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E_X: Let fn : IR → IR be PL
defined by f. (x ) = ¥ .

We saw that fn→ to on
all

of IR where f. 1×1=0
FXEIR

:

¥
Let g :

lR→1R be

glx)={
1 if ✗ is rational

0 if ✗ is irrational

<÷¥÷÷÷•



Here fn→g on R-Q PY
and

Q has measure zero .

So
,
fn→g on

almost all

of IR
.

Or
,
f.→ g

almost everywhere .



TOpic7-lhelebesguet-nlegral-IP.GL
Note: Let (a)E ,

be a

non - decreasing sequence
of step
✗

functions where ( S9n|n= ,

is a convergent
sequence .

or equivalently ,
as we

saw,

thatffq.IN?,isbounded-@
Let

A={ ✗ ER / Cqncxlln? ,
converges}

We showed that
IR - A has

measure zero .

So It is an almost everywhereset
.



Let f : lR→R be any
function PI

where f- (x ) =/ in 9n(✗ I
n→x

for all ✗ c- A .

So
,
f- 1×1 can be anything if

✗ ¢ A .

Then, For example,

dig 9nA
) if ✗EA

an→ f-

pointwise on A.fH={oif✗¢A[
So
,
g.→ f-

almost everywhere
because

IR- A has measure
zero .



De_f: [Def 1.5.1 in WJ] P§(
Let [ denote the set of

functions f : IR
→ IR such that

① there exists
a non

-
decreasing

sequence
of step functions

(g)F= ,
that converges

almost

everywhere
to f.

and

② Life / oh converges

[equivalent
to ( Sa)n? ,

bounded]

We define
the integral

for

such an
f- as

ff =L ✗
John



In Weir
,
L° is denoted %L

by Linc
.

In Hauser / Sullivan its

denoted by L?

-



E. Let p¥

f(×)={
1 if ✗ c- 6,2]

0 if ✗ ¢6,2]

Let 9n=
✗ end

Ii--•, § •-•%#E#→
We showed previously that g.

→ f

on all of IR .

So
,
g. → f almost

everywhere on IR
.

We showed ( an )F= ,

is a non
-

decreasing sequence
of step

functions with high f9n=2 .



So
,
felt

. PLL
And
, ff=Liy✗f9n=2 .

☒

:f=✗⇐☐i
a step function .

We could
have used 9n= ✗ (o,z] .

So our non - decreasing sequence
would be

✗ ( 0,2 ) )
✗
(0,2] )

✗
(0,2) )

000

This converges to
f- everywhere

and

so f- Eli and

Jf = Ling, / oh
=/ im / ✗ cop]
n→x

=/ in 2=2
☒h→x



Let PL

91×1 = {
✗ if ✗ c- [gig

0 otherwise

f. s
Let's show

that[get and fg=É
. →F→

Let An )F= ,
be

the standard
construction

for g

on [0,1] .

We know
that

① ( On )F= , is
a non

-

decreasing

sequence
of step functions

and ② On→ g on all of
IR

[ and hence almost everywhere]



Let's show that Inigo Jon exists . PIL

Recall

8n= 0¥
, ;)

+ ¥ '✗
[In ,⇒

+ In '✗
[E. E)

+ • "
+ 2¥ ✗[¥n ,☐

Then,

Jon = O.la#nDtz-n.l(z'-mEnD
+ In .lk#iEnDt...tZI-l(

[¥ ,D)

=

¥ . In + E. Ent
. . it

• ¥

= 2¥[11-2+3
+ . .

. + ( 2-



PPL
=¥n[It 2+3 +

. .
. + ( 2-

g-
[⇐¥2^y
m=2?⃝

H2t3t.o.tm=m¥t
=¥ .É = }¥n

so.Son=¥☐
Thus, dig

. Song Lia
t÷÷¥7=¥±



Thus
, get and %L
Sg -- hi;zf8n=I .

HW_:Iffi
fvnctionthenfEL#

step
functions?⃝*¥-


