Hilbert space or a subspace of a Hilbert space. However, in order to avoid
unduly difficult concepts, we shall suppose that our functions and kernels are square
integrable without usually specifying the sense in which the integrals are to be performed.

It is useful to place linear integral operators in a more general context, so this
chapter will conclude with an introduction to the theory of linear operators in an abstract
Hilbert space.

4.1 Linear Integral Operators

We consider the linear integral operator K given by
b
K = f K(x,s)ds (4.1.1)
a
where K (x, s) is a square integrable kernel. This is abbreviation for

b
(K)(x) = f K (x,$)b(s)ds, 412)
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where ¢(s) is a square integrable function, in the symbolic form
Y =Ko.
The operator K is linear since

K(A101 + 2;$2) = 1, Kby + 1,K P,

where 44, A, are constants and ¢, are square integrable functions.

If

b
sz L(x,s)ds

a

is a second integral operator we have

x= LY = L(K¢)
where
b b
x(x) =f L(x, t)dtj K(t,s) ¢(s)ds
b
=f P(x,s)d(s)ds
and
b
P(x,s) = f LGo DK (6 5)dt,
that is

x =P
where P = LK is the integral operator with kernel P(x, s).
Integral operators satisfy the associative law
M(LK) = (ML)K
and the distributive laws

M(L+K) =ML + MK
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(L+K)M = LM + KM (4.1.12)
but, in general, linear operators and integral operators in particular, do not satisfy the
commutative law.

Using the associative law we see that
K™K" = K™ (K™" = K™  (m,n>1) (4.1.13)

where
b
K" =] K, (x,s)ds (4.1.14)
a

and K, (x,s) is the iterated kernel.
4.1.1 Norm of an Integral Operator

If K(x,s) isasquare integrable kernel its norm is defined by

b (b
||K||2=[f f |K (x,5)|?dxds]*/?. (4.1.1.1)

Then if ¢(s) is a square integrable function and ¥(x) is given by (4.1.2), using

Schwarz’s inequality, we have

b

b
)2 < f K (x,)|2ds f b(s)[2 ds

a

which yields

fblllf(x)lzdx < fbfb|K(x,s)|2dxdsfb|¢(s)|2ds

so that
IKD)I = [IP]l < Kl llpll < oo, (4.1.1.2)
and thus ¥(x) is square integrable. So that ||K]|| < ||K]|, where ||K]|| is operator norm

and ||K||, is Hilbert-Schmidt norm in L2of the operator K.

26



When ||K]|[, =0 then |[¥] =0 so|[(Kd)|| =0 for all ¢ so that K¢ vanishes
‘almost everywhere’, for all square integrable functions ¢, and K is called a null operator.
Also, if L(x,t) and K(t,s) are square integrable kernels, then P(x,s) given by

(4.1.8) is square integrable since, by Schwarz’s inequality,

b b
IP(x,s)IZSj |L(x,t)|2dtf K(ts)|? dt
a a

so that
b rb b rb b rb
j j IP(x,s)IdedsSJ- j IL(x,t)Idedtf J- |K(t,s)|? dtds.
a a a a a a

For left hand side we have

J:a J:alP(x, s)|? dxds = Lb(J:IP(x, s)|2 dx)ds

b b b b
< j_ (J-_ ( i |L(x,0)|?dt)(| |K(t,x)|?dt)dx)ds

t=a

b b b b
=f (( |K(t,s)|2dt)f( |L(x,t)|2dt)dx>ds

t=a x=a Yt=a

= T [L(x,t)|? dtdx [ |K(t,s)|? dtds
J. ) L
(fbfblL(x, t)Izdtdx> (fbfbll((t,s)lz dtds),

giving
ILK|l; < [ILII2[IK]l; < oo. (4.1.1.3)
Putting L = K we see that ||K?||, < ||K]||5 and in general

K™, < IKIZ (m=123..) (4.1.1.4)
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4.1.2 Hermitian Adjoint

The Hermitian adjoint of a kernel K (x, s) which is defined to be the kernel

K*(x,s) = K(s,x).

We see that
(AK)* = AK*, K* =K.
Also
(LK)"(x,s) = LK(s,x)
bii
=f L(s,t) K(t,x)dt
a
b
= f K*(x, t)L*(t, s)dt
a
= K*L*(x,s)
and so
(LK)" = K*L*.

Further, using the definition of the inner product, we have

b
(K, ¥) = f (Kd) () Py dx

b b
_ f ( f K(x,t) d()dt) Px)dx

b b
= f f K(x,t) (¥ (x)dtdx

b b
= f f K(x,t)dOP(x)dxdt

b b
= f f K(x,t) d(O¥(x)dx dt
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b b
= d(t) <] K(x,t) lz"(x)dx> dt

t=a

b b
=f_ 0 (f K*(t, )% (x)dx)dt

= (¢, K'®), (4.1.2.4)

where

b
(K*¥)(t) =f k*(t,x))¥(x)dx, k*(t,x) = k(x,t),

b
(K*¥)(x) =f k*(x,O)¥(t)dt, k*(x,t) = k(t,x).

If K* = K, then the kernel is called Hermitian or self adjoint.
4.2 Bounded Linear Operators

So far we have been concerned with linear integral operators acting on a space of
square integrable functions which, if chosen to be all the functions which are square
integrable in the Lebesgue sense, would form a Hilbert space of function L.

We shall now turn our attention to the case of an abstract Hilbert space, acted on
by bounded linear operators.

Consider a non-empty subset D of an abstract Hilbert space H such that if
f,g € D then Af + ug € D where A, u are arbitrary complex numbers, then D is called a
linear manifold. We note that a linear manifold must contain the zero elements since
f+(1f =0.

Suppose that corresponding to any element f € D we assign an element Kf € H,
then K maps D onto A and is called a linear operator with domain D and let

A=range(K) ({Kf:f € D}.
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K(Af + ug) = AKf + uKg (4.2.1)
for f,g € D and numbers A and u, then A is also a linear manifold and K is a linear
operator for domain D and range A.

A linear operator K having the Hilbert space H as domain is bounded if there
exists a constant C > 0 such that ||Kf|| < C||f]|| forall f € H.
The norm ||K|| of the bounded linear operator K is defined as the smallest

possible value of C. Thus [|K|| is the least upper bound or supremum of [|[Kf||/[|f|l, that

is
_ sup |IKf||
IK|| = FeHTAT (4.2.2)
and so
IKFI < IKIFII- (4.2.3)

This is a generalization of the inequality (4.1.1.2) for the linear integral operator (4.1.1)
with square integrable kernel. Clearly (4.1.1) is a bounded linear operator and that
IKI < [IK]l>.
The linear operator K has an adjoint operator K* defined so that
(Kf,9) =(f,K"g) (4.2.4)
forall f,g € H. If K* = K the operator is self adjoint or Hermitian.
Now by Schwarz’s inequality and (4.2.3), we have
|(Kf, )| < IKfllllgll < IKIHfIllgll. (4.2.5)
And also we have
|(f K"l < [IK* ANl g - (4.2.6)

We can write
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IK*fII> = (K'f,K*f)
= (KK*f,f)
< [IKK*fIllIf]l
< [IKIIK* £ £
Dividing on ||K*f|| both sides of this inequality we get
IK*FIl < [IKHfII-
This shows that
IK* || < lIK]].
Now we use K** = K to get
Kl = [[(K*)* Il < 1K™ l.
We have inequality in both directions, so
IK* || = K| (4.2.7)
and K~ is also a bounded linear operator.
Any bounded operator K is continuous linear operator which transforms a
strongly convergent sequence {f,,} into a strongly convergent sequence {Kf,}. We have
IKf, — KfIl = IK(fou = DI < IKIHIf = £l
sothatif f,, » f asn — oo then
IKf, — Kfll = 0,
that is Kf,, is strongly convergent to Kf.
Actually every continuous linear operator K with domain H is bounded. For
otherwise there would exist a sequence {f,} such that [|Kf,|| = nl||f.ll so [|[Kg,|l =1,
but g, = fu/nllifull > 0 as n - o, which is contrary to the hypothesis that K is

continuous.

31



We see that the linear integral operator (4.1.1), with a square integrable kernel, is
continuous.

If K and L are two bounded linear operators which map H onto itself, then the
product operator LK corresponds to

(LK)f = L(Kf).
Then
ILKfIl < ILINIKFN < ILITIKA
so that
ILK]l < [ILIII Kl (4.2.8)

and therefore LK is a bounded operator.

Also
(LKf,g9) = (Kf,L"g9)
= (f,K'L"g)
and hence
(LK)" = K*L". (4.2.9)

Lastly it is interesting to observe that the norms of bounded linear operators K
and L satisfy the triangle inequality. For, using the triangle inequality for the elements of
Hilbert space, we have

IKf + LIl < IKFIl + LAl
< (1K + HLIDIA
so that

IIK + L|| < |IK]|| + [IL]|. (4.2.10)
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Suppose that ¢4, b5, ..., &y, ... IS @ complete orthonormal system or basis in H.

Then the matrix with elements

krs = (Kb, ds) (4.2.1.1)
is called the kernel matrix of the bounded operator K.

Introducing the generalized Fourier coefficients

Xy = (f: q)r): Vs = (g' q)s) (4.2.1.2)

where f, g € H, we have

f= i Xr O, g= i Vsbs (4.2.1.3)
r=1 s=1

and

r=1

r=1s=1

So that (Kf, g) has the bilinear form

(Kf,g) = iixrkmys. (4.2.1.4)

r=1s=1

Since K is bounded it follows that

I(Kf, ) < IKIIFNlgll (4.2.1.5)

= |IKl (ilxrlz) <Z|ys|2>.

Hence
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oo

Z Z xT‘kT‘S}TS

r=1s=1

< IIK|| ( |xr|2)(2|ys|2) (4:21.6)

and thus the bilinear form (4.2.1.4) is also bounded.
4.3 Completely Continuous Operators
If a sequence is strongly convergent it is also weakly convergent. For, by
Schwarz’s inequality, we have

| = F D1 < Ifu = Fllligll

and thus if ||f,, — fll = 0 as n » o then (f,,g9) = (f,g) a n — o. However , the

w
converse need not be true. Thus we may have f,, = f but f;, » f asn — co.

Let us suppose that K is a bounded linear operator in H. Then

|(Kfn — Kf, 9| < IK(f, = Nllllgl
< K|l = Fllllgll.
But
IKf — KfIl = IK(fa = P
< K|l f = £1I-

So, f, U f = Kf, U Kf (strongly)

. Il . .
andsoif f, = f asn — oo then Kf, — Kf, that is Kf, is strongly convergent to Kf.

