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Gradinyschemes

Max { test 1 , test 2} - Yz:÷:÷::÷"test 2- 43

I will pick the better of

" syllabus " or
" drop one

"

method for each student .

T
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Topic8-Moreor.in/egrab#fnclionsfFLTheorem:-Letf:1R-lRbe bounded

on [a,b] and vanish outside of [a,b]

[That is, f-1×1=0
for all ✗ ¢ [a,b]] .

Let

E={ ✗ c- (a) b) / f- is
discontinuous

at ×]

If E has measure
Zero ,

then

f- is integrable
[indeed ,

we
will show

f- c-

Furthermore,
if this

is the
case

then

Jf = 1in Jonn→x

f-
Where Jn is the •→•
""""
""¥¥÷÷

Oh [a,b] .



proofi-svpp.se E has measure P§L
zero .

Let E' C- [a ,b]
consist of

all the
endpoints of all the

In
,r

for every
subdivision

of [a.b)
into 2

"
sub
intervals

via the
standard

construction .

So,

÷:÷÷:÷÷:at 2
. b ,

at 3. bÉ- ,

then
,

E
'
is countable and so

E
'
has measure Zero .



Let F- EVE ! ¥
Then F has measure zero .

Let ( Jn )n? ,

be the standard

construction for f- on [a,b] .

claim-1.ch/n?,isbounded-@proofofclaim1:-
Since f- is bounded on [a ,b ]

there exists
K > 0 where

lfcx) / E
K for all ✗ c- [a,b] .

_k¥x)EK
Let m=2

? Then,

jn-cn.it/In,,tCn,zXIn.I' "
+ Gim✗ In,m

where cn,k=inf{fltlltc-T-n.is} I K



Thus
, PL

8ns K . ✗
In
,

.tk - ✗
In .at ' ' - + K'✗

In,m

= K - ✗
[a,b]

because [a ,b] is the disjoint
union

of In
,
, ,
In,z , . . . ,

In ,m .

~

K - •É•••
cozen¥¥¥¥¥¥

Thus ,

J Jn E JK - ✗ [a.b)

= K . ( b- a) . aai



Since ( On )n? ,
is a non - decreasing P

Sequence of step
functions with

( Ssn) ?= , bounded we know that

( 8n(× ) )n? ,

converges
for almost

all X .

We want
to show that

8n→f

for almost
all ✗ .

Since 8n( ✗
1=0

-_ f- (x)
for

all ✗ ¢ [
a ,b] .

So
,

Jn( ✗ I
→ f- (x)

for

all ✗ 4- [aib] .

#I I-



Let p c- [a. b)
- F

.

Psc

claimzitncpl-flplasn-xftygfffgg.no#:
Since p¢E

we know
that f

is continuous
at p .

Thus, there
exists

870 where

if / x-p 1<8 ,
then 11-1×1 - flpl

/ < É

Notes Since
p¢F we

know pta

and Ptb .

Thus we
may pick

f

Small enough
so
that

( p -
S
,
pts )

E (a)b)
which

will

ensure
that if

Ix-p
1<8

then ✗ Eca, b) .



payIN,k

←É•+
p
- g p

✗

Choose N > 0
where b¥< f.

Let IN,k
be the

sub- interval

that p
is in on

the N - th

subdivision
of [a. b) in

the

standard construction .

Since l( In,k)=b¥<
S
,

we
have

that / x-p / < 8

for all ✗ c- IN,k .



So
,
Iflx ) - flp ) / < E- pay

for all ✗ C- IN,k .

Thus
,
f- ( p )

- E < fcx ) < f- ( p )
+ § ☒

for all ✗ c- IN,k 1×-91<-22y-z<x<y
Recall that

8µ(p)=inf{Ht ) / te In,k}

Since f- ( p ) - E- is a lower
bound

on { fit ) /
te Ina } we

know

that f- ( p )
- E E ✗Nlp ) .

Also
,
8N ( p ) Eflp

)
. ←8g¥!¥(×@

Thus
,

f- ( p ) - { < flp)
- Es8µlp)sflp)< f-

( p ) to



Thus, PI

f- ( p ) - E
< 8µ(p)< f- ( p )tE .

Since ( Jn )n? ,
is non - decreasing

we know that if
n > N

then Kulp ) I 8N
( p ) .

Also, 8nCp)sf(p
) for all n .

So, if n > N
,

then

f- ( pl - E<8µ(p )
ftp.G-fcpjcfcpltE

So if n > N ,
then

f- ( p ) - E
< Jn ( p )

< fcp )tE

Thus ,
if nzN ,

then

18m41 - Hp
) / < E



Summarizing , ( On )F= ,
is PI

a non - decreasing sequence
of

step functions and ( for )n? , is

a
bounded sequence .

And 8n( x)→ fix
) for all

✗ 4- F.

Since F
has measure

zero
,

Jn → f- almost everywhere
in R .

Thus
,

fell and Sf=Li;gf8n

So
,

f- C- L
'

and is integrable .

☒


