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theorems Let f
:lR→1R .

f- is measurable
iff there

exists a sequence
Cfn / 5=1

of L
' functions

where

fn→ f- almost
everywhere .

we did
this last

week .

(7) Suppose
that f

is measurable
.

Letsi-n.xc.n.n.IE#*
for n > I



Note
,
gn( ✗130 for all ✗ c- R PLL

and n > 1
.

So
,
9m70 , ie gn is non - negative .

Also, gn C- L
'
because

9n=n . ✗
En ,n]

is a step function .

Let

fn= mid {
- gn ,f , gn}

Let's draw
a picture .
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1 I

I ✓ ,
n

I 1

¥:* .

•



So
,
f. = mid {- gn , f, gn } pay

truncates f into
a Znxzn

box centered at the origin .

aaimi-i-fn-n.is?.YIfwaR-pfofclaim1:-
# 2 .

(we don't
even

need

f to be measurable
for claim 1.)

Fix some
✗ ER .

We will
show Liz f.

(✗1=-11×1 .

Pick N
,
> 0 large

enough so that -

-
-

My
.li?iIiN' T

- N
,

c- f- (X )
I Ni

,

pick Nz > 0
large !

, ,y

enough so that ,

- NZE ✗ I
Nz .

set M=ma×{Milk} !
-

-
- iv. f- - - I



Thus,

- ME f- (✗KM
and - ME ✗

EM
.

P

So
,

- gmcxl =
- M -✗[×l
=
- M I fcx

) I M

= M
'×÷

✗1=9.1×1 .

That is, _gm(×)EfC×1±9yme
So
,

f (x)=mid{
- gmlxl , f-

1×1,9×1×1}=f(
×) .

M

Note that
if n > M ,

then

✗ c- EM ,M]E[
- n
,
n] and so

✗ Em ,µ](×
) =L = ✗ En,n]

(X) .



Thus
,
if n > M then p

- gncx ) =
- n - XEny?

=
- n s

- M =
- M - XEM¥](

=
- gmlx) I f-

(x ) I 9m ( x)

= M . ×EM¥
= M E n

= n . XEny
= gn ( X) .

Therefore if nz
M
,

then

- gn(✗ Is
f(× ) I gncx ) .



So
,
if n > M then P

fnlx)=mid{-gn,f,gn}(
✗ I

= mid {- gncxl ,
fat , gfxl }

= f- (x )

P

-gn(×)£fCx)£9nCx&f
Thus if

E > 0
and n > M

we
have

lfncx) - f-
1×1 / =/

fat -
fall

=o< E

1in f.G)
= f- (x ) .

Thus
, n→x

Since ✗
was arbitrary,

fn→f on
all of

IR
.

-
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Because f- is measurable

and 9m€ Lt
and 9m30

We
know by

def of

measurable
that mid{-gn,f,gn

}

is in
L'

.

Thus,
fn=mid{-gn,f,gn}

c- L
'

By claim
1 and claim 2

,

( fn )n? ,

is a sequence
of L

'

functions with
f. → f-

on
all of

R . ☒



É Let f- XIR . PG

we know
f- ¢4 .

Let 9n= n
. ✗ c- n, n]

as in

the previous
theorem .

Let fn= mid
{- gn ,f, gn}

Then ,

- In

By HW
9

'

÷::÷÷: I
- f-n - i

fn→ f-



Since fn= Xen ,n] is a PI
step function we

know

f-NE Ll .

So
,
we have

a sequence

( fn ) :-, of
L
' functions

that converge
to f- = ✗ ☒

on
all of IR .

Thus, by
the previous

theorem,
f- is measurable

.

☒
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•
✗
IR

L
'

• handout
I

emailed
you

L°$÷f- bounded on (a) b)

continuous
almost

everywhere
on (a)b)

vanishes outside G.b)
•


