
7%1%000



PIL
• Last class it was noted

that HW 3 problem 4

is not the same
as

how

we stated it
in class .

So I changed it
to

reflect the theorem

from class .

The proof is
similar

to before .



¥: Given a step function Pgc

f- = É ki . ✗ Ji
e- =L

we can re - write f- as

m

f = E Cj
-
✗
Ij

g- = 1

Where Is
A It = ¢

if stt .

700€ Let p , ,pz ,
. .

.

,
Pr be

the

Ir distinct
endpoints of

Ji
,
Jz, . . ,

Jn

where we
arrange them

so that

P ,
C Pz

< • •
.

< Pr .

Construct the
following

m=2r - l
intervals

Ir+ ,

= ( pi , Pz )

I,=[PvP? Ir+z= ( Pz ,B)
Iz=[Pa , Pal ÷:
: :

Izr-1=(17-1,17)Ir=[Pr,Pr]



Note by construction Is AIt=o PI

if s =/ t .

The Ij 's partition [ p , ,pr
] into

Zr - I disjoint
sub - intervals .

For any of the
new

intervals Ij

and original
interval Ji ,

either Ij
C- Ji or IjnJi=¢

Let

g-
= E ki
i

where

Ijc Ji

If the sun
is empty ,

then

set g-
= 0 .

[In our example
from last

time this
would go with CG]

M

Now we show f- =[ Cj ✗ I ;
5=1



This follow from the construction . pg

Let p , c- ✗
± Pr .

Then ✗ is in exactly one
of

the Is .

And by construction
if ✗ is

in some Ji we
have Is

c- Ji

Hence, n

f(×l=Eki✗s!"
e-=L

Is EJ]
= Eki

Is c- Js
i

where Cxamplepic
✗ c-Ji

= Eki = Cs
.

i
where

Is a-Ji

Thus
,

f- = E 5-
✗
Is ☒

s



pgc

Note :
-

By merging adjacent

interval terms
with the same

-
Coefficients as we

did in

the example
last time

we can get a unique

representation of

f- into the
sum
of

the minimal
number

of disjoint
terms .



theorem [Than 1.3.1 in WJ book] PSC

Let f be a step function

with two different rne presentations
m

f = § ,

Cj
✗
Ij
= §

,

ki ✗ Ji

Then the
integral of f

is

well-defined,
that is

n

m

Jf = §,

LLIJ )=E killJil
e-=L

pro

]



pgtt
Let 9- , , 9- z ,

. . ., 9-r be the

r distinct endpoints
of

Ii
,
Iz
, . . . ,
Im , Ji , Jz , .

. .,
Jn

We arrange them
in order

so that

9- ,
< 9- z <

• • .
< 9- r

construct the
following Zr

- l intervals

Mr+ , = (9-1,9-2)
M

,

__ [9-1,9-1]
Mr+2=(9-2,9-3)

Mz= [9-2.19-2] ;
:

'

: Man ,

-_ ( 9- r - 1) 9- r )

Mr __ [9-
iitr)

Kz ✗ JzA

"

✗•É°
" ✗⇒

'

l l lczXIzqTÉÉ CIXI ,
I

1 ! ! ! I

9-
,

9-z 9-39-49-5

¥¥¥i¥¥



Note that Msn M+=¢ if £8
s-tt_

Given Ms and Ij either

Ms E Ij or Ms
AI
,

- = ¢

Given Ms and Ji either

Ms E Ji
or Msn Ji

=
.

Note that
if ✗ c- Ms

then

f- 1×1 -_§cj
= E ki
i

where
where

Ms c- Ij Ms C- Ji

Thus for each
Ms define

0s = E. g-
= E ki

g-
i

where where

Ms C- Ij Ms E Ji



Thus, zr - i
P9C

f- = £0s ' ✗
Ms

s =L

This is a disjoint representation
for f.

Zr - l
m

claim:_ §gcjl(I;)
= Eos l(Msl
5=1

pfofclaim:- By
construction ,

for

each j ,
we have Ij

= Us Ms
Where

Ms E Ij

and the
sun

is disjoint .

And so ,

l( I ;)
= § l( Ms

)

where

Ms EI ,
-



pgc

Thus, Cj l( I;) = § 5- l( Msl .

Where

Ms c- Ij

Summing over all
the Ij 's gives

M

M

E C;l(I;) = E
E g- Kms )

g- =L where
g- =L

✓ Ms c- Ij
sums
over
¥
over

IJ Ms inside
Ij

Zr - I

= E E g- LCMS
)

j
5=1 where

¥ Ms a- Ij

over

Ms
¥er
Ij containing

Ms

zr- I

= Eos l(
Ms) ☒

5=1



pgtl
n

claims ⇐ killJi)=Éosl(
Ms )

s = I

pf Same
as previous claim

. ☒

Combining the
two claims ,

zr- I

£ g- LCI ;)
= Eos l( Ms )
5=1

g-=\

=
É kill Ji ) .
e- = I

☒


