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theorem: [Weir - Thin 1- pg 31] P£
Let (g) n? ,

be a non - decreasing

sequence of step
functions .

Suppose also
that the sequence

( Sch ) ?= ,

converges .

€59,592,593,594 >
• • •seqvenceofrealnum

Then

S={ ✗ ER / (9nA) ) ?= ,
doescnff-e.ge}

¥×),qzN,93(×t
is a set of measure

zero .

Or equivalently
R- 5- { ✗ / Conklin? ,

converges }isanalmosteverywh



PIE ⇐
-

We may assume
that

%I¥iÉ×
¥¥i¥Im+ sequence

of step functions

( 9-9,15=1 .

That is,

9- 9 , ,
92-9 , ,

93-9,94-9 , ,
• •
•

Since ( on )n? ,

is non -
decreasing we

know that
9,1×139 ,

( X )

for all n 71 and ✗ ER .

Thus, 9n(✗
I -4,1×130 .

So
, (qn-q)(x)3Ef



Also
, PL
( 9n+ ,
- 9) 1×1=9+11×1 -9,1×1

391×1-9 ,
(X )

%→=(a- a.) (x )

thus, ( q - q ,
)5= , is a

non -
decreasing
sequence .

Since ( Sqn )n? , converges
and

see.-at- sa
- {÷m+

we know that

( flan-9 , )) ?= ,
converges .



And, PIL
1%-911×1=91×1 - qÑ

"

converges
as n → ✗

Iff qncx )

converges .

Thus,

F- { ✗ / Can-9,11×1 does not converge
}

equals S .

So
,
T has measure

zero
iff S does .

Thus , We
could prove the

theorem by

replacing (a) it ,
by ( 9^-9,15=1

-

But we won't
do this .

We will just
assume g. (

✗170

for all n> 1 and ✗ c- IR

-€D



Let to be the step function that p
is zero everywhere .

:#
Then, thx)<_Q(

✗ 1<-9^+11×1 for all
✗

and n .

-0 €clai⑦

Thus
, ftcxlsfq.ES 9n+ ,

for all n .

to -

So
, ( Sqn )i= ,

is anon-decre-asing.no
n - negative,

convergent sequence
of

real numbers
.

Since ( fan)F= ,
converges,

it is
bounded .

So
,

FK > 0 where 0<_f9
for all

n > 1 .



Let E > 0 . PK
Define

Si={ ✗ ER / 91×1 > E- } -

claim2.es?c-92fornzlproofofclaim2:-
Let 9n=c ,

✗
I.
+ czXI.to . .

+ Cr ✗Ir

Where I , ,
Iz
,
. . . ,
Ir are

disjoint

bounded intervals .

Pick the indices

Is i.
< izs . . . < its

r

where

Ci
,
I
Ciz )

• • o ,

[
it
> ¥ .

So
, 9n(✗13¥ when ✗ c- Iis ,

Kat .



Thus,

SF Ii
,

VII. U . . . U Iit
FL

So
,
Sick .

Note it could
be that qn(✗ 13¥

is never
satisfied .

In that special
case,

Si=¢= ( 1
,
1) c- 92 .

claim (E) Xs:(
✗teach

for all ✗ c- IR and n > 1
. ×
d

¥I¥¥¥n (⇒xs.ie#--CEk9nHIfx&Si,thenCE1Xsgfx1---0F9nCxlClaim@
f



PILTherefore,

(E) e(si1=l¥1fXsi=K¥1Xs:
p

§S%
claims

thus, (E) l(site Sask
.

So
, lE for all

n > 1
.



claim: SEE 5nF
,

for all nzl.PL
pfofclaim:-gCqhE.non-decreasin@LetxESnE.Th
en
, E- ± q( x )

£ 9n+,( × )

Thus
,
✗ c- Sii , c

Thus
,

sie sie sie
sie . . .

Let

5--5=4 si



Claim: SE SE PIL
Recall 5- { ✗ ERI Cohlxlln? ,

diverges }

pfofclainis
Let ✗ ES .

Then
,
(q( ✗ 1)n? ,

does not converge .

Because ( g. Cxsln? , is non -
decreasing

by the
monotone convergence

theorem

( 9n(✗ 1) n? ,

is not
bounded .

Thus
,

there must
exist some

N > 0
Where % (✗13¥ .

Hence , ✗ c- 5,5=5 ?W ✗

SEU si
n =L



Therefore
,
we can show that SE PIL

has measure Zero and then

this will imply that
s

has measure Zero .

By a theorem
from last

time
,

since
5nF , ER

and Si ER

for all nzl
we know

that

Sii . - sick .

Because

sie sie sie
sie . . .

and
SE = Is? we

know that

n=l

SEsiulsi-silvcsi-si.lv
. "

is a
disjoint union

giving
S

.



From above we can write P
5 ,E= I ,UIzU . . . U In

,

these

SE- Si = In ,+ , U In ,+zU•
. . UInz are

in5- Si = In .HU In .+zU
. . . UIN

,} ""
• 92

: : : :

where all the
above Ik

are

bounded intervals
and

disjoint

from each other .

Then ,SEsiulsi-siwcsi-s.eu
. .

=D In
k=l

So the In
cover

S ?



Given n > 1
,
there exists j where PIL

n s nj and
so for this n

we have
that

ÉlCIn1sÉlCIn1=l( SE /
EE

k= , P
k= I

ee1UlsEiSsi1si-tusi.i.sijisi-siius@Thvs.E
,

KIK ) EE for all n > 1
.

So
, §,l( In )

I E .

Thus , SE has
measure

zero .

So ,
S has measure

zero .

☒