So K is bounded operator then ||f, — fIl = 0 = ||Kf,, — Kf|| — 0, i.e. operator K is

continuous. Then K completely continuous in f;, = f = |IKf, — Kf|| > 0asn — co.
Then K is called a completely continuous (or compact) linear operator in H.
Every completely continuous operator is bounded. A completely continuous

operator is a continuous operator and this means that it is bounded.
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If the kernel matrix (k,5) of a bounded linear operator K satisfies

ZZIMI2 < oo (4.3.1)
r=1s=1

then K is completely continuous. For we have, using (4.2.1.4), that

[oe}

(K(fn - f)r q)s) = Z(Xﬁn) - xr)krs (4-3-2)

r=1
Where xﬁ”) and x, are the Fourier coefficients of f,, and f respectively. This gives

IKG = OIF < Y 1K G = P o+ Y Y lesPllfy = fIP (#33)
s=1

s=m+1r=1
using Cauchy’s inequality.
As indicated above that weakly convergent sequences are bounded. This we can

proof in following way.

Since {d,} is a complete orthonormal system, gives

1K~ HI? = iuk(fn ~ oI = i( i(xﬁ”) — 2 )lers| )
s=1 s=1 lr=1
< i <i x™ —x, 2) (ilkmlz) by Cauchy — Schwarz
= i(”fn —f||2§|krs|2) = I/ —f||2(§ ilkrslz)

Taking square roots, gives

1/2
IKCh - Pl < (ZZMZ) Ife = 11

This shows that K is bounded and hence continuous and that the operator norm satisfies
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1Kllop < <ZZ|km|2)

Now we also know that K* exists and is continuous. So here we have split sum of

unspecified m.

Now suppose f, 5 f and let ¢ > 0 as in (4.3.3) split the sum into two parts

IKf KfIIZ—ZI(K(fn PP + Z K= b

sil(K(fn—f),d)s)lz + g = 112 Z (ZM )

Now we will see how to select the m.
Recall my observation earlier that *“ weakly convergent sequences are bounded” with that
there is a finite B with ||f,, — f||> < B for all n. Since Y22, (X2, |k,-<|?) converges to a

finite sum, we can select m large enough so that

o8] o8]

> Q) <o

s=m+1 r=1
(the “tail” of a convergent infinite series is small).

Now we have

IKfy ~ Kf||2<Z|(K<fn .0 +-=B

= Z'((fn _f)rK*q)s)'z +§-

Now we use the weak convergence m times.

For each s = 1,2,3, ... there is a N, such that
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n= Ns':>|(fn _flK*d)s)l < \/%

Ifn> max(Nsl,NSZ, ...Nsm), then

IKf, — Kf|? < NS LB E e
- —+-=—m+-=c¢.
n - 2m 2 2m 2

s=1
This can be done for each € > 0, so ||Kf,, — Kf|| — 0 as required.

. Il . . .
This show that f, 5 f = Kf, = Kf. Thatis, K is completely continuous as

claimed.

Any finite dimensional linear operator is completely continuous since for this case
the double sum on the left-hand side of (4.3.1) contains a finite number of terms only.

As an example of a completely continuous operator we consider the integral

operator K over the space of square integrable functions [6], [10], [17] given by
b
glx) = f K(x,s)f(s)ds, (a<x<bh), (4.3.1.1)
a
where the kernel is square integrable and satisfies

b
f |K(x,s)|*ds < (a < x <b),
a
b
J- |K(x,s)|?dx < o (a <s <b), (4.3.1.2)
a

b b
J- J- |K(x,s)|?dx ds < oo.
a a

By Schwarz’s inequality we have

b b
9P < [ IKGos)Pds [ 1re)Pds

a

and so

37



| 9ol dx < | b | 1Ko ) 2 dsdx | R ds

a a

that is

b b
Igll? < f f K (x, 5)|?dsdx]If]1?. 4313)
a a

Hence

b ,b
||K||S\/f f IK(x,s)|2dsdx = ||K]l, (4.3.1.4)
a a

since the norm of K is the least upper bound of [|g||/||f]]-
Now consider any complete orthonormal system ¢, (x), ¢, (%), ..., d,-(x), ... in the

Hilbert space of L? functions defined over a < x < b. We let

b b
krs:f f ds(x) K(x, t)d,(t)dxdt, (4.3.1.5)
b J—
Xy =f f(®od,(t)dt (4.3.1.6)
and
b [
Vs = f 9(x) §s(x)dx. (4.3.1.7)
Then
b b
Vs =f f K(x, t)f(t)ds(x) dxdt. (4.3.1.8)
But
b [ee]
f K, 00 ()dx = D oy 6, (0 (43.1.9)
a r=1
and
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o)

£ =) 5n(® (43.1.10)

r=1

for almost all values of t, that is except for a set of values of t of Lebesgue measure zero,

and hence
Y, = Z Xk, (4.3.1.11)
r=1
Also
b| rb 2 ®
j f K(x, )be()dx| dt = Z|krs|2 (4.3.1.12)
a a r=1

and, using Parseval’s formula,

b © b 2
fIK(x,t)lzdxzz f K(x, )b (x)dx (4.3.1.13)
a s=1 a
Consequently
b b [o0] (o]
f f IK(x,t)Izdxdt=Z e (4.3.1.14)
a-a r=1s=1

and so the matrix representation of the integral operator K with square integrable kernel

satisfies the condition (4.3.1) which ensures that K is completely continuous.
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CHAPTER 5
Linear Integral Equations
5.1 Classification of Linear Integral Equations

Integral equations arise naturally in physics, chemistry, biology and engineering
applications modeled by initial value problems for a finite interval [a, b]. More details
about the sources and origins of integral equations can be found in [8] and [11].
The most frequently used linear integral equations fall under two main classes namely
Fredholm and Volterra integral equations and two related types of integral equations. In
particular, the four types are given by:
1. Fredholm integral equations
2. Volterra integral equations
3. Integro-Differential equations
4. Singular integral equations.
5.1.1 Fredholm Linear Integral Equations

The standard form of Fredholm linear integral equations are given by the form

b
d()ulx) = f(x) + Af K(x,t)u(t)dt, (a<x,t<b), (5.1.1.1)

where the kernel of the integral equation K (x, t) and the function f(x) are given in
advance, and A is a parameter. The equation (5.1.1.1) is called linear because the
unknown function u(x) under the integral sign occurs linearly, i.e. the power of u(x) is
one.
The value of ¢ (x) will give the following kinds of Fredholm linear integral
equations:
1. When ¢ (x) =0, equation (5.1.1.1) becomes
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b
flx) + Af K(x,t) u(t)dt =0, (5.1.1.2)

and is called Fredholm integral equation of the first kind.

2. When ¢(x) =1, equation (5.1.1.1) becomes

b
u(x) = f(x) +/1f K(x,t) u(t)dt, (5.1.1.3)

and is called Fredholm integral equation of the second kind.
5.1.2 Volterra Linear Integral Equations
The standard form of Volterra linear integral equations, where the limits of

integration are functions of x rather than constants are of the form

p(ulx) = f(x) + Afo(x, t) u(t)dt. (5.1.2.1)

As in Fredholm equations, Volterra integral equations fall under two kinds

1. When ¢ (x) =0, equation (5.1.2.1) becomes
f(x) + Afo(x, tu(t)dt =0, (5.1.2.2)

and is called Volterra integral equation of the first kind.

2. When ¢(x) =1, equation (5.1.2.1) becomes

u(x) = £(x) + A j Kot u(tydr, (5.1.2.3)

and is called Volterra integral equation of the second kind.
For both cases in 5.1.1 and 5.1.2 (# 2) the formulas are ok if ¢(x) # 0 since we
can just modify the kernel and the integral equation with modified kernel given by

= f@+a [ KD ar
ulx) = f(x j d)(x)u .
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Two other types of integral equation, related to the two main classes Fredholm
and Volterra integral equations arise in many science and engineering applications.
5.1.3 Integro-Differential Equations

Several phenomena in physics and biology [11] and [19] give rise to this type of
integro-differential equations. In integro-differential equations, the unknown function
u(x) occurs in one side as an ordinary derivative, and appears on the other side under the

integral sign. The following are examples of integro-differential equations:

W) = —x + f - Du®dt, w©) =0, w(0) =1 (5.1.3.1)

1

u'(x)=2- 1x +f xtu(t)dt,u(0) = 1. (5.1.3.2)
4 0

Equation (5.1.3.1) is called Volterra integro-differential equation related to
Volterra integral equations, or Volterra integro-differential equations. Equation (5.1.3.2)
is called integro-differential equation related to Fredholm integral equations, or simply
Fredholm integro-differential equation.

5.1.4 Singular Integral Equations

The integral equation of the first kind or the integral equation second kind is

called singular if the lower limit, the upper limit or both limits of integration are infinite.

Examples are:

o)

u(x) =3x+ 7J- sin(x — t) u(t)dt, (5.1.4.1)

0

1 0
ulx) =x— Z_[ cos(x + t) u(t)dt, (5.1.4.2)
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u(x) = 5 + 2x2 + % j "+ Dud. (5.1.4.3)

Examples of second kind singular integral equations are given by

xzzfx ! u(t)dt (5.1.4.4)

e ) 1.4.

X = fx;u(t)dt, 0<a<l, (5.1.4.5)
o (x—1)¢

where the singular behavior has resulted from the kernel K (x, t) becoming infinite as
t - x.
5.2 Solution of an Integral Equation

A solution of an integral equation or an integro-differential equation on the
interval of integration is a function u(x) which satisfies the given equation. In other
words, if the given solution is substituted in the right-hand side of the equation, the
output of this direct substitution must yield the left-hand side, i.e. we should verify that
the given function satisfies the integral equation under discussion. Consider the following
example.

Example 1: Show that u(x) = e* is a solution of the Volterra integral equation

X

ulx) =1 +f u(t)dt.

0
Substituting u(x) = e*in the right hand side yields
X

RHS =1 +] etdt,

0



5.3 Converting Volterra Equation to Ordinary Differential Equation
Now we will present the technique that converts Volterra integral equations of the
second kind to equivalent differential equations. This can be achieved by applying the
useful Leibnitz Rule for differentiating an integral. We have
d P

— dp da
o G(x, t)dt = G(x,ﬁ(x))a — G(x,a(x))aJr f

a(x) a(x)

BX™) a6

——dt, (5.3.1)

which works provided G (x, t) and Z—z are continuous functions in the domain D in the xt

— plane that contains the rectangular region R, a < x < b, t, <t < t;, and a(x) and
B (x) are functions having continuous derivatives for a < x < b. We note that Leibnitz
rule is usually presented in most calculus books, and our goal here will be on using the
rule rather than its theoretical proof.

Here is an example.

