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PLTheorems Let ( bn ) :-,
be a non

- decreasing sequence

of real numbers that
converges

to L .

Then, bus
L for all n > 1

.

proof:_ HW 2
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Corollary: Let ⇐ a. be PIL
an infinite sum that converges

to 5 and also a. 30
for

all n > 1
.

Then,

Sk= a.
tazt . - • + an E

S
.

proof:_
We have

sk= a. tact
. . .
tan

are the partial
sums .

Since
each an >

0
,
the sequence

5 , ,
Sz ,

53 ,
•

0
-

A
, ,
a
,
+ Az ,

aitaztas , o o .

is non - decreasing .



We are given that
1in Snes . Eh
k→x

So
,
by the previous

theorem

Snes for all k >
1
.



BLTopic3-MeasureZer&
Def:_ An interval I is

called

a boundedinterval if
I

is of the form

(a) b) , ( a ,b
]
,
[a. b), or

[a. b)

where
a
,
b EIR and as

b.

IicaHedanunbound#
interval if

I
isofthe

form ( a
,

no) , [a ,x
)
,

C- no, a) ,
C- no, a) ,

or C- xx) .

¥-b,then[a,b]=[a,a]={a}-
and (a) b) = ( a. a)

= ¢ are both
bounded

.



Similarly, %L
(a) a) = is bounded

-

E

vnboundedboundedtR-C-x.rs)
( 1,7]

(Sio)
[ 13,2100)

¢
{ 7 }=[7,7]



Def: The length of a bounded PLL
interval is defined as follows :

l( ( a ,b) ) = b-
a

l( [a ,b ) ) = b-
a

l( (a ,b] )=b
- a

¥.%¥¥⇒
l( 4) =L ( ( 1,111=1-1--0

:¥¥¥÷¥÷
is one of the

form (a) b)

where as b.



PEL
Def:_ Let SEIR .

We say
that S has

measurez.ec#
,
or that s

is a nod

set ,
if for every E > 0

there exists
a sequence

of

bounded open
intervals

I
, ,
Iz
,
I3
,
I
4)

• • •

( which may
be finite)

where

① S E Un In

and ② Ell Int
E E

.



EI: 5- { o } PI
Let's show that

S has

measure
Zero .

Pick some E > 0 .

I
,

%¥-Ez

Let I. = C-E) E) .

Then
,

0 C- Ii .

So
,

SEI , -

So
,

condition ①
is true .

And, l (
I

,
) = E E

E
.

So
,

condition ②
is true .

thus
,
S={ o} has

measure

zero .



( WJ book ex 1. 2. 1) P
Let SEIR be a finite set .

Then S has measure zero .

proof's Let
5- {ayaz, . . an }

Fix E > 0 .

ii÷÷i÷¥_÷¥i÷÷
Let Ij=(as

- Ensa,- + %) .

Then , Aj
C- Ij and

l(I;) -_ (g- + E)
- ( as - Én )=§



So
, S c- Ij 7L

n of these
And
, -

Él(Is )= E- + { + ii. + E-
5- I

= E E E .

Thus
,

S has measure
zero .

☒



theorem: Let SER . PEL
If S is countably infinite,

then S has measure
zero .

proof:_ Suppose

5 = { ayaz,
a } ,

.
. . }

For each
j ,

define

Ij = ( Aj
- ¥7s 9- + ¥+1

÷¥É¥÷



We know g- C- Ij . P
Thus, SE Is .

Note,

ICI
,
-1=(9-+5-5+1) - ( as -2¥)
= 2.2¥,

-_ ÷. .

Thus,

Ellis)=É÷ Y'
g- =\

j=i

=
E[É+¥+¥+

. .µ
= E- [It 'ztÉ+

. . )=Éz
= EEE . Thus S has

measure zero
.
☒



EI: N
,
Q
,
Z if

all have measure zero

since they are
countable

-

E The empty set has

measure
zero .

proofi
Let E > 0 .

Define
I

,

= C- E- , E) .

Then ,
① 0--1=1

←¥¥'
and ② l(I ,

) =E .

☒



theorem: Let A- c- IR and PIL
BER .

If A- C- B and B has measure

Zero ,
then A has measure

zero .

In HW . ☒

¥%:[%p3,psei]
Let A , ,

Az )
A } , • • •

be a
countably infinite

number

of measure
zero

sets .

Then , Ñ Ak
has measure

zero .

A- I

pro On Wednesday . ☒


