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¥ Last time we had PL
f- ( x ) = ✗ for all ✗ EIR .

We constructed the standard

construction for f- on [0,1]

f-

I -

¥ - •wo•

:
2/zn -

Yi - o_0%¥÷÷÷-
E¥¥.

" "

-III. an

8n= 0 . ✗
In

,
,

+ In - ✗
In .at " .

+ Én ✗ In,zn



CÉm8n→fpoin✓ PEL
on [ 0, I] .

proofofclaim.tt
✗ c- [0,1] .

We want to
show dig

8n( ✗ 1=1-1×1 .

part One has thatl8n(x)-f(xH!
proofofpart1:_:
We break

this into
two cases .

Suppose
first that

0£ ✗ < 1
.

Then ✗ c-[¥ ,⇒ where
1<=1,3 . . .,
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Since f is an
increasing

function p③

8nA ) = inf { f- It
) / t c- In,n}

= f- ( ¥n)= ¥
p
f of left

- endpoint of [¥n
, En)

sincefisanincreasingfvnctifffiszk-n-E-n.in-÷÷¥÷÷÷¥¥:÷÷



From the picture we see that PFL
at most

18^1×1 - f- 1×1 /
< ¥

Now suppose ✗ =L .

Then
,
Jn( ✗1--8^111=22-17

So,

18m11 ) - fall
=/¥ - I /
= 1- In /

= In .

So
,
if OEXEI ,

then 18nA )
- f- (x ) / s ¥ .
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:LPa hi;z8n(✗1=1-1×1

Recall we are assuming
OEXEI

Let E > 0 .

Pwf.IN?It-Y-a+18ncx)-fcxiK- In '

And
,
In < E

Iff E- < zn

iff loyz (E)
< n .

Set N > log ,
(E) .

Then if n > N ,
then n > logz(E)

and we will
have

18nA) - f-1×111
In < E.
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But On# f outside of PK
[0,1] .

But we can modify
f.

E#
if ✗ c- [0,1]

glxl = { To otherwise .

~

the same
standard÷::÷.¥-÷-construction Tn

because
f- (✗ 1=g(x )

for all ✗ C- [0,1] .

And we just saw
that 8n(✗

I → glxl

When ✗ C- [0, I] .

If ✗ ¢[0,1] , Jncx
)=O=g(x )

tn > 1

and so 8nCx)→g(×)

Thus, 8n→g pointwise on all of
,p

,



theorems Let f :lR→R PIL
be bounded on [a,b ] .

Let ( 8^15=1 be the standard

construction for f on [a,b] .

Then :

① ( Tn )F= ,
is a non

-
decreasing

sequence
of step functions

② 8n( x )
tfcx )

for all
nzl and

✗ c- [a,b]

proo
① Let ✗ c- [a,b ]

and n> 1
.

Then, Ona)=Émn,iX±¥
e- =/

and 8n+,(D= Mntbj
• ✗ in,

g- =\



PL
Then
,

✗ c- In
,r

for some

11k£ 2
" and also

✗ E In+ye
for some

Isle 2^+1
.

because

And
,
In + i. e

C- In ,k
at each stage

n
,
we

subdivide each

interval in half
to get to

the

Intl )
- stage
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pgcThus
,

{ f- It) It c- In+ , e} § {
fit 1 It c- In,n}

In+i,eEI
So,

Jn+ , ( X)
= M

n ti,
e

= in f {Ht) It
c- In + ,

,
e}

3 in f- { f- ( t ) l t c-
In
,a}

¥¥¥>,inf?] = man = On (
✗ 1

.
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② Let ✗ c- [a.b) and n> 1
.

P

Let In,k
be the sub

interval

that ✗ is in with Kk<_
2?

Then ,

Jnfx ) = Mn ,k

= inf { flt ) / t c- Ina}

⇐ f- (x )
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pgtl
De Let ( fn ) :-,
be a sequence

of functions

defined on
SE IR .

So
,
fn :S → IR

for all n> 1
.

Let f- :S→ IR
.

We say
that fn

converges

tofalmost-i.rs#here
if the

following
are
true :

① there
exists A c- S

where

1in fn
( x ) =

f- (x )

n→x

for
all ✗ C- A .

and ② S - A has measure
Zero .



If 5=112 in the previous PI

definition and ① and ②

are true then we are
saying

that fn→f on
some

almost everywhere
set AIR .

In this special
case

we just

say that
fn converges

to f

almosteverywhee
instead of saying

" fn Converges
to f

almost everywhere
in IR

"