Example 1. Find the initial value problem equivalent to the integral equation
X
u(x) = x*+x2 + Zf (x — t)?u(t)dt.
0
Differentiating both sides and using Leibnitz rule yield

( u'(x) =4x3+2x + 4 fx(x — tu(t)dt,
0

X
u"(x) =12x%+2 + 4f u(t)dt,
0
u'"'(x) = 24x + 4u(x).

u'"'(x) — 4u(x) = 24x
The initial condition we get by substituting x = 0 in both sides of the integral equations,
we find u(0) = u'(0) = 0,and u'"(0) = 2, so the initial value problem of third order is

u"'(x) — 4u(x) = 24x, u(0) =u'(0) =0, u'"(0) = 2.
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5.4 Converting Initial VValue Problem to Volterra Equation.
In this section, we will show the method that converts an initial value problem to
an equivalent Volterra integral equation. Before outlining the method needed, we wish to

recall the transformation formula

X X1 X2 Xn—1 1 x
fo jo fo fo Flen)ds, .., = s, jo (x — O 1F () dt, (5.4.1)
that converts any multiple integral to a single integral. The formulas
ijxf(t)dtdt = fx(x —t)f(t)dt, (5.4.2)
X X X 1 X
j f j f(®dtdtdt = 5f (x —t)2f(t)dt (5.4.3)

are two special cases of the formula given above, and used formulas that will transform
double and triple integrals respectively to a single integral for each. Here we prove the
formula (5.4.2) that converts double integral to a single integral.

We take right-hand side of (5.4.2) as

I(x) = j C(x— Of(Odt (5.4.4)

= xfoxf(t)dt — foxtf(t)dt

Differentiating both sides of (5.4.4) and using Leibnitz rule we obtain

d X
1o == [ O+ 2 - x£0)
0

I'(x) = f xf(t)dt, (5.4.5)
0

assuming f is continuous. So integrate both sides from 0 to x, we get
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I(x) —1(0) = foxl’(s)ds = Lx (fosf(t)dt> ds.

The two components of 1(x) are equal and we get

_fox <josf(t)dt> ds = jox(x — Of(Ddt.

This is the first version of (5.4.2).
The second version of (5.4.2) we get by integrating both sides of (5.4.5) from 0 to x,

considering that 1(0) = 0 and from (5.4.4), we find

I(x) = fxfxf(t)dtdt (5.4.6)
0 Y0

Equating the right-hand sides of (5.4.4) and (5.4.6) completes the proof for this special
case of (5.4.2).
Now we use the technique to convert an initial value problem to an equivalent
Volterra integral equation. Here we have a third order initial value problem given by
y"'(x) + p)y" (x) + q(x)y'(x) + r(x)y(x) = g(x) (54.7)
subject to the initial conditions
y0)=a y'(0)=p, y"(0)=y and a, B,y are constants. (5.4.8)
The functions p(x), g(x) and r(x) must have enough continuous derivatives to make my
computations work, especially any integration by parts, and have Taylor expansions
about the origin. Assume that g(x) is continuous through the interval of discussion. To
transform (5.4.7) into an equivalent Volterra integral equation we set
y"" = u(x). (5.4.9)

By integrating both sides of (5.4.9) from 0 to x we found
X

y'(x)—y"(0) = f u(t)dt, (5.4.10)

0
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or equivalently

X

y'(x) =y +] u(t)dt. (5.4.11)

0

To obtain y’(x) we integrate both sides of (5.4.11) from 0 to x to find that
X X
y'(x)=p+yx +f f u(t)dtdt. (5.4.12)
0 YO
We integrate both sides of (5.4.12) from 0 to x to obtain
1 X X X
y(x) =a+px+ nyz + f f f u(t)dtdtdt. (5.4.13)
0o J0 YO0

Using the conversion formulas (5.4.2) and (5.4.3), to reduce the double and triple

integrals in (5.4.12) and (5.4.13) respectively to single integrals yields

y'(x)=B+yx+ fx(x — Hu(t)dt, (5.4.14)
0

y(x) =a+ pfx+ 1)/xz + 1J-x(x — )% u(t)dt. (5.4.15)
2 2),

Substituting (5.4.9), (5.4.11), (5.4.14) and (5.4.15) into (5.4.7) leads to the following

Volterra integral equation of the second kind

X

u(x) = F(x) + fo KCx, Ou(t)dt, (5.4.16)
where
K(x,t) = p(x) + q()(x — ) +-7(0) (x — 1)?, (5.4.17)
and
F0) = 900~ {yp() + Ba () + ar() + yea(@) + 7 (px + 5722 )} (54.18)

The following example will be used to illustrate this technique.
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Example 1. Find the equivalent Volterra integral equation to the following initial value

problem

nr

y'=y"=y'+y=0, y0)=2 = y(0)=0  y"(0) =2
First we set y""" = u(x). Integrate both sides this equation from 0 to x. We get

X X

u(t)dt - y"(x)=2 +f u(t)dt.
0

Y -y"© =

0

Integrate both sides from 0 to x. We get
X X X X
y'(x) —y'(0) = 2x +f f u(t)dtdt —» y'(x) = 2x +f f u(t)dtdt.
0 Y0 0 Y0
Integrate both sides from 0 to x. We get
X X X
y(x) — 2 = x? +f f f u(t)dtdtdt.
0o J0 YO

We use

y'(x) =2x+ fx(x — Hu(t)dt
0

to integrate both sides from 0 to x. We get
1 X
y(x) = 2 + 2 + Ef (x — D2 u(t)dt.
0
Substitute in y"' —y" —y' +y =0, we get

u(x) = 2x — x2 +fx[1+(x—t)—%(x—t)2 u(t)dt.

0

This is the equivalent Volterra integral equation. Solving it gives us u = y'"’. Then

integrate three times to get y (for most of alternative approach to get a \Volterra equation).
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5.5 Converting Boundary Value Problem to Fredholm Equation
The procedure of reducing a boundary value problem to a Fredholm integral
equation is complicated and rarely used. The method is similar to the technique that
reduces initial value problem to Volterra integral equation, with the exception that we are
given boundary conditions. It seems practical to illustrate this method by applying it to an
example rather than proving it.
Example 1. Find a Fredholm integral equation equivalent to the following boundary
value problem
y'x)+yx)=x, 0<x<m,
subject to the boundary conditions, y(0) =1, y(n)=n-—1.
First, we set
y"'(x) = u(x).

Integrating both sides of from 0 to x gives

fxy”(t)dt = fxu(t)dt,

or equivalently

X

¥ () = y'(0) + f w(O)d.

0

Integrating both sides from 0 to x and using boundary condition y(0) = 1 we found

y(x)=1+xy'(0) + fx(x — tu(t)dt,
0

here we converted the double integral to a single integral as discussed before. By

substituting x = m in both sides, we found
s
y(m) = 1+ 1y (0) + j (r — Hu(b)dt.
0
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Solving for y'(0) we get
YO =2 (-2~ [ (x-Dudn),
0
After substitution, yields
y(@) =1+ ((1-2) - fo (m — Hu(t)de) + fo (x — Du(b)dt.

The final substitution gives

u(x) = x—1— %((n —2)— f " — Du(t)de) — f " — Du(dde.

0 0

Using identity

fo " = fo Koy f O,

We will get the equation

X
ux)=x—-1—=(m-2)
T
.+%Lan—tﬁdﬂdt+%£f@»¢%ﬂﬂdr—Lﬁx—tﬁiﬂdﬁ

after simple calculations and adding integrals with similar limits we get

u(x) = an— T fxt(x; ™ ©dt — fnx(t; L
0

X

Finally, the desired Fredholm integral equation of the second kind is given by

2X — T

u(x) =

— f 7TK (x, u(t)dt,
0

where the kernel K(x,t) is defined by

t(x —m)

KCxt) = x(t Z )

T
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As before, the solution to the integral equation given by u = y’’ we need integrate twice
to get y. Computing first the value of y'(0) needed to do this from the partial result

above.
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CHAPTER 6
Fredholm Integral Equations
6.1 Introduction
This chapter studies the nonhomogeneous Fredholm integral equations of the

second kind of the form
b
ulx) = f(x) + Af K(Qx, tu(t)dt, a<x<b, (6.1.1)
a

where K(x,t) is the kernel and A is a parameter. Here we focus our attention on
degenerate or separable kernels. The standard form of the degenerate or separable kernel

IS given by

K(x,t) = Z 9 (O (B). (6.1.2)
k=1

Examples of separable kernels are: x — t, x + t, xt, x*> — 3xt + t2, etc. For non-separable
kernels, we can approximate by expanding these kernels using Taylor’s expansion. The
partial sums of the Taylor’s series are separable kernels. The kernel is said to be square
integrable in both x, t in the square a < x < b,

a <t < b if the following regularity condition

b rb
f f |K (x, t)|?dxdt < oo (6.1.3)
a a

is satisfied. This condition gives rise to the development of the solution of the Fredholm
integral equation (6.1.1). Here we need to state, without proof, the so called Fredholm
Alternative Theorem that relates the solutions of Fredholm integral equations. For more

details about the regularity condition and the Fredholm Alternative Theorem the reader is
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referred to [5], [8], [9] and [11]. If the kernel K (x, t) is real, continuous and bounded in
thesquarea <x <b anda <t < b, i.e.if
I[K(x,t)] <M, a<x<b and a<t < b, (6.1.4)
and if f(x) # 0, and continuous in a < x < b, then the necessary condition that will
guarantee that (6.1.1) has only a unique solution is given by
IAIM(b —a) < 1. (6.1.5)

This comes from the Banach fixed point theorem. The transform

b
(Tw)(x) = f(x) + Af K(x, t)u(t)dt

a contractive with respect to the uniform norm on C([a, b]) and so guarantees a unique
fixed point.

The continuous solution to Fredholm integral equation may exist [15], even
though the condition (6.1.5) is not satisfied.

6.2 The Decomposition Method

Adomian [2] recently developed the so-called Adomian decomposition method or
simply the decomposition method. The method was introduced by Adomian in his resent
books [2] and [3] and several related papers [1] and [4] for example. This method
provides the solution in a series form. The decomposition method can be applied for
linear and nonlinear integral equations. In the decomposition method we express the

solution u(x) of the integral equation (6.1.1) in a series form defined by

[oe)

u(x) = Z w, (x). (6.2.1)

n=0

Substituting the decomposition (6.2.1) into both sides of (6.1.1) yields
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(o] b (o]
> () = () + f K(x, £) (Z un(t)) dt, (62.2)

n=0 n=0

or equivalently

b

ug(x) +uy () +uy () + - = f(x) + A] K(x, t)uy(t)dt
b

+/1j K(x,t)uq (t)dt

b
+/1j K(x, t)u,(t)dt

+ oo (6.2.3)

The components u, Uy, U, ... of the unknown function u(x) are determined if we set

up(x) = f(x), (6.2.4)
b

u (x) = AJ- K(x, t)uy(t)dt, (6.2.5)
b

u,(x) = AJ- K(x, t)u,(t)dt, (6.2.6)

and so on. Solution of (6.1.1) can be written in recursive manner by

ug(x) = f(x), (6.2.7)
b
Upsq(X) = A] K(x,t)u,(t)dt, mn=0. (6.2.8)

It is important to note that the series obtained from u(x) frequently gives the exact
solution.
In the following example for solution we use the decomposition method.

