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Lemma:_ Let ( bn )% ,

be a

convergent sequence of real
numbers

.

If there exists
CEIR where

b. < c for all n > 1
,

then 1in bn ⇐ c.

n→x

proof's Let L
=/ in bn .

n→x

Suppose L >
c.

•
bni¥I.
I
N



PILet E. =L- c > 0 .

Since bn→ L , there
exists

N > 0 where if n>
N

we
have !¥I÷

So for example, L-E< LTE

So
,
L - ( L - c) < bn

↳
e-

Thus, cc bn

This can't happen .

Thus
,
L ⇐ c '

☒



theorems.
Let A , , Az ,

A } , . . .
be a countably

infinite number of
measure zero

subsets of IR .

✗

Then , A = U Ar has measure

zero .

b.=L

Weir pg 19

Pr Let e > o . Pshm
Since A

,

has measure
zero

there

exists bounded open
intervals

I , , , Iiz ,
I 13 ) • ° °

✗

where A. C- ÑI ,j
and El(I ,j)< §

5- I
-5-1

Since Az
has measure

zero
there

exists
bounded open

intervals

Iz , ,
I 22 ,
I -23 ,

• • .

where AZE Iz;
and Él(Iz;) -< ¥
j =L



pox
In general, for each

k > 1
,

since An has measure zero

there exists bounded open intervals

Ik ,
,
Ikz , Iks ) • • •

where An c- In;
E-

and Él( In;) I zk
g- =L

✗

Since A = U Are we

k= I

know that ✗
✗

U I
kj .

As Uk= , j= ,

We are gonna
rearrange

the ordering

of the Ikj 's now .



Arrange the open intervals as follows : PLS
a
. . .

← A
.

I④Izz Izz
• o

-

← Az

G
Is } . .

.

← As

: : :

We can
thus order all

these

intervals as
folk 's :

(K)
I ] , ,
Izz
,
It 3) • • •

In )Ij%÷>

subscripts
stories to 4
add to 2

add to }

As we said
before

AEI , ,VI.zUIz ,
UI} , V00

.



We want to sum the lengths of PKG
the intervals in ( t ) and show

the infinite sum is E E
.

Suppose we look at
the sum

of

the lengths of the
first n terms

in (t ) .

For example,
if we calculate

the

sum
of the lengths

of the first

n= s
terms in (4) we have

:

III , ,)tl(In
)tl(In /tlfs.HN#=CIIf-IftlCIz,)tlCIzz1tl(Is ,)* ¥

✗

s ÉCI , ;) + §?l(Iz;)
+ El #-)

g- = I

j=i

¥¥eE+&+É



In general, if we look at the P
first n terms of 11--1 we

will see that these sets

are at most amongst the sets

Inj that cover Ai, Az, .
.

,
An .

[Because we will get to at most
the n - th row of our diagram]

Thus
,
the sum of the lengths

of

the first n
terms of (4) is

less than or equal to

E- + Eat .
. .
+ &

= § [ It Et É
. . . +¥]

=E[Y?]=e(1- E) < E
€ltxt✗2+...t\m=,✗=#¥



Thus
,
the sequence of partial sums Pgc

corresponding to adding up the

length of the sets
from (t )

←

s
,
=L ( In )

selCI.i1tlCI.zo-n-a@Sz-lCIu1tlCIn1tlCIz.o-
• :
:

is a non -
decreasing sequence

of non- negative
real Fls whose

terms

are always
C E .

By the
monotone

convergence
theorem

1in Sn exists .

into

since
Sn <

E for all
n > b) lemma

we must
have 1in

Sn E
E

.

n→x

Thus , A has
measure Zero . ☒



Corollary: Let A ,Az, . .> An P§L
be a finite number of

sets of

measure zero
.

Then ,

A ,UAzU .
. . U An

has measure
Zero .

Proof's:
Define An+,=¢,

An+z=$, . . .

Ie
,
An __ ¢ for k>

ntl .

¢ has measure
zero .

And ,
Ñ An =
k=1

=A,VAzV.nu/tn=A,VAzU.iUAnUAntiUAntzU " '

To ¥
= An



⇐
Every set in

the union
has

measure
zero .

Hence
,

J An has measure
zero .

k=1

So, ① An has
measure

Zero .

☒

f- I


