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Department of Mathematics
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Analysis  Sample Exam
Da Silva*, Krebs, Zhong

Do at least two (2) problems from Section 1 below, and at least three
(3) problems from Section 2 below. All problems count equally. If you
attempt more than two problems from Section 1, the best two will be
used. If you attempt more than three problems from Section 2, the

best three will be used. Be sure to show your work for all answers.

(1) Write in a fairly soft pencil (number 2) (or in ink if you wish)
so that your work will duplicate well. There should be a supply
available.

(2) Write on one side of the paper only.

(3) Begin each problem on a new page.

(4) Assemble the problems you hand in in numerical order.

Exams are graded anonymously, so put your name only where
directed and follow any instructions concerning identification

code numbers.




SECTION 1 — Do two (2) problems from this section. If you
attempt all three, then the best two will be used for your

grade.

Sample #1. Let R denote the set of real numbers, and let Q denote

the set of rational numbers.

Define f: R — R by

1 ifzeQ
0 ifz¢gQ

flx) =

Prove that for all a € R, we have that f is not continuous at x = a.

Proof. By contradiction. Suppose f is continuous at x = a. Then for

any € > 0, there exists 0 > 0 such that

[f(z) = fla)] <e
whenever
|lx —a| <.
Choose ¢y = 1. If a € Q, then there exists z € R\ Q such that
|z —al <6

by the density of the irrational numbers. Thus we have

[f(z) = fla)| =12 e.

It follows that f is not continuous at x = a. An analogous argument

works in the case that a is irrational. O

Sample #2. Use the definition of limits to show that

li L 0
11m ————= = U.



Proof. Let € > 0. We must find N € N such that
1
(n+1)2
whenever n > N. Observe that this is equivalent to

1
(n+1)2

—O‘<e

< €.

To find N, observe that the Archimedean property of the reals tells us
that for € > 0, there exists N € N such that
1

- < N.
€
Next, we observe that for n € N, we have

n<n+1l<(n+1)>

Thus, whenever n > N, we will have

1
- < (’I’L + 1)27
€
which we may rewrite as
1 <
€
(n+1)?
It follows that .
—0
(n+1)2

Sample #3. Let {z,} and {y,} be bounded sequences in R. Show
that
liminf(z, + y,) > liminf x,, 4+ liminf y,,.

Proof. Because {x,} and {y,} are bounded sequences, so is {z, + y,},

so all the lim infs here exist.
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Let L = liminf(z, + y,). Let L, = liminfz, and L, = liminfy,. We
will show that L > L, + L,.

Let € > 0. Then there exists M, € N such that if n > M,, then
Ty > Ly — %e. Similarly, there exists M, € N such that if n > M, then

1
Yn = Ly — 5€.

Let M = max{M,, M,}. It follows that if n > M, then

1 1
Because € was arbitrary, it follows that L > L, + L,. O

SECTION 2 — Do three (3) problems from this section. If you
attempt more than three, then the best three will be used for

your grade.

Sample #4. Show that the function

1 ifx
f(x) = =

0 otherwise

is not Riemann integrable on [0, 1].

Proof. Tt suffices to show that f is not Darboux integrable on [0, 1]. For
this, it suffices to find ¢y such that for any partition {z;}?_, of [0,1],

the upper and lower Darboux sums satisfy
S — s> €.
Let {z;}, be an arbitrary partition of [0, 1], so that

O=xp << - <zp_1 <z, =1.



5

Recall that the rational numbers are dense in R. Thus, for any pair

Ti_1,x;, there exists a rational number r; with
Tio1 <15 <X

Since r; is rational, we have f(r;) = 1.

In the same way, the irrational numbers are also dense in R. Thus, for

any pair z;_1, x;, there exists an irrational number ¢; with
Ti—1 < ¢ < Zj.
Since ¢; is irrational, we have f(g;) = 0.
Next, we observe that
m; = inf  f(z) <0,

zi—1<z<z;

M;= sup f(z)>1.

zi—1<w<z;

From this, you should be able to check that

S = ZMZ(% —xiq) > 1,
i—1

S = Zml(:ﬁ, - wz‘—l) S 0.

=1

Thus S — s > 1. If we now choose ¢y = %, it follows that
S —5s5> ¢

for any partition. The desired result follows. U

Sample #5. Let u* be Lebesgue outer measure on R. Show that

1 (Q) = 0.

Proof. Since Q is countable, we may write

Q - {xlg :L‘Q, x37 x4, .. .}.
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Now let € > 0, and let I,, be the interval

I € €
o= (o0 = g+ )
Then for each n € N, we will have
T, € 1,,
so that .
Qc L.
n=1

Note that the length of this interval is

) = 2n6+1 - <_2n6+1) - 2%

which implies that

m(@) < Y1)

)

€

= 2_n
n=1

=e.
Since € > 0 was arbitrary, it follows that m*(Q) = 0. O
Sample #6. Consider the measure space (R, B, u), where B is the

Borel o-algebra, and p is Lebesgue measure. For bym € R, let f: R —

R be the linear function f(z) = mz + b. Show that f is measurable.

Proof. First, if m = 0, then f is a constant function, which is measur-

able. So we assume from here on out that m # 0.

By definition, f is measurable if, for any a > 0, the set
{z eR: f(x) > a}

is measurable. But this holds for any = which satisfies

mx + b > «.



From here, we must consider 2 different cases.

Case 1: m > 0. This case, the inequality above will be satisfied for
all x satisfying
a—>b
r>—
m

which is the interval (%‘b, oo), which is a Borel set.

Case 2: m < 0. In this case, the inequality above will be satisfied for
all x satisfying
a—>b

r< —0,
m

which is the interval (—oo, %b), which is a Borel set.

Thus, in either case, the set {x € R : f(z) > o} is measurable, so that

f is measurable. O

Sample #7. Let i be the measure defined on the power set of R given
by
1 if0eA,
p(A) =
0 otherwise.

If : R — R is a simple function, show that

/R¢> dy = 6(0).

Proof. By definition, if ¢ is a simple function, there exist constants
aiy,...,a, and disjoint sets Ay, ..., A, € P(R) such that

and
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Moreover, by definition, we have

[oau= éam(fm.

Since the A; are disjoint, there is a unique j € {1,...,n} such that

0 € A;. Thus, the sum above reduces to

/(b dp = aju(A;) = aj.

To complete the proof, we observe that

n

$(0) = Z aix,(0)
= a;x4,(0)

This completes the proof. O