Example 1. We consider here the Fredholm integral equation
1

ulx) =e* -1 +f tu(t)dt.
0
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Applying the decomposition technique as discussed before we find

uy(x) =e* -1,

1

up(x) = f tug(t)dt = flt(et — 1dt = %
0 0

1 11 1
u (x)=f tu (t)dtzf —tdt = —.

We get solution in a series form given by

(x) =e* 1+1+1+1
ulx) =e ) 2 3
=e* 1+1<1+1+1+ )
—¢ 2\" T2, ’
1 1 .. - . - - aq 1 -
where (1 +-+-+ ) Is infinite geometric series, s = — = —~ = 2, so for solution
2 4 1-r  1-1/,
we get
u(x) = e”.

For easier calculations there is a modified decomposition method for cases where
f(x) consists of polynomial, or a combination of polynomial and other trigonometric or
transcendental functions. In this modified method, we simply split the given function
f(x) into two parts defined by
f&x) = f1(x) + fo(x), (6.2.1.1)
where f; (x) consists of one term of f(x) in many problems or two terms for other cases,
and f,(x) includes the remaining terms of f(x).

The integral equation (6.1.1) becomes

b
ulx) =fi(x) + foL(x) + Af K(x, t)u(t)dt, a<x<h. (6.2.1.2)
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Substituting the decomposition given by (6.2.1) into both sides of (6.2.1.2) and using few

terms of the expansion we obtain

b

U () + ug () + up (%) + - = f1(x) + fo(x) + Af K(x, ug(t)dt
b

+1 f K(x, t)u,(t)dt

b
+1 f K(x, t)u,(t)dt

+ o (6.2.1.3)

The modified decomposition method works if we set

uy(x) = f1(x),

b
(@) = () + j K (x, Oue(0)d,
b
u,(x) = A] K(x, t)u,(t)dt,

b
us(x) = AJ- K(x, t)u,(t)dt,

and so on. This scheme for the determination of components uy(x), u; (x), u, (x), ... of

the solution u(x) of (6.1.1) can be written in a recursive manner by

uy(x) = f1(x), (6.2.1.4)
b
u (x) = fox) + Af K(x, t)uy(t)dt, (6.2.1.5)
b
Uy (x) = Af K(x,t)u,(t)dt, n=>1. (6.2.1.6)

In many problems we need to use uy(x) and u, (x) only.

The following example illustrates the modified decomposition scheme.
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Example 2. We consider here the Fredholm integral equation

(x) = tan™" +1(zz 7T) +f1 (t)dt
ulx) =tan “x ) n Zx Oxu .

Applying the modified decomposition method, we first split the function f(x) into

- 1
fik) =tan"'x, and f,(x) = E(lnz - g) X
Therefore, we set
ug(x) = tan™1x,

and we get

1

U (x) = %(lnz - g) x+ J;) xuy(t)dt,

—1(l2 n) + jlt “tdt =0
—2 n 2x xoan = V.

The components u,,(x) = 0, n > 1 and for exact solution we get
u(x) = tan™x.
6.3 The Direct Computation Method
We next introduce an efficient method for solving Fredholm integral equations of

the second kind

b
ulx) =f(x) + Af K(x, t)u(t)dt.

Our attention will be focused on separable or degenerate kernel K (x, t), expressed in the

form defined by (6.1.2). For simplicity we assume a single term kernel be expressed as

K(x,t) = g(x)h(t). (6.3.1)

The equation (6.1.1) becomes

b
w(@) = £x) + Ag(x) f h(Ou(t)dt. (63.2)

57



We substitute by a the integral on right hand side by

b
a =f h(t)u(t)dt. (6.3.3)

It follows that equation (6.3.2) becomes

u(x) = f(x) + Aag(x). (6.3.4)
The solution u(x) determined upon evaluating the constant a.This can be done by
substituting (6.3.4) into (6.3.3). This approach [21] is different than other techniques. The
direct computation method determines the exact solution in a closed form. This method
gives rise to a system of algebraic equations depending on the structure of the kernel,
where we need to evaluate more than one constant.

This technique is illustrated in the next example.

Example 1. We will use the direct computation method to solve the Fredholm integral

equation

/2
u(x) = xsinx — x + f xu(t)dt.
0

We set

/2
a =] u(t)dt.
0

If u is a solution, then

u(x) = xsinx —x + ax.
/2
a= f (tsint —t + at)dt = 1.
0
Substituting @ = 1 inu(x) = xsinx — x + ax, we get the exact solution

u(x) = xsinx.
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If there are two terms in the separable equation then technique become as two
linear equations for two unknown coefficients and so for n we have n terms.
6.4 The Successive Approximations Method
In this method we replace the unknown function under the integral sign of the

Fredholm integral equation of the second kind
b
ulx) =f(x) + Af K(x, t)u(t)dt, a<x<bh, (6.4.1)
a
by any selective real valued function uy(x), a < x < b. The first approximation u, (x)

of u(x) and the second approximation u,(x) of u(x) are defined by

b
wy(x) = FG) + A f K Cx, )ug () dt, (6.4.2)

b
1wy () = £ + A j K Cx, Euy (£)dt. (6.43)

This process can be continued in the same manner to obtain the nt" approximation given

by
uy(x) = any selective real valued function

b
u, () = GO+ A f KCx, Ou,_y()dt, n =1, (6.4.4)

The most commonly selected function for uy(x) are 0,1 or x. At the limit, the solution
u(x) is obtained by

u(x) = 711_{1210 u, (x), (6.4.5)

so that the solution u(x) is independent of the choice of uy(x).
The successive approximations method will be illustrated by the following example.

Example 1. Consider the Fredholm integral equation

59



u(x) =e*+e?! flu(t)dt.
0

As indicated above we can select any real valued function for the zeroth approximation,
we set
uy(x) = 0.

After substitution for u; (x), u, (x) and uz(x) we get

1
u(x) = e* + e‘lf u(t)dt =e*,
0

1
uy(x) = e* + e‘lf etdt =e*+1—e71,
0

uz(x) =e*+1—e2,
We obtain the nt"* component
u(x) =e*4+1—e D), n = 1.
The solution u(x) is given by
u(x) = lim up (x)
= 7li_r}(r)lo(e" +1—e D)y =¢e¥ 41,

6.5 The Method of Successive Substitutions
This method introduces the solution of integral equations in a series form through
evaluating single integral and multiple integrals. In this method, we setx = tandt = t;

in the Fredholm integral equation
b
w(@) = £() + A f KCe,Ou®)dt, a<x<b, (65.1)
a

to obtain
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b
u(t) = f(t) + Af K(t, t))u(t,)dt;. (6.5.2)

Replacing u(t) in the right-hand side of (6.5.1) by its value given by (6.5.2) yields

b
ulx) =f(x) + Af K(x, t)f(t)dt

b b
+/12f K(x,t)f K(t, tu(ty) dt,dt. (6.5.3)

Substituting x = t; and t = t, in (6.5.1) we obtain

b
u(ty) = F(t) + 2 f K (ty, t)u(t,)dt,. (6.5.4)

Substituting the value of u(t;) obtained in (6.5.4) into the right-hand side of (6.5.3) leads

to

b
w0 = FG) + 1 j K(x, )f (O)dt
b ,b
+/12j fK(x,t)K(t,tl)f(tl)dtldt

b /b b
+/13j f fK(x,t)K(t,tl)K(tl,tz)u(tz)dtzdtldt. (6.5.5)

The general series form for u(x) can be written as

b
ulx) =f(x) + Af K(x, t)f(t)dt
b rb
+/12f f K(x, t)K(t, t)f (t)dt,dt

b b b
+23 f f f K(x, K (L, t)K (ty, t,)f (tp)dt,dt, dt

L (6.5.6)

We note that the series solution converges uniformly in the interval [a, b] if
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AM(b — a) < 1 where |K(x,t)| < M. This comes from the contractive mapping
principle or Banach fixed point theorem the proof of which appears in the texts [15], [17],
[19] and others. The substitution of w(x) occurs several times through the integrals. This
is why it is called the method of successive substitutions. The technique is illustrated by
the following example.

Example 1. We solve the following Fredholm integral equation

11

1 1
u(x) = =X + Z,[O xtu(t)dt,

by using the method of successive substitutions.

Substituting A = i, flx) = %x, and K (x,t) = xt into (6.5.6) yields
u(x) = —x + — f —xt2 dt +—f f —xtlztzdtldt + -

u(x) ——x[l +—+m+ ]

. e . . . . 1 12
where [1 + 5+, + | isinfinite geometric series and its sum s = —— = —,
144 1-1/1, 11

this gives the exact solution by
u(x) = 2x.
6.6 Homogeneous Fredholm Equations
In this section we study the homogeneous Fredholm equation with separable

kernel given by

b

u(x) = Af K(x, t)u(t)dt. (6.6.1)

a

The trivial solution u(x) = 0 is a solution of the homogeneous Fredholm equation. Our

goal will be focused on finding nontrivial solutions if they exist. To get these solutions
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we use the direct computational method that was used for nonhomogeneous Fredholm

integral equations. Consider a one term kernel given by

K(x,t) = g(x)h(t), (6.6.2)
so that (6.6.1) becomes
b
u(x) = Ag(x)f h(t)u(t)dt. (6.6.3)
a
Using the direct computation method we set
b
a = f h(t)u(t)dt, (6.6.4)
a
so that (6.6.3) becomes
u(x) = lag(x). (6.6.5)

Substitute (6.6.5) into (6.6.4) we obtain

b
@ =Aa f h(D)g(t)dt, (6.6.6)

or equivalently

b
1=21 j h(D)g(t)dt, (6.6.7)

which gives a numerical value for 4 # 0. Non-zero values of A that result from solving
the algebraic system of equations are called the eigenvalues of the kernel. Substituting
these values of A in (6.6.5) gives the eigenfunctions of the equation which are the
nontrivial solutions of (6.6.1).

The following example will be used to explain the technique introduced above
and the concept of eigenvalues and eigenfunctions.

