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HW8_#2 P
In the solutions I had

"

f = f. ✗
[on,

almost everywhere

( except at ✗ = 0,41
"

It should say , ,

everywhere

uf=fXc#

:÷÷÷÷÷÷¥÷÷÷



PLTheorems Let f :R→R .

Let ( fnln? ,

be a sequence

of measurable functions where

1in fncx ) = f- ( x ) for almost

n→x

all ✗ in IR
.

Then f is

measurable .

Proo We need to show
that

mid { - g , -1g } EL
' for all

g. EL
' with 930

.

Let gel
' with 930 .

Let h=mid{
- g ,
f
, g }

Let hn=mid{ - g , fn , g } .



pgc
We saw previously that

/ hr.CH/=/midE-gcx1,fnCx1,glx1} /

I 191×11

for all ✗ EIR and n > 1
.

Since fn is measurable for
each

n > I
,
we

know hn=mid{ - g,fn,g }

is in L
' for each n > 1

.

By HW 9 # 7
,

since f.→ f

almost everywhere ,hn=mid{-g,fn,g}→h=mid{-g ,-5g}
almost everywhere .



pgltThus,
• ( hn )n? ,

is a sequence of L
'

functions

• hn→ h almost everywhere

• lhncx ) / E glx
) for

all

✗ c- IR
and nz / where

GEL
'

.

By the dominated convergence

theorem,
h=mid{ - g.f. g }

EL
'

.

Thus
,

f is measurable
.

☒



pgc
Theore
Let f :lR→lR

and

F- { ✗ ER / f- is discontinuous
at × }

If E has measure
zero,

then f- is measurable .

proo_f: HW 9
. ☒



pgc

Topiclo-Measurablesets-Defio-LetEER.me
say
that E

is measurabte

if ✗ E
is a

measurable
function

[ ie , ✗ c-

EÑ ] .

We denote the
set of measurable

sets by M .

We say
that E is integrable

if ✗
£
is an

integrable

function
[ ie , ✗EEL

"] .



pgtE Let C- = C- 2,5]

✗
c-
= ✗

fz.gg
is a step function,

and so ✗ E
E Ll .

Thus
,
C- = C- 2,5]

is an integrable
set .

Since L
'
c- Ñ , ✗ c-

is

also a measurable
function ,

so
C- = C-2,5) is

a

measurable
set .

So, EE
M .



pgd
EE=lR
We showed previously that

✗ c-
¢ L

' but XEEÑ .

So,
E is not

integrable

but E is measurable .

E=R.
If E is integrable,

then E
is

measurable .

proof:_ Suppose C- is integrable .

Then ✗ c-
C- L

'

.

Since L's
Ñ , we have XE

is measurable .

Thus
,
E is measurable .

☒



pgc
Def:_
Let R•=1RU{ no }

where ✗ is thought of
as

a symbol with
the following

properties
:

• a <
✗

for all
AEIR

• at ✗
= ✗

for all AEIR

• ✗ +
✗
= ✗

for all
AEIR

• If
Ian is an

infinite sum

n=l

with an C-
Rx and an > 0

for

all nzl ,
then if

✗

an __ ✗
then ⇐ an __

✗ .



pgt

Deft The Lebesgvemeo.su#

is defined as µ : M
→ IR
,

where

u (E) ={
SXE if E is

integrable

✗
if E is not

integrable

-

µ generalizes
"

length
"

-



E- Let E={ 1,2, to}aqq-q.PK
✗ c-

= ✗ [ 1
,
, ]
t ✗ [2,2]

t ✗ Cio, ie]

is a step function ,
so ✗EEL!

Thus
, µ( E)

= SXE

=/✗ c ,
,
, >
+ ✗
[2,2 ]

+ ✗
Cielo]

= ( 1- 1) + (2-2)+(10-10)

E=#
✗ c-
= ✗
a .io]

is a step
function , so

✗EEL
'

.

Thus
, µ (E)=/ ✗ E

= 10-1=9



Ex: E- IR EL
E is measurable from earlier

.

✗
e
¢ L

'

,
ie E is not integrable .

Thus
,

µ(E) =µ( IR ) = ✗



theorem: Let C- SIR
. P

E has measure zero [Topic 3 def]

Iff E is measurable and

µ( E) = 0 .

pro
(=p ) Suppose

E has measure

zero
as defined

in topic
3

.

Then , if ✗ c- E

Xelx )
-_ { to if ✗ ¢E

is equal to the zezÉ¥function ✗ ¢
almost everywhere .



Since Xp EL
'
and ✗E=X¢P

almost everywhere, we know

✗ c- EL
'
and fXe=fX¢=o

Thus
,
E is integrable and

hence measurable .

And
, µ(E) =fXe=fX¢=o

.

(G) Now suppose
E is

a
measurable set and µ (E)

=O
.

By def of µ, since µ(E) =0

we know
E is integrable

and µ( E) =) ✗ c-
= 0

.

Since E is integrable, ✗ c-
C- Lt

.



Thus
,

✗
c- EL

'
and ✗£3099k

and f✗£=O .

By a
theorem in class during

topic 7
,
this implies that

✗ c-
G) = 0 for almost all × .

That is,

✗ew={1¥ :¥eq
is 0 almost everywhere .

Thus
,

IR- E is an almost everywhere

set .

Thus , E
has measure zero [ Toadie} ] .

☒


