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1¥
Recall : Let E be a

-

measurable set [ means ✗ £ is a

measurable function] .
Then
,

JXE if E is ✗£
integrable] ,

???
µ(E) = { L

'

✗
otherwise

prov
E has measure

zero
iff

E is measurable
and µ (E)

= 0



pgc

HW9#8_\
Let f, g

be measurable functions

and LEIR .

Then the following

are
all measurable

functions

f- + g
,

✗ f
,
min{f,g} , max{

fg}
-

min{f,g}(×1=min{flxt.gl#Hg.max-f,g3fx1=maxsflx1,gCx) } .



pgc
Theorem:_ The set of

measurable sets
M forms

a r
- algebra .

That is,

lil IREM

Iii) If
E
,

FEM ,
then

EUFEM
and E- FEM .

( Iii ) If
E

, ,
Ez
,
Es >

°o°

is a
sequence

of sets in
M

then En E
M

proo
( i ) We already

showed ✗
☒

is a measurable
function .

So , IREM .



pgc( in) Let E, FEM .

Then,
✗
E
and Xp are

measurable functions .

claim:X£u,==ma×{X£,X
pfofclaim:_ Let

✗ c- IR .

Suppose XEEUF . equal

And either
✗ c- E or ✗ c-

F
,
so

÷:÷÷÷:÷:*T
Thus

,

max {✗ c-
(✗1,4=1×13--1

t

suppose ✗ 4- EVF .

equal

And ✗ ¢E and ✗¢F .÷÷;÷¥÷i=m×I.
= 0c



Since ✗ E and Xe are psus

both measurable functions,

by HW 9 # 81dL ,

✗ eve
= Max { ✗ e. Xf }

is also a
measurable

function .

Thus
,

EUF is a measurable
set

.

What about
E- F ?

One can
show that

✗
e- f=

✗ e- min { ✗ e.Xf }

Try it out .

By HW 9 #8 since Xe ,XF

are
measurable so is min { ✗ €,Xr.}

Thus
,
since XE

and min { Xe, Xe}

are measurable , ✗ e- f-
= ✗E- min {Xe ,Xp }

is measurable . Thus, E- FEM .
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( iri) Suppose Ei, Ez, E3 , . . .

are measurable sets .

Let C- = ÑEK
k=l

and Sn=ÑEk=E,UEzU
. - UEN

k=i

Let f- = ✗ £
and fn= Xsn

for n > 1 .

By part Iii ) since
Ei
,
Ez
,
. . >
En

are
measurable,

so is Sn=E,UEzU
.
. . UEN .

Thus, fn=Xsn is a

measurable function for
nzl .



Iain: / in fnfx ) = f- (x) for all PSI

n→x
✗ ER

proofofclaimi-Letxc.IR .

case Suppose ✗ ¢ =L = Ek .

n

Then
,

✗ ¢ Sn = ¥ ,

Ek for all n > 1
.

Thus ,
1in fnlx )

= Inigo 0=0
= ✗

£
(x )

n→x- = f- (X ) .
✗six )

case2:_ Suppose ✗ E E = ,

Ek '

Let E > 0 .

Then ✗ c- E- µ
for some

N 71 .

Thus
,
✗ c- Sn =D Ek for

all n > N

k En is
in here

if n ZN



Thus if n > N we have pig

/ f. (x) - f- 1×11=1%1×1
- Xelxll

=/ 1-11=0
< E

So
, Inigo f. ( ✗

1=1-1×1 if ✗ c- E.

So
,
fn is a

sequence
of

measurable
functions that

converges everywhere
to f.

By a theorem
on
Monday

f- is measurable
.

Thus ,
since

f- = ✗ c-
we

know E is a
measurable
set . ☒



pgc
theorems. If E

and F

are measurable
sets,

then EMF
is a measurable

set
.

proofsketchi
Show

that

Xen ,==
min { Xe ,Xe }

and use
HW 9 #

861

☒



. Suppose A and B PI

are
measurable sets

and A c- B .

If B is integrable , then]
A is integrable .

if A is not integrable ,[ Stiner B is not
integrable

]
]

pr
Suppose

A
,
BEM and AEB .

Suppose
B is

integrable .

Then ,
✗BE Lt .

Since A c- B we
know

✗Atx )
± ✗ Bcx )

for all × .
]¥?⃝

Since It is a
measurable set

we
know XA is a measurable

function .



Note ✗☐
30 and ✗BEL

'
.
PSC

Thus
,

mid {- XB
,
XA
,
XB } c- L

'

.us#XAisameasura-b1e
function and g= XB

But
,

- ✗
☐
1×1<-11*1×1 ± ✗ ☐

1×1

for all ✗ .

Thus
,
mid { - XB , XA , XB

} = ✗A .

So
,
✗A c- L

'
.

Thus
,

It is integrable .

☒,