Example 1. Solve the homogenous Fredholm integral equation with a two term kernel
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u(x) = Af1(6x — 2t)u(t)dt.
0

This equation can be rewritten as
u(x) = 6Aax — B4,

where a and S defined by

azfou(t)dt, B =f02tu(t)dt.

Substituting u(x) in the formula « and g, we get

a= f1(6/1at — BA) dt, B = flzt(6/1at — fA)dt.
0 0

Thus
a = 3la — (4, [ = 4la — A,
(1-3D)a+18=0
—4la+ (1+21)B =0.

1-310) 2
41 (1+2)

=0,
(1-=31)1+2)+422=0.

Solving the quadratic equation for A we get A, = A, = 1. Then substituting in algebraic

equations, we get 8 = 2a. The eigenfunctions corresponding to ., = A, = 1 are given

by Uy (x) = uy(x) = 6ax — 2a. Thus A = 1 is the only eigenvalue and the

corresponding eigenspace is one-dimensional and spanned by the eigenfunction

u(x) =3x — 1.
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CHAPTER 7
Volterra Integral Equations
7.1 Introduction
In this chapter we introduce the nonhomogeneous Volterra integral equation of

the second kind of the form

w(@) = £(x) + A f “KGe Dutydr, (7.1.1)

where K(x,t) is the kernel, and A is parameter. As indicated earlier the limits of
integration for Volterra integral equations [20] are functions of x and not constants as in
Fredholm integral equations. The kernel here will be considered as a separable kernel.
We want to determine the solution u(x) applying various methods.
7.2 The Adomian Decomposition Method

Adomian recently developed the Adomian decomposition method that proved to
work for all types of differential, integral and integro-differential equations, linear or
nonlinear [1], [2], [3], [4].

The decomposition method establishes the solution in the form of power series. In
this method u(x) will be composed into components that will be determined, given by

the series form

[oe)

u(x) = Z u, (%), (7.2.1)

n=0

with u, identified as all terms out of the integral sign, i.e.

up(x) = f(x). (7.2.2)

Substituting (7.2.1) into (7.1.1) yields
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[oe}

Y=+ [ K 00> e
0 n=0

n=0

which by using few terms of the expansion gives

ug(x) +uy(x) +uy(x) + - = f(x) + Afo(x, uy(t)dt
0
+ Afo(x, t)u, (t)dt
+ ijK(x, tu,(t)dt

+ ijK(x, tus(t)dt

+ - (7.2.3)
The components u,(x), u, (x), u,(x), uz(x), ... of the unknown function u,, (x) are

determined if we set

ug(x) = f(x), (7.2.4)
u (x) = Afxl((x, t)u,(t)dt, (7.2.5)
u,(x) = Afxl{(x, t)u, (t)dt, (7.2.6)
us;(x) = ijl{(x, t)u,(t)dt, (7.2.7)

and so on. This scheme for the determination of components of solution can be written in

a recursive scheme by

up(x) = f(x), (7.2.8)

Upeq(x) = Afxl((x, u,(t)dt, n=0. (7.2.9)
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The solution u(x) is determined in a series form using

[o e}

u(x) = Z u, (x).

n=0

The series obtained for u(x) always provides the exact solution. It is important to
note here that a few terms of the series usually provide the higher accuracy level of the
approximation of the solution if compared with other numerical techniques.

It is important to indicate that the decomposition method provides the solution of
any style of equations in the form of series with easily computable components. These
applications have shown a very fast convergence of the series solution.

The following illustrative example will be discussed to explain the decomposition
method.

Example 1. We consider the Volterra integral equation

u(x) = 4x + 2x% — jxu(t)dt.

0

Applying the decomposition technique we find uq(x), u; (x), u, (x), us(x) by

ug(x) = 4x + 2x2,

g (x) = — jx(zu +2¢2)dt,

2
:_22+_ 3>'
(x 3%

X

2
uy(x) = —j - (Zt2 +§t3> dt,
0

X

ug(x)z—f (Et3+1t4)dt,
o, 3 "6
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For solution in series form we get

u(x) = 4x + 2x2 — (sz +§x3> +§x3 + %x“ — (%x‘* + %x5> + -,

The solution is
u(x) = 4x.

The series solution usually employed for numerical approximation, and the more
terms we obtain provide more accuracy in the approximation of the solution. Even
through the decomposition method proved to be powerful and reliable, but it can be used
in a more effective manner which we called the modified decomposition method. The
volume of calculations will be reduced by evaluating only the first two components
ugy(x) and u, (x). The modified technique works for specific problems where f(x)
consists of at least of two terms.

It is important to note that the modified decomposition method, which was
introduced before for the Fredholm integral equations, is also applicable here. In VVolterra
integral equations where f(x) consists of a polynomial, or a combination of polynomial

and other trigonometric or transcendental functions, the modified decomposition method

works well. In this case we decompose f (x) into two parts such as

fx) = fi(x) + f2(x). (7.2.1.1)
ulx) = fi(x) + fo(x) + Afo(x, tu(t)dt. (7.2.1.2)
0

Using few terms of the expansions we obtain

Up(x) +us () + up (%) + -+ = fi(x) + fo(x) + 4 fo(x, tuo(t)dt
0
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+1 f xK (x, uy (t)dt
+1 f xK (x, u, (t)dt

+1 f xK (x, ug(t)dt

+ - (7.2.1.3)
We assign f; (x) only to the component u,(x), and the f,(x) will be added to the

component u4 (x). We set

up(x) = f1(x), (7.2.1.4)

1wy () = f,(x) + 4 fo K Dug (D, (7.2.1.5)
u,(x) = AfOxK(x, tu, (t)dt, (7.2.1.6)

us;(x) = Afoxl((x, t)u, (t)dt, (7.2.1.7)

and so on. The components u,(x), u, (x), u,(x), us(x), ...of the solution can be written

by
u, (x) = f1(x), (7.2.1.8)
1w () = f,(x) + 4 f K (e Dug (D, (7.2.1.9)
Uyt () = 4 j K ou,0de, 1> 1. (7.2.1.10)

The following example illustrates how to obtain the solution of the Volterra

integral equation by using the modified decomposition method.
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Example 2. Solve the following Volterra integral equation by using the modified

decomposition method

X
u(x) = cosx + (1 — e5"%)x + xj eSMty(t)de.
0

Using this method, we first decompose the function f(x) into
fi(x) = cosx,
fo(x) = (1 — eSim¥)x,
We find uy(x) and u, (x) by

uy(x) = cosx,

X

Uy (x) = (1 — eS™)x + xf ey, (t)dt,
0

X
=(1—eSm¥)x + xf eS™costdt,
0

= (1 — &%) x — (1 — e5¥)x = 0.
The exact solution is
u(x) = cosx.
It is clear that only two components are calculated to determine the exact solution.
7.3 The Series Solution Method
Now we introduce the series solution method that is practical method to solve the

Volterra integral equation with variable limits of integration
X
u(x) = £(x) + j K Cx, Ou(t)dt (7.3.1)
0

where K (x, t) is the kernel of the integral equation, and A is parameter. In this method we
will follow a parallel approach to the method of the series solution that usually applied in

solving an ordinary differential equation around ordinary point. The method applicable
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when u(x) is an analytic function, i. e. u(x) has a Taylor expansion around x = 0 so,
u(x) can be expressed by a series expansion [21] given by

u(x) = i (7.3.2)

n=0
where the coefficients a,, are constants that will be determined. Substituting (7.3.2) into
both sides of (7.3.1) yields

i a,x™ = f(x) + Af K(x,t) <§ a, ) (7.3.3)

by using few terms of the expansions in both sides, we find

X
ag + a;x + azx? + azx® + - = f(x) + A] K(x,t)aydt,
0
X
+1 j K(x,t)a,tdt,
0
X
+/1f K(x,t)a,t?dt,
0

X
+/1f K(x,t)ast3dt,
0

+ o (7.3.4)
We write the Taylor expansion for f(x) and evaluate the first few integrals. Then
we equate the coefficients of like powers of x in both sides, so we find a,, a,, as, ... .
Substituting these coefficients a,,, n = 0, gives the solution in a series form. This may
lead to a solution in a closed form if the expansion obtained is a Taylor expansion to a
well-known elementary function.
The following example illustrates the series solution method.

Example 1. Use the series solution method to solve
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u(x) =1+ jx(t — x)u(t)dt.

Substituting u(x) by the series

[o¢]
u(x) = Z a,x",
n=0

into both sides of the equation leads to

oo x oo
Z a,x™" =1+ f (t—x) (Z ant") dt,
n=0 0 n=0
which gives
oo x oo oo
z ax™ =1+ f (Z a,t™tt —x z ant") dt.
n=0 0 n=0 n=0

Evaluating the integrals on the right-hand side that involves terms of the form t™, n > 0

yields

iax"zl—i L a,x"t?
n m+1Dn+2)™" ’
n=0 n=0

or equivalently

a +ax+ax2+ax3+---=1—laxz—iax3—iax4+---
0 1 2 3 21 0 31 1 12 2

Equating the coefficients of like powers of x in both sides we find

a0=1, a1=0, a2=—§, a3=0, a4=E,

and generally

1
aAyp = (—1)71@, for n >0,

a2n+1 = 0, fOI’ n 2 0.
. . . . _ 1 2 1 4 1 6
We find the solution in series form u(x) =1 — SXT Xt mx
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the solution in a closed form  u(x) = cosx.
7.4 Successive Approximations Method
The method of successive approximations used before for handling Fredholm
integral equations will be implemented here to solve Volterra integral equation. In this
method we replace the unknown function u(x) under integral sign of the Volterra

equation
ulx) =f(x) + Aka(x, Hu(t)dt (7.4.1)
0

by any real valued continuous function u,(x), called the zeroth approximation. This

substitution will give the first approximation u, (x) by

1w () = F(x) + 4 f k(e Dug (O)de. (7.42)

The second approximation obtained by replacing u,(x) in (7.4.2) by u, (x) obtained

above, hence we find

X

u,(x) = f(x) + Af k(x, t)u,(t)dt. (7.4.3)

0

This process can be continued to obtain the n-th approximation. So, we have

uy(x) = any selective real valued function

1, (x) = F(x) + 2 f kG O (Ode, 1> 1.

The most commonly selected functions for u,(x) are 0,1, or x. The successive
approximation are leading to a solution u(x)

u(x) = 711_{1210 u, (x). (7.4.4)

of the equation (7.4.1)
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So the solution u(x) will be independent of the choice of u,(x) if we know for some
series such as in the contraction mapping principle that the solution is unique. In this case

the solution is given in a series form
u(x) = lim ( E u, (x)).
n—-oo
n=0

The zeroth approximation is not defined and given by a selective real valued function.
To illustrate this method we solve the following example.

