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• In Hw 4 on step functions

I added parts (d)
and (e)

to problem 7 .

[In case you
already

downloaded

this file . ]



theorem: [Thm 1.3.2 in WJ book] P&

Let f and g be step functions

and a
,
b. c- IR .

Then

① aftbg
is a step function

and ② fafftbg/ = aff
+ bfg

proof:_ Let f- = É 5-
• XI

;

g- =L

and g =
É ki •✗ ji where

e- =L

Ci , Cz ,
. . . ,

Cn
,
ki
,
kz
,
. . ,
km C- IR

and I , ,Iz , .
. . ,
In

,
Ji
,
Jz, .

Jm

are
bounded intervals .



Then
,

n PIL
aftbg = a (§,

Cj
- ✗
I;)

tb ( §,

ki ' ✗%)

= É Cac;) ✗ ± ;
+ Élbkil . ✗±.

e-=L

g-=L

which is a step function
.

Furthermore,

Jaftbg =

=) [§,

last ✗Ist
Élbki) - ✗%)
a- =\

= §,Cac ;-) 'll I;)
+ Élbki ) .l(Jil

e-=/

=a[ÉiillIsDtb[E.ki - l(JiD
= a Sf + b f 9 ☒



theorem [Thin 1.3.3 in WJ book] P
Let f- and g be step functions

where f- 1×1391×1 for all ✗ ER .

[Sometimes written
as f > g)

Then ,ffzfg.pro#
By the previous

theorem ,

f - g is a step function
.

Thus
,

f - g = §
,

5-
• ✗
Is

where g- c-
IR and the

intervals

Ii
,
Iz
,
. .
.

,
In are dgYdbounded . previous

since (f- g) ( X ) 30
for all

✗ and the
intervals are disjoint

we know that Cj 30
for all j .



Thus,

J / f- g) = É cj.lt
I;) 70

⑤

5- I ¥30

So, by
the previous theorem

J f - f g =) ( f-g)
30 .

Thus,

Sf 759 ☒



De_f:[weir book] PK
Let 92 denote the

set of

all subsets
of IR such that

S can
be written

as

S=I,UIzU•°•UIr& (f)
Where I , , Iz ,

.
. . ,
Ir are disjoint

'bounded intervals .

Given SE 92
where (

K) is

true ,
define

l(5) =L ( I ,
)+l(Iz) to

.

.tl ( Ir )
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EMS= [3 , 5) U [2,2) U fl, o) ER
t.EE#ss
l (s ) = l ( (3,5) )

+ l ( [ 2,27 )

1- l ( C- 1
,
o l l

#i¥É¥¥s
So
,
S = C- 1

, 7) E R
e ( s ) = 8



Note: Is lls ) for
SER PI

well - defined ?

Let SER with

S=I , UIZU
. .

. U Ir

Where I , , Iz ,
. . ,
Ir are

disjoint

bounded intervals .

By HW 4 problem 4
,
we

have that

✗
s
= ✗

±
,

+ ✗ Izt
. . .
+ ✗
Ir

and thus

JXs=fX±,tf✗±zt . -tf
✗
In

= l( Intl ( Iz )
t.o.tl (Ir)

So we could
have defined

lls) =) Xs



pgcsince

✗
s
= ✗
I ,t

✗
Iz
+ ' ' '
+ ✗
Ir

is a step function
it doesn't

matter how we
decompose

S

into disjoint
bounded intervals,

we

will always
get the

same

value for Sxs
by our

theorems
on step functions

.

Hence
lls) for 5€92

is well-defined .

,
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YaY§¥¥Yff Xs is a step

function .

(b) If S
,
TE D2

,
then

SVT,
SAT, S

- T are

all in 92

(c) If 5
,
TE 92 and

SET,

then lls )
El CTI .

(d) If A =
,

Ai where
each

Ai is a bounded
interval .

Then AE 92

let

]
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(e) Let
I

, ,Iz , . . . ,Ir
be disjoint

bounded intervals .
Suppose

that there
exist

bounded

intervals J , ,
Jz , . . >

Jt where

ÑI
;
a- Ut Ji

e- =L

g-=\

Then

ÉLCI;)
⇐ £l( Ji )

e- =L

g- =\
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Def Let ( fn )n? ,

be a sequence of functions

where fn : IR→ IR for each n> 1 .

Think of it
as

f
,
,

fz
,
fs
,

f-
4)

• .
.

We say
that Ifn ) ?= ,

is

non-decr-easingiffr.CHEfn+ ,
( X )

for all
nzl and

all ✗ c- IR .



PotLet

f-3for n > I

¥
"
i'
+

Then
,
( fn )n? , is a

non - decreasing

sequence of functions .



pay

g. = ✗ [IF]

I µ•-•¥±*
HW 4- # 2T-fsc-tthenxslxlEX.li#)for all

✗

Thus for all ✗ ER we
have

9nW=X[÷ ,# §X[¥¥=
9+11×1

for any nzl .

[h-iz]E[¥Ñ+✓



pgts
Thus, ( an )F= , is a

non - decreasing sequence

of step functions .

Nole ,

fqi-SXC-n.it
= lol ( [ I. 23 )

= 2- d-

So
,

1in Son __k•(2- £1
n→x

= 2-0

= 2


