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theorem. Let A and B 1¥
be sets with A- =/ 01,13=10

.

If AE B and B is countable,

then A is countable .

proot: If B is finite,

then since
AEB we

know A is finite .

Thus , A is countable .

Now suppose
B is countably

infinite .

Then ,

We can
enumerate the

elements

of B in a sequence
with

no
repeats , that

is

B. = { bi , bubs ,
by > • • . }



pgc

since AEB we can go through

B's sequence
and pick out the

elements of A
and skip the

others

and you 'll get
a sub- sequence

enumerating A , that
is

A={ bi
,
, biz , biz , . . . }

Where i ,
< iz < iz < • • -

Thus, A
is countable .

☒



D_ef: Let s be a set
, %L

with 5=10 .

If S is not countable

then we say
that 5 is uncountable

-

E Some uncountable
numbers

IR

IR- A
←irrationals

[0 , ☐

( 10, 10.5 )



TpicZ-46soR@eviewfPfLDefILetCan1ii.bea sequence

of real numbers
. Let LEIR .

We say
that high a. =L

if

for every E > 0 there
exists

N > 0 Where if n> N then

Ian - L / < E

=÷:÷

L- E -
-

-
-

-•aµ -
-

t.is
NI¥→



If such an L exists p§L
then we say that the

sequence ( an )n? , concierges .

If

no such L
exists then we say

that the sequence diverges

ÉtaÉ
Then
,

iffb-ccasbtJ-E.io
b- c

so
Eiff L-E<an<



theorem: Let Can )n?
, converge %[

to A and ( bn )n?
, converge to B.

Let d) PER .

Then
,

① 1in [xantpbn]=✗AtpB
n→x

② 1in [anbn] = AB
if 131=0÷ :÷÷÷③ 1in
bn -1-0

for all n

-



D-ef: Given a sequence
of PIL

real numbers

Al , Az ,
93 , 94 s

As ,
• • •

define
skis

S
,

= ai called

Sz= a ,
1- Az the k- thpartialsvr@Sz-aitAztaz.i.sk_Ean-aitaztoo.t

an

n=1

If Iim Sk =/ in
[ an converges

k→x
n =/

k→x

to a real number
L
,
then we

say
that ⇐ an concierges

to L

and write §
,
an
=L



EE show that pay

§%±i=2
We have

Sk=Éo¥= It d- + Eat
. . .
+¥

=
It d- + (E)7 . . .tk/k

ñ=?¥±
"

If ✗ C- IR So,
and ✗ =/ I

"Ñltxtx7.o.txmkjzsi-ki.ge
[¥¥"]

=

n

:[¥-5]

Y.fi#4-- 2¥÷



D_ef: Let ( bn ) ?=
,

be a PLL
sequence of real numbers

.

We say that ( bnln?
,
is

bounded if there exists

M > o where !¥¥¥j_

i÷boy •b3 •

↳ 5

o.bg

- M - - - -
%
-
- -



theorems. Let ( bn ) ?= , %L
be a sequence

of real numbers.

If ( bnln? ,

converges,

then ( bn) ?= , is bounded
.

proo HW . ☒

DeetÉ=aÉ
of real

numbers .

We say
that

( an)?= ,

is non-decrea.si#
if

an E ant ,
for all n

,

n •

°

¥É:÷
(non - decreasing )



We say that Cain? ,
is PIL

non-increasing-ifani.isan for all n
.

.l: .( non - increasing)→
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theorems ( Monotone Convergence Theorem)

① If ( an)n? ,

is a non - decreasing

sequence
that is

bounded

from above ,
then (anti ,

converges .

÷:÷÷÷exists MEIR
where

if÷÷÷



pay

② If ( an)n? ,

is a non - increasing

sequence
that is

bounded

from below
,

then (anti ,

converges .

Bounded from
below means they[ exists MEIR where

M San
for all

n .

" "
°

"
•

"

•

"
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