Example 1. Solve the Volterra integral equation
X
ulx) =x+ j (t — x)u(t)dt
0

by the successive approximations method. We first select any real valued function for the

zeroth approximation, hence we set uy(x) = 0.
X
u(x) =x+ j (t — x)uy(t)dt,
0
uy (x) = x.

u(x) =x+ fx(t — x)tdt,
0

uz(x)—x—ax
1 1
ug(x)—x—gx +5| x5,
n - x2k-1
W= S I e

k=

The solution u,,(x) is given by

u(x) = lim u, (x),
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2k—-1

. - — X
im0 ey

= sinx.
7.5 The Method of Successive Substitutions
The technique to be used here is completely identical to that we used before. In

this method, we set x = t and t = t; in the Volterra integral equation

ulx) = f(x) + Aka(x, tu(t)dt, (7.5.1)
0

to obtain

t

u(t) = f(¢t) +/1f k(t, tu(t,)dt,. (7.5.2)
0

Replacing u(t) at the right-hand side of (7.5.1) by obtained value given by (7.5.2) yields

u(x) = £(x) + j ko OF (Ot

+12 ij(x, t) fo(t, ty)u(ty)dt, dt. (7.5.3)

Substituting x = t; and t = t, in (7.5.1) we obtain

t1

u(ty) = f(ty) + Af K(ty, ty)u(t,)dt,. (7.5.4)
0

Substituting the value of u(t;) obtained in (7.5.4) into the right hand side of (7.5.3) leads

to

u(x) = F) + j K Of (0t

+2? jxf K(x,t) K(t, t;)f(t)dt,dt
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Xt ,tg
+13 j J- J- K(.X,', t)K(t, tl)K(tl’tZ)u(tz)dtzdtldt.
o J0 Y0

(7.5.5)

The general series form for u(x) can be rewritten as

u(x) = f(x) +Aka(x, t)f(t)dt
0
/12 ’ tK 1] K L1 1 d 1d
+ fofo (x, t) K(t, t1)f(ty)dt dt

+/13f0 jo jolK(x,t)K(t,tl)K(tl,tz)f(tz)dtzdtldt.

4o (7.5.6)
In this method the unknown function u(x) is substituted by the given function

f (x) that makes the evaluation of the multiple integrals easily computable. This process

occurs several times through the integrals and this is why it is called the method of

successive substitutions. The technique will be illustrated by solving the last example in

this new format.

Example 1. We solve the following Volterra integral equation

ulx) =x — fx(x — tu(t)dt,

0

by using the method of successive substitutions. Substituting A = —1, f(x) = x, and

K(x,t) = (x — t) into (7.5.6) we obtain
x x rt
ulx) = x — j (x — t)tdt + j J- (x — t) (t — t;)tydtydt + -,
0 o Jo
or equivalently
x x rt
u(x) =x— f (xt — t*)dt + f f (x — t)(tty — t;2)dt,dt + -+,
0 o Jo
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therefore, we obtain the solution in a series form

1 1
— 31 45 ...
ulx) =x S!x +5!x + -

or in a closed form
u(x) = sinx
upon using the Taylor expansion for sinx. We get the same solution as before.
7.6 Volterra Integral Equations of the First Kind
In this section we will study the Volterra integral equation of the first kind with

separable kernel given by

£x) = j K ouo)de. (7.6.1)

0

It is important to note that the Volterra integral equation of the first kind can be handled
by reducing this equation to Volterra equation of the second kind. This goal can be

accomplished by differentiating both sides of (7.6.1) with respect to x to obtain

£100) = K 0)ux) + f K, (x, Ou(t)de (7.6.2)

0

by using Leibnitz rule. If K(x,x) # 0 in the interval of discussion, then dividing both
sides of (7.6.2) by K (x, x) yields

fleo
K(x,x)

u(x) = K(;’ ) Lxl(x(x, Hu(t)dt, (7.6.3)

a Volterra integral equation of the second kind. The case in which the kernel K(x,x) = 0,
leads to a complicated behavior of the problem that will not be investigated here.
To solve (7.6.3) we select any method that we discussed before. The technique of

differentiating both sides of Volterra integral equation of the first kind, verifying that
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K (x,x) # 0, reducing to Volterra integral equation of the second kind and solving the
resulting equation will be illustrated by discussing the following example.

Example 1. Find the solution of the Volterra equation of the first kind
X
5x% +x3 = J- (5 + 3x — 3t)u(t)dt.
0

Note that K(x,t) = 5 + 3x — 3t, therefore K(x,x) = 5 # 0, and differentiating, gives

X
10x + 3x2 = 5u(x) + f 3u(t)dt,
0

or equivalently

3 1r*
u(x) = 2x + =x? ——f 3u(t)dt,
5% 75,

We prefer to use the modified decomposition method. We set u,(x) = 2x, which gives

3 3 (%
u;(x) = gxz —gj 2tdt = 0.
0

Foru,(x) =0, n > 2.Exactsolutionis u(x) = 2x.
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CHAPTER 8
Integro-Differential Equations
8.1 Introduction
In this chapter we shall be concerned with the integro-differential equations where
both differential and integral operators will appear in same equation. This type of
equations was introduced by Volterra [5], [6] and [20] in 1900. These equations came up
in his research work on population growth. More details about the sources where these
equations arise can be found in physics, biology and engineering applications as well as
in advanced integral equations books such as [7], [11], [12] and [16]. In integro-
differential equations the unknown function u(x) and one or more its derivatives such as
u'(x),u" (x), ... appear outside and under the integral sign as well.

The following are examples of linear integro-differential equations:

1

W(x) = x — jo e*-tu(t)dt, u(0) = 0, (8.1.1)

W) = X —x + fo St @de, u(0) =1, w0 =1, 8.1.2)
W) = x — fo "= DuOdr, u0) =0, (8.1.3)

W (x) = —x + jo “( - Du©de, u(0) =0, w(0) = —1. (8.1.4)

Of these equations (8.1.1) and (8.1.2) are Fredholm integro-differential equations, which
are linear, and equations (8.1.3) and (8.1.4) are the Volterra integro-differential
equations. Our concern in this paper will be focused only on the linear integro-differential

equations. The initial conditions are needed to determine the constants of integration.
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8.2 Fredholm Integro-Differential Equations
In this section we will discuss methods used to solve Fredholm integro-
differential equations. We focus our concern on the equations that involve separable

kernels where the kernel K (x, t) can be expressed as a finite sum of the form

K(x,t) = Z 9O (B). (8.2.1)
k=1

We will make our analysis on a one term kernel K (x, t) of the form
K(x,t) = g(x)h(t), (8.2.2)

and this can be generalized for other cases. The non-separable kernel can be
approximated by a separable kernel by using the Taylor expansion for the kernel
involved. Then we have the exact solution or an approximation to the solution with the
highest desirable accuracy. We first start with the most practical method.
8.2.1 The Direct Computation Method

This method has been introduced in previous chapter. The standard form to the

Fredholm Integro-Differential Equation given by
1

u™(x) = f(x) + f K(x,Hu(t)dt, u®0)=b, 0<k<(n-1), (8.2.1.1)
0

where u™ (x) indicates the n-th derivative of u(x) with respect to x and b, are constants

that define the proper initial conditions. Substitute (8.2.2) into (8.2.1.1) to get
1
u™(x) = f(x) + g(x)f h(u(t)dt, u*0)=by, 0<k<(n-—1). (8.2.1.2)
0
We set

1
o« = j h(Ou(t)dt. (8.2.1.3)
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With a defined in (8.2.1.3), the equation (8.2.1.2) can be written by
u™(x) = f(x) + ag(x). (8.2.1.4)
We need to determine the constant «a to evaluate the exact solution u(x). We
integrate both sides n times from 0 to x, and by using the given initial conditions we
obtain u(x) given by
u(x) = p(x; ), (8.2.1.5)
Where p(x; @) is the result derived from integrating equation (8.2.1.4) and by
using the given initial condition. Substituting (8.2.1.5) into right side of (8.2.1.3),
integrating and solving the resulting equation leads to determination of a. The exact
solution of (8.2.1.1) follows immediately upon substituting the resulting value of « into
(8.2.1.5). To give a clear view of the technique, we illustrate the method by solving the
following example.

Example 1. Solve the Fredholm integro-differential equation

1 1
u'(x) =1 —§x +xf tu(t)dt, u(0) =0,
0

by using direct computation method.

The equation may be written in the form
1
u'x)=1 —3¥ +ax, u(0)=0

Where the constant « is defined by
1
a= j tu(t)dt,
0
Integrating both sides of u'(x) from 0 to x and using initial condition we obtain

u(x) =x+ (%—%)xz.
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Substitute this into the integral defining «, integrate, and solve for a to find

Lol

3
So, the exact solution is
u(x) = x.
8.2.2 The Adomian Decomposition Method
This method has been introduced already for handling Fredholm integral

equations. In this section we will show how it can be implemented to determine a series

solution to the Fredholm integro-differential equations. As in the last section, consider the

Fredholm integro-differential equation given by

1

u™(x) = f(x) +f K, Hu®)dt, u®0)=b,, 0<k<(n-1) (8.221)
0

where u™ (x) indicates the n-th derivative of u(x) with respect to x and by, are

constants that give the initial conditions. Substituting K (x, t) = g(x)h(t) into (8.2.2.1)

we obtain
1
u™(x) = f(x) + g(x)f h(®u(t)dt. (8.2.2.2)
0
In an operator form, the equation (8.2.2.2) can be written as
1
Lu(x) = F&) + g(x) j h(Ou(b)dt, (8.2.2.3)
0
where the differential operator L is given by
dn

Here L is an invertible operator, therefore the integral operator L~ is an n-fold

integration operator and may be considered as definite integrals from 0 to x for each
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integral. Applying L™ to both sides of (8.2.2.3), yields

1
u(x) = by + bix + =byx? + -+

o1 mbn—ﬂf"—l + L7 (f (%))

+ (flh(t)u(t)dt> L (g()). (8.2.2.5)
0

We have integrated (8.2.2.2) n times from 0 to x and using the initial conditions at every
step of integration. It is important to indicate that the equation (8.2.2.5) is a standard
Fredholm integral equation. In the decomposition method we define the solution u(x) of

(8.2.2.1) in a series form given by

[oe)

u(x) = Z U, (x). (8.2.2.6)

n=0
Substituting (8.2.2.6) into both sides of (8.2.2.5) we get

[ee)

n-1
1

D un@ = Y =k + L)
k=0

n=0

[oe)

1
+ <] h(t) <Z un(t)> dt) L (g(x),  (8227)

n=0

or equivalently

n-1 1
Uo() + 1y (1) + 1, () = ) ek + L ()
k=0

1
-ﬂjhawawwn*w@n

1
-Hfhawﬁomn*w@»

+(| (0w (0L ()
0
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4o (8.2.2.8)
The components uy (x), u, (x), u,(x), us(x), ... of the unknown function u(x) are

determined in a recursive manner, in a similar fashion as discussed before, if we set

n-1
1
ug(x) = —bx® + L7 (f (%)), (8.2.2.9)
;k! ,
u; (x) = (flh(t)uo(t)dt> L (g(x)), (8.2.2.10)
0
1
1, (x) = ( f h(t)ul(t)dt> 1(g(x), (8.2.2.11)
uz(x) = (flh(t)uz(t)dt> L (g(x)), (8.2.2.12)
0

and so on. For the determination of the components u,(x), u, (x), u,(x), uz(x), ... of the

solution u(x) in general can be written in a recursive relationship by

n-—1
1
ug(x) = > —bpx* + L7(f(x)), (8.2.2.13)
;k! k
1
Upyq () = <f h(t)un(t)dt> LY(g(x)), n=0. (8.2.2.14)

The solution u(x) is immediately determined with these components calculated.
The series obtained for u(x) frequently provides the exact solution as will be illustrated
later.

