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ITest 1 is on Monday

Octl8Test1c!HW 3 and HW 4

No class on Test day .

Test is done on canvas .

Test will appear at
5am

on Monday 10/18 and

dissapear at 12pm noon
on

Tuesday 10119 .

During
that

time period you pick
a 2.5

hour time window
to take the

test , scan ,
and upload your

answers [ 2 hrs for test ,
30min

to scan] .

Canvas will time you

once you open the test .



II put a

" Practice taking a test
"

Module in case you

haven't taken a
test

on canvas
before to

see what its
like to

download an
exam

and upload your
solutions .

Try it out if
needed .



In the theorem from last P§L
time we could have assumed

that ( Sa )F= ,

was
bounded .

That is :

theoremi-Letla.tn?-ibe-
a non - decreasing sequence

of step functions .

Then, ( Sqn ) ?= ,

converges

iff ( Sqn )n? , is
bounded .

pro
( =D) If ( Sa ) ?= ,

converges ,

✗

then by 4650 HW , ( fan )n=i
is bounded .



(G) Suppose ( Sa )I= ,
is PFL

bounded .

Since (g) n? ,

is non - decreasing

we know
that 9^1×1<-9^+11×1

for all nzl
and ✗ ER .

By a theorem
in class ,

59ns f9n+ ,

for all n >
1

.

Therefore, ( Sah ) ?= ,
is a

non
- decreasing

bounded

sequence
of real

numbers .

By the
monotone

convergence

theorem
from 4650 ,

( Sqn / ii. converges . ☒



ÉMw pay
De± Let SEIR with 5=101 .

Let MEIR .

We say
that M is an

vpperbovnd-f.rsif ✗ s M

for all ✗ c-
5

.

We say
that M

is a
tower

bound for
5 if Ms

✗

¥?¥Ys]%s}
←WEEKS
some lower

bounds :② or
or • • .

some upper
bounds : 7.5J or ooo

.

??



Deff Let SEIR and st-o.PL
Let MEIR .

We say that
M is the

leastupperbovnd-gorsvpremum-ofs.it
① M is an upper bound

for Sm

and ② for any upper
bound B smallest

of 5, we
have Ms B

] is the
upper
bound

T-fsuchanMexistswewrileM-sy.CI
Def Let

SER and 5=10 .

Let ME
R . -

s
the greatestlower

We say
that M

I

bound , or infimum
,

of S if

① M is a
lower

bound
for 5

µ

and ② for any
lower

bound B) is the
tower

of 5 , we
have B E M

biggest
bound

If such an
M exists,

we write

M= inf (s ) .



E 5=1-1,5]v{-37.5 } PIL

←¥ÉD%sS

inf( 5) =
-2

IPls÷1n=i}
EI

÷÷¥"&s
¥%¥zEs=cñ←És
in f- (5) =/ and sup ( s )

does

not exist



ok
q:;¥;I¥i±¢ .

① If S is bounded from

above [ that is
,
an upper

bound for S exists] ,

then sup ( s ) exists
.

② If S is bounded from

below [ that
is
,

a
lower

bound for
S exists] ,

then inf (s)
exists .

proo You would
construct IR

via Dedekind cuts
of Ch or via

Cauchy sequences of Q .

Then

You prove this axiom
is true . ☒



PItheorems Let SEIR with
s -1-0 .

① If S has an infimum ,
then

the infimum is unique .

② If S has a supremum,

then the supremum
is unique

.

pf:_ 4650 Hw ☒



theorem. Let A. BER with PIL
A -1-4 and B -1-0 .

Suppose As
B.

① If inf (B) exists,
then

Inf (A) exists
and

in f- (B) E Inf
(A) .

② If sup (B)
exists, then

sup (A)
exists

and

sup (A)
£ sup (B) .

proof:_
① Suppose

inf (B) exists
.

Then inf (B) E
b for all

be B.

Since AEB,
this means

also

that inf-
(B) Ea

for all AEA .

By the completeness
axiom since

A is bounded
below
,
Inf (A) exists .



We saw that in f- (B) is a PK
lower bound for A.

Since in f- (A) is the greatest

lower bound for
A we

know that in f- (B) finf (A)

[prop 2 of infimum]

② Similar to part
1

.

☒



Topic 6- Sequences of functions pandthestandardconstruction

De Let DEIR .

Let ( fn )F= ,

be a sequence

of functions where
fn :D → IR

for n > 1
.

Let f- :D → IR .

We say that
( fn )F= ,

converges

to f-pointwiseonD-iflimfr.li/--fCx)

n→x

for any
✗ ED .

If this
is the

case
we
write

"

1in fn=f pointwise
on
D
"

or
" fn→f pointwise on D

"

tf



So
,
fn→f pointwise on D PIL

means
that if ✗ ED is fixed

then

f. (X) , fzcxl ,
fz (X ) , • •

.

convergestoflxl.IN
E Let f. ( x

)=¥

Let f- 1×1=0 for all ✗ ER .

Claim : fn→f pointwise
for all

XEIRT
pfofclaim:_

Let ✗ EIR .

Then ,

Inigo
fnlxl =Lzn±=

✗ • high

= ✗ • 0=0 = f- (X )
.☒




