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theorems Let

f :R→1R
be

bounded on [a.b)
and vanishes

outside of [ a. b) .
Let

C- = { ✗ c- (ais) / f
is discontinuous

at ×}

If E has measure
zero,

then

f- C- [
and so
fell .

And If =/ in JKn→x

where rn is the
standard

construction for
f on [a,b] .



Corollaries If f : IR
→ IR

and f is
bounded on [a. b)

P

and

E. = { ✗ C- (a. b) / f is discontinuous
at ×}

has measure
zero,

then

f- c- L' ([
a ,b]) . ~

pr <|→aJt
Let

g=
f. ✗ [a ,b]

g

By the previous ¥÷gtheorem GE Ll .

Thus , f- c- L'(Cair) .
☒



E Let PE

f- (X ) = ftp.sina)={
"" C" if a-✗sit

0 otherwise

^

←#f
FEE and Sf -_ Inigo / 8N

Where 8N is the standard
construction

on [0,1T] .



theorem: Let f : R→R P
be bounded on [a ,b] .

Then f- is Riemanninkgrable_
(Math 4660)

on [a ,b] if
and only if

f- { ✗ c- (ais
) / f is

discontinuous
atx}

has measure
Zero .

Furthermore,
if f- is Riemann

integrable
on [a,b]

then f
is

Lebesgue
integrable on

[a ,b]

( ie f- E
L' ( [a,b] ) )

and

bf(✗)d✗
J f ={a¥Éegral on Eid
[a,b#
Lebesgue integral on [a,b]



FI: Let Pok
0 if ✗ ¢ [0,1]

f- ( X ) = { 1 if ✗ is irrational
and

✗ C- [0,1]

0 if ✗ is rational and

✗ c- [0,1]

•'

§
•

f¥ÉÉ%•-#
fplotte↳YI YI

E = { ✗ c- (0,1) / f is
discontinuous

at × }

= (0,1 ) which doesn't have

measure zero

so
,
f is not Riemann integrable

on [0,1] .



PLVote that

' Iota:DG) =f(✗ I✗
[oil ¥4everywhere

except

at Qn[0,1] .

And Chacon] has
measure

zero,

because
Chaco, I] E

Ch and

Ch has
measure

zero .

So
,

✗ [ o , ,]
= f almost everywhere

.

Consider
the constant sequence

9. =
✗ co , ,,

for all
n > 1
,
ie

✗ co , ,]
)
✗
co
,
,] ,
✗ [0

,
D)

• • .
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Then
,
1in G. (x )

= ✗ 1×1=1-1×7 PIL[ 0,1 ]
n→x

for all ✗ ¢ An [0,1] .

So
,
Qn →
f almost

everywhere

and (g) n? ,

is a non
-

decreasing

sequence
and 59=5✗ [o , ,] =/

and so ( San )n? ,
is a

bounded

sequence
.

Thus ,
fell .

So,
f- EL

' and is
Lebesgue

integrable
and

ff= / in Jail .

n -7ns

So
,
f is not Riemann

integrable
on
[0/1]

but it
is Lebesgue

integrable
on [ 0,1] .