In some problems, where a closed form is not easy to find, we can use the series
form obtained to approximate the solution. It can be shown [6] that a few terms of the
series derived by decomposition method usually provide a highly accurate
approximation. The decomposition method avoids massive computational work and
difficulties that arise from other methods.
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The exact solution of any integral equation or integro-differential equations may
be obtained by considering the first two components u, and u, only. If we observe the
appearance of like terms in both components with opposite signs, then by cancelling
these terms, the remaining non-cancelled terms of u, may in some cases provide the
exact solution. The self-cancelling terms between the components u, and u, are called
the noise terms. The other terms in other components will vanish in the limit if the noise
terms occurred in uy(x) and u, (x). However, if the exact solution was not attainable by
using this phenomenon, then we should continue determining other components of u(x)
to get a closed form solution or an approximate solution. In the following we discuss one
example which illustrates the decomposition scheme where we will examine the
phenomena of the self-cancelling noise terms as well.

Example 1. Solve the following Fredholm integro-differential equation

T

1 12

u'(x) = cosx +Zx —ZJ- xtu(t)dt, u(0)=0,
0

by using the decomposition method.
Integrating both sides of the equation from 0 to x, since u(0) = 0 and sin0 = 0 gives

1 /2
u(x) = sinx + =x?% — —xzf tu(t)dt.
8* ~8" |

Using the decomposition technique we decompose the solution into a series form given

by

u(x) = Z U, (x).

n=0

Substituting into both sides yields
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o)

1 1 /2 had
Z Up (%) = sinx + =x? — = x? j t Z u, (t) |dt,
8* ~8" J

n=0 n=0

or equivalently

1
Ug(x) + uy (x) + uy(x) + -+ = sinx +§x2
1 /2
——xz(j tuy (t)dt)
8 0
1 /2
——xz(f tu, (t)dt)
8 0
1 /2
——xz(f tu, (t)dt)
8 0
+ e,
We set
1
uy(x) = sinx + §x2
which gives
1 7 1 1 4
2 is
uy (x) = ——xzf t(sint +—t2> dt = ——x2% — —x2,
8 0 8 8 163

Considering uy(x) and u, (x) we see that the two identical terms %xz appear in

these components with opposite signs. Cancelling these terms, and substituting the
remaining non cancelled term in uy(x) it satisfies the given equation lead to
u(x) = sinx
this is the exact solution in closed form.
8.2.3 Converting to Fredholm Integral Equations

In this section we will discuss a technique that will reduce Fredholm integro-
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differential equation to an equivalent Fredholm integral equation. This can be done by
integrating both sides of the integro-differential equation as many times as the order of
the derivative involved in the equation from 0 to x for every time we integrate by using
the given initial conditions. This technique is applicable only if the Fredholm integro-
differential equation involves the unknown function u(x) only, and not any of its
derivatives, under the integral sign. We can use the decomposition method, the direct
computation method, the successive approximation method or the method of successive
substitutions. To make a clear overview of this method we solve the example of section
8.2.1.

Example 1. Solve the following Fredholm integro-differential equation

1
u'lx)=1 —%x + xj tu(t)dt, u(0)=0,

0

by converting it to a standard Fredholm integral equation.

Integrating both sides from 0 to x and using the initial condition we get

ulx) =x — %xz + %xz <J:tu(t)dt>.

This is the Fredholm integral equation and we choose the successive approximation
method to solve this equation. We set a zeroth approximation by
uy(x) = x,

This gives the first approximation

1 1 1 1 11
u;(x) =x —§x2 +5x2 <] tzdt> =x—=—x?+-=x%?=x
! ! 0 . .

since

w (x) = x = upx),

87



If we continue we get
u,(x) =x for all n.
Accordingly
u(x) = lim u, (x)

= lim x

n-c0
= X.
And this is the same solution we obtained before.
8.3 Volterra Integro-Differential Equations
In this section we will present a method to handle Volterra integro-differential

equations. We will focus on equations that involve separable kernels of the form

K(x,t) = z G (O (8). (8.3.1)
k=1

We consider the cases where the kernel K (x, t) consists of product of the functions g(x)
and h(t) given by K(x,t) = g(x)h(t), where the other cases can be generalized in the
same manner. The non-separable kernel can be approximated by separable kernel by
using the Taylor expansion for the kernel involved. We use most practical method, the
series solution method.

8.3.1 The Series Solution Method

We consider a standard form to the Volterra integro-differential equation given by

X

u(x) = f(x) +f K(x,tu(t)dt, u*0)=b, 0<k<(n-1), (8.3.1.1)
0

where u™(x) indicates the n-th derivative of u(x) with respect to x, and b, are constants

that define the initial conditions. Substituting K (x, t) = g(x)h(t) into (8.3.1.1) we get
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u™(x) = f(x) + g(x) J-xh(t)u(t)dt, uk(0)=b,, 0<k<(n-1. (8.3.1.2)

As before, follow a parallel analogy to that for ordinary differential equations around an
ordinary point. We assume that the solution is an analytic function and it can be

represented by a series expansion given by

[oe)

u(x) = Z axk, (8.3.1.3)

k=0

where a,, are constants that will be determined by using the initial conditions so that

1
ao=u(0), a =u(0), a,= Eu”(O), (8.3.1.4)

and so on depending on the number of the initial conditions. Substituting (8.3.1.3) into
both sides of (8.3.1.2) yields
o X o
(Z a,x¥™ = f(x) + g(x)f h(t) <Z akt") dt. (8.3.1.5)
k=0 0 k=0

Equation (8.3.1.5) can be easily evaluated if we have to integrate terms of the form t",
n = 0 only. The next step is to write the Taylor expansion for f(x), evaluate the resulting
integrals, and then equating the coefficients of like powers of x in both sides of the
equation. This will lead to a determination of the coefficients a,, a;, a,, ... of the series.
This may give a solution in closed form. The following example illustrates the series
solution method for Volterra integro-differential equation.

Example 1. Solve the following Volterra integro-differential equation

u'' (x) = xcoshx — fxtu(t)dt, u(0) =0, u'(0)=1
0

by using the series solution method. Notice that h(t) = t, so we will be interpreting
terms of the form t™.
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Substituting u(x) by the series

u(x) = i a,x™

n=0

into both sides of the equation and using the Taylor expansion of coshx we obtain

Zn(n —Dax" 2 =x <§0 (’;:‘)'> ~ J;)xt <Z ant"> dt.

Using the initial conditions yields a, = 0, a, = 1, evaluating the integrals that involve

terms of the form t™, n > 0, and using few terms for both sides yield

1 1
2a, + 6asx + 12a,x* + 20asx> + - = x(1 +§x2 + $x4 + )

1 1
- <§x3 + ZaZX4 + - )
Equating the coefficients of like powers of x in both sides we find

1
a2=0, a3=§, a4_=0,

and generally
a, =0, for n=>0,
and

1

Arn+1 :m, fOT n=0.

We find the solution u(x) in a series form
1 1 1
_ a3 4 a5 a7
u(x) —x+3!x +5!x +7!x + -,
and in a closed form the solution is

u(x) = sinh x.
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8.3.2 The Decomposition Method

The decomposition method and the modified decomposition method were
discussed earlier. In this section we will show how this method can be implemented to
determine series solutions to Volterra integro-differential equations. A standard form of

the Volterra integro-differential equation is

u™(x) = f(x) + J-xl((x, Hu(t)dt, uk(0)=b,, 0<k<(n-1) (8.3.2.1)

0

We can find u(x) by integrating both sides of (8.3.2.1) from 0 to x as many times as the

order of the derivative involved. We obtain
n—-1 1 x
u(x) = Z Ebkx,{ + LN f()+ L1 (f K(x, t)u(t)dt), (8.3.2.2)
k=0 0

where Zﬁ;})%bkx" is obtained by using the initial conditions, and L~ is an n-fold

integration operator. Now we apply the decomposition method by defining the solution

u(x) of (8.3.2.2) in a decomposition series given by

[oe)

u(x) = Z U, (x). (8.3.2.3)

n=0
Substituting (8.3.2.3) into both sides of (8.3.2.2) we get

o0}

Z w, (x) = Z %bkxk F L) + L ( f Ko (Z un(t)) dt) (8.3.2.4)
k=0 0

n=0 n=0

or equivalently

n-—1 1
Up() + 143 (1) + () - = Y bk + L ()
k=0

+L71( f xK (x, ug(t)dt)
0
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+L71( j xK (x, Hu, (t)dt)

+L71( j xK (x, u, (t)dt)

+ - (8.3.2.5)
The components uy (x), uy (x), u, (x), us(x), ... of the unknown function u(x) are

determined in a recursive manner, in a similar way as discussed before, if we set

n—-1 1
up(x) = Fakxk + L71(f(x), (8.3.2.6)
k=0
g (x) = L1 ( f K t)uo(t)dt>, (83.2.7)
u,(x) = L1 (fo(x, t)ul(t)dt>, (8.3.2.8)
0
and so on. The solution u(x) of the equation (8.3.2.1) can be written as
n—-1
1
uy(x) = —ax® + L71(f(x)), (8.3.2.9)
RZO kK
Uy () = L1 ( j K, t)un(t)dt>, n>0.  (83.210)

The series obtained for u(x) can provide the exact solution in a closed form.
The following example will illustrate this technique.

Example 1. Solve the following Volterra integro-differential equation
X
W) = x + f (x — Du@®dt, u(0) =0, u'(0) =1
0

by using decomposition method.

