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IDef:_ Let SEIR .

We say that
S is an

almosteverywherese.tn if

IR- s={ ✗ / ✗ c- IR and ✗ ¢5}

has measure
Zero

=

E Let s be the set

of irrational
numbers .

Then, IR
- S = Q

which
has measure

zero

because
Ch is countable

.

Thus ,
S is an

almost everywhere
set

.



theorem: If 5
, ,Sz , . . ., Sn PEL

are almost everywhere
sets
,

then Ñ Sk is an
almost

k=l

everywhere
set

.

Forty← IR- Ask -_ UCR
- Su)

pf HW ☒

→
theorems Let

51,52 , 53 ,
•
00

be a
countably infinite

number

of almost
everywhere

sets .

Then, F sa is an
almost

everywhere
set ,

k=1

pf Hw ☒



We will now give an example PL
of a set that

doesn't have

measure zero
.

But first

a lemma .

-

Lemma:_ Let
a ,b c- IR with

a < b.
If Ii , Iz, . . >

In

are
n

bounded open
intervals

n

Where

[a. b)
E U Ik
k=i

then

Él( In) >
b- a

k=l i⇐÷÷÷÷



ie statement ⇐

of the lemma
.

basecase : Suppose
a.be/R

with a < b.
Suppose I ,

is a
bounded open

interval

with [a. b)
c- I , .

Let I.
= ( p , 9-1 . ]

Then, p<
a <

b < 9- .

> b- a

And, l
( Il ) = 9- - P
f g >

b_p&

picture



Let nzl and PL
÷÷÷÷¥i is true .

We now prove
Scnti ) is true .

Let a ,b c- IR with a < b.

Suppose [
a ,b] E

In
k=1

Where
Ii
,
Iz
,

. . .

,
In
,
Int ,

are

bounded open
intervals .

Since [a.b)
E I,UIzV

'
"UInVIn+ , .

We
must have

that
b E. In

for some
K .

By relabeling
the intervals

we

can
assume

that
b c- Inn .



Suppose Inti
= (c) d) . P⑤

Since be In+ , ,
we know c< bed

.ca#.SupposecIa-.
Int

Then
,

l ( Inu ) = d - c 3
b- a

←

Thus
,

Eect-nt-f.E.llt-niftlf.FI?k--
I

>b÷



PFLcase

;÷"i=÷
Then
,
a < c

< bad .

And, [a.
c) c- In (4)

By the
induction hypothesis

applied

to (4)
we get

that

Él ( In)
> c-

a
.

K=1

Thus ,
Ellin)=[É,l(IuDtl(

In ,
)

" '

> (c- a)
+ ( d- c)

=
d- a >

b- a.

By case 1 and case
2
,
Slntl ) is

true when Shl is true .
By induction
we are done .

☒



theorem: Let a ,b c- IR PL
with a < b. Then [a,b ]

does not have measure
zero .

proof:_ Suppose

I
, ,

Iz
,
Is , •

•
•

is a sequence
of bounded open

intervals
with

[a. b) c-
In . ←°¥¥

i
ca.si#%edea@
465-0:( Heine

- Borel )

Eue,yopencouer°fa°bounded subset
of IR has

a

finite sub - cover



By Heine - Borel, there
must p§(

be n 71 where

[ a ,b] c-
Ñ In
k=l

By the lemma,
Él (In ) > b- a .

k=l

Thus
,

ÉlCIu)zÉllIu) >
b- a .

k=l
k= 1

Therefore ,
if say you

pick E--
b- a

there
is no sequence

of

bounded open
intervals

k=l

I , ,I< , .
. .

with [a.
b) c-
ÑIk

and
£l( In ) <

E

W= I ✗

[because Ellin
) > b- a)

h=i

Thus
,
[a ,b] does not

have measure

zero . ☒



I
Let AEIR and

f : A → IR
and g

:A→lR

We say
thatf-I-almo-sleverywhereo.nl#,

or

f- =g
a. e.

on
A
,

if

the
set

{ ✗ c- A / f- Cx )
-1-91×1 }

w""÷.→Note:
If A=lR

and f=g

almost
everywhere

on
IR,

then we
just say

f=g



Ej: Let A=lR PIL
f- (x ) = ✗

2 for all
"

✗ c- IR ,

I if ✗ = 0

and 91×1
= { 2 if ✗ = ,

✗
2 if ✗ =/ 0

and ✗ =/ I

f-

.¥÷_
Then
,
{ ✗ c- A / fcxttgcxl

}

= { 0 , I }
which

has measure

zero

so
,
f- =g almost everywhere

on IR .



EI: let A=[on] . PIL
Let f :[0,1]

→ IR and

g :[ o, ☐ → IR

be defined as follows :

gCx1=
1 for all ✗ C- [0,1 ]

f(✗|={
0
if ✗ c- Qnco , ,]

1 otherwise

The

}'×e[o , , ] / fat
-1-91×1}

=An[0,1] .

Since
chnco.DE

Q and

Ch has
measure

zero,
we

know
Chaco , 1)

has
measure

Zero .

Thus , f- =g
almost

every
-

-

where on [0,1] .