Applying the two-fold integration operator L~ we get
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() = fo ) fo " Odxdx,

to both sides of equation integrating twice from 0 to x, and using the given initial

conditions yield

ulx) =x+ %x3 + Lt (jox(x - t)u(t)dt).

Following the decomposition scheme (8.3.2.9) and (8.3.2.10) we find

_ - .3
uy(x) = x+3!x ,

u(x) =L71 (fx(x - t)uo(t)dt>
0

1 1
=—x5+—=x’,

Combining these equations we get the solution u(x) in series form given by

u(x) =x +%x3 + %xs + %x7 +%x9 +%x11 + -
and this leads to
u(x) = sinh x,
the exact solution in a closed form.
8.3.3 Converting to Volterra Integral Equations
We can easily convert the Volterra integro-differential equation to an equivalent
Volterra integral equation, provided that the kernel is a difference kernel defined by the

form K(x,t) = K(x — t). This can be done by integrating both sides of the equation and
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using the initial conditions. To perform the conversion to a regular Volterra integral
equation we should use the formula that converts multiple integral to a single integral.

The following two formulas

jx jxu(t)dtdt = fx(x — tu(t)dt, (8.3.2.1)

jox fox joxu(t)dtdtdt = %fox(x — t)%u(t)dt. (8.3.2.2)

are used to transform double integrals and triple integrals respectively to a single integral.
To give clear overview of this method we discuss the following example.

Example 1. Solve the following Volterra integro-differential equation
1 1(*
W) =2 - 32 +—f w(O)dt, u(0) =0,
4 4,

by converting to a standard Volterra integral equation.

Integrating both sides from 0 to x and using the initial condition we obtain
u(x) = 2x — —x + - f f u(t)dtdt,

which gives
u(x) =2x — —x + - f (x — t)u(t)dt.

This is a standard Volterra integral equation and can be solved by using the

decomposition method. We set
Ug(x) = 2x — —x3

12

1 0 12 ’
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1 1

— 3 5

12° T2a0"

The term %x3 appears with opposite signs in the components u, (x) and u, (x), and by

cancelling this noise term from u,(x) and justifying that
u(x) = 2x

is the exact solution.
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CHAPTER 9
Singular Integral Equations
9.1 Definitions
An integral equation is called a singular integral equation if one or both limits of
integration become infinite, or if the kernel K (x, t) of the equation becomes infinite at
one or more points in the interval of integration. For example, the integral of the first kind
B(x)
f(x) = Af K(x, t)u(t)dt (9.1.1)
a(x)
or the integral equation of the second kind
B(x)
ulx) =f(x) + AJ- K(x, t)u(t)dt (9.1.2)
a(x)

is called singular if the lower limit a(x), the upper limit 5 (x) or both limits of integration

are infinite. Examples of the first type of singular equations are the following examples:

e

ux)=1+e* —f u(t)dt, (9.1.3)
0
F() = fooe‘i’lxu(x)dx, (9.1.4)
Llu(x)] = fooe"lxu(x)dx. (9.1.5)
0

The integral equations (9.1.4) and (9.1.5) are the Fourier transform and Laplace transform
of the function u(x) respectively. In addition, these equations are Fredholm integral
equations of the first kind with kernels given by K(x,t) = e™™* and K(x,t) = e **. It is
important to note that the Laplace transforms and the Fourier transforms are used for
solving ordinary and partial differential equations with constant coefficients.

Examples of the second type of singular integral equations are given by the following
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x2 = J-x ! tu(t)dt, (9.1.6)
0 VX —
X = J-xﬁu(t)dt, 0<a<l, (9.1.7)
X1
ux) =14+ 2Vx — f u(t)d, (9.1.8)
o Vx —t

where the singular behavior has been attributed to the kernel K(x, t) becoming infinite
ast — x. Integral equations similar to examples (9.1.6) and (9.1.7) are called Abel’s
problems and generalized Abel’s integral equations respectively. These styles of singular
integral equations are among the earliest integral equations established by the Norwegian
mathematician Niles Abel in 1823.
9.2 Abel’s Problem

Abel in 1823 investigated the motion of a particle that slides down along a smooth
unknown curve, in a vertical plane, under the influence of the gravitational field. It is
assumed that the particle starts from rest at the point P, with vertical elevation X, slides
along the unknown curve, to the lowest point O on the curve where the vertical distance
is x = 0. The total time of descent T from the highest point to the lowest point on the
curve is given in advance, and dependent on the elevation x, hence expressed by

T = h(x). (9.2.1)

Assuming that the curve of motion between the point P and O has an arc length s, then
the velocity at a point Q on the curve, between P and 0, is given by

ds

= —V2gG -0 (9.2.2)

where t is a variable coordinate defines the vertical distance of the point Q, and g is the

acceleration of gravity assumed to be constant on the scale of the problem . Integrating
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both sides of (9.2.2) gives

P ds
T=— fo S (9.2.3)

J2gtx—10)
Setting
ds = u(t)dt, (9.2.4)

and using (9.2.1) we find the equation of motion of the sliding particle

X

@= !
fx_ o Vx —t

u(t)dt. (9.2.5)

We point out that f(x) is a predetermined function that depends on the elevation x and
given by

f(x) =29 h(x), (9.2.6)
where g is the gravitational constant, and h(x) is the time of descent from the highest
point to the lowest point on the curve. The main goal of Abel’s problem is to determine
the unknown function u(x) under the integral sign that will define the equation of the
curve. Notice that Abel’s integral equation is a VVolterra integral equation of the first kind

with singular kernel. The kernel in (9.2.5) is

K(x,t) = \/%, (9.2.7)
which shows that the kernel (9.2.7) is singular in that
K(x,t) >0 as t-x. (9.2.8)
Taking Laplace transforms of both sides of (9.2.5) leads to
LIf ()] = Lu(x)]L[x~"?]
1
= Llu(x)] i?), (9.2.9)

72
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where I" is the gamma function. In Appendix B, the definition of the gamma function and

some of the relations related to it are given. Notice that I (%) = +/m, the equation (9.2.9)

becomes
Z1/2
Llu(x)] = EL[f(x)], (9.2.10)
which can be rewritten by
L{u(x)] = %(ﬁ z-%L[f(x)]). (9.2.11)
Setting
X 1
hx) = f (x— O Zf(E)dt, (9.2.12)
into (9.2.11) yields
L[u()] = %L[h(x)], (9.2.13)
this gives
Llu(x)] = %L[h’(x)], (9.2.14)
upon using the fact
L[h'(x)] = zL[h(x)]. (9.2.15)

Appling L™ to both sides of (9.2.14) yields easily calculable formula

1d [*f©
u(x) = ;a . ﬁdt, (9216)

that will be used for the determination of the solution. Appendix A supplies a helpful tool
for evaluating the integrals involved in (9.2.16).
The procedure of using the formula (9.2.16) that determines the solution of Abel’s

problem (9.2.5) will be illustrated by the following example.

99



Example 1. We consider the following Abel’s problem

X
1
mT= u(t)dt.
fo —u(®
Substituting f(x) = m in equation 9.2.16 for u(x)
1d (* =
ulx) =—— | —dt,
mdx )y Vx —t
d (* 1
=— dt.
dx Jo Vx—t

Setting the substitution y = x — t, we obtain

d
u(x) = E(Z\/E),

_ 1
==
Abel introduced the more general singular integral equation
* 1
= t)dt, 0<a<l, 9.2.1.1
F@ = | e @ (92.1.1)

known as the Generalized Abel’s integral equation. Abel’s problem discussed above is a
special case of the generalized equation where @ = % To determine a practical formula

for the solution u(x) of (9.2.1.1), and hence for Abel’s problem, we use the Laplace
transform on both sides of equation (9.2.1.1). This yields
L[f ()] = Llu(x)]L[x]

= Llu(x)] % (9.2.1.2)

where I" is the gamma function. The equation (9.2.1.2) can be written as

z -a
L[u(x)] = WF(Q)Z L[f(x)], (9213)
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or equivalently

Llu(x)] = mugm], (9.2.1.4)
where
gx) = fx(x —t)* 1f(t)dt. (9.2.1.5)
0
Accordingly, equation (9.2.1.4) can be written as
Lu()] = Sm;“”) Llg' (O], (9.2.1.6)
upon using the identities
Llg'(x)] = zL[g(x)], (9.2.1.7)
and
r@rld—-a)= sin(am)’ (9.2.1.8)

from Laplace transforms and Appendix B respectively. Applying L~ to both sides of

(9.2.1.6) yields the easily calculable formula for determining the solution

sinfem) d (% fO . gog<1 (9.2.1.9)

v =) =it

We first integrate the integral at the right hand side of (9.2.1.9) by parts to obtain
x x
fo 1 L 1 .
fo Gt = T gFOG -5+ afo (x = O%f'(D)dr,

= %f(o)x“ + %fox(x —t)*f'(t)dt. (9.2.1.10)

Differentiating both sides of (9.2.1.10) and using the Leibnitz rule, yields

d (* f(@© _f(0)+fx&dt_ (9.2.1.11)
0

- dt =
dx J, (x —t)l-« x1-@ (x —t)t-@
Substituting (9.2.1.11) into (9.2.1.9) yields the desired formula
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w(x) = singran) (f(O) N f" '@
0

peer G De dt), 0<a<1, (9.2112)
that will be used to determine the solution of the generalized Abel’s equation and also of
the standard Abel’s problem as well.

The following example shows how one can use (9.2.1.12) in solving Abel’s

equations.

Example 2. Solve the following Abel’s problem

—fx ! (t)dt
nx = Omu .

In this example f(x) = mx, hence f(0) = 0and f'(x) = m. Also, a =% so that

sin(am) = 1. Using the formula (9.2.1.12) and formula from Appendix A we obtain

) 1fx Tt
ulx) =— ,
TJy Vx—1t

= 2Vx.
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APPENDIX A

Integrals of Irrational Functions

L n=0123,..

Integrals Involving function e

x
1
1. f dt = 2vx.
o Vx—1t

ot 4
2. f dt = =x3/2,
o Vx—1t 3

x g2 16
3. f dt = — x5/2,
0 x—t 15

X ¢3 32
4, f dt = —x7/2,
o Vx—t 35

gt 256
5, dt = 223902,
fo x—t = 315"

X 5
0

x—t 693
x 6

. f 0 2048 .,
o Vx—t 3003

X 7
o Vx—t 6435

17/2

fx t8 . _ 65536
o Vx—t 109395
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APPENDIX B

The Gamma Function I" (x)

[oe)

1. I'(x) =f t*"le~tdt.
0

2. T'(x+1)=xT(x).

3. '(1) =1, Ir'(n+1)=nl nis a integer.

4. T()r(1—x) =

sin(mx)’
o)
FERY
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