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Test2 - HW 6 & HW 7
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Corollaries: Let f. GEL

'

.

Then :

① If - g / E
L
'

② If I / f- g. 1=0,
then

f- =g almost
everywhere .

proo
① Since f)GEL

'

we know

f-get .

By HW 9 # 5lb
)
,

I f - g / EL
'

.
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② If - g) 30 on all of IR

and If -g) c- L
'

.

Suppose S / f -g / = 0 .

From Monday ,
this implies

that If
- g 1=0

almost

everywhere .

So
,
Ifcx ) - g(✗

11=0
for almost

all ✗ .

Recall : / A -131=0
iff A=B

So
,
f- 1×1=91×1

for almost
all × .

☒



Notation: The Lebesgue integral pg£

is over the entire
real line .

So if f- c- L' , then
we

sometimes
write ✗

Jf = Sf
= Jflxldx

IR
- ✗

DeetIRb-
interval ( possibly

unbounded) .

Let f
: IR→ IR .

Define g
=
✗
±

. f-
,

that is

f-(x) if
✗ c-I

glx)= { o if ✗ 4- I

~

of<e¥|É←⇐¥•¥



If GEL
'

,
then we define P⇐

ff = fg
w

I
Lebesgue
integral
over all

of IR

and we say
that f-EL

' (I )

and f is
integrableonI_

We define

L' ( I1={ f :R→R / f. X±EL
' }



pg@No1eif.Xca.b
, ,
f. ✗
[a,b) )

f. ✗ [a,b] ,
f. ✗ [a. b)

are all equal
to each other

almost everywhere
.

So if

one
of them

is in L'

then they all
are

and

Sf = If = f
f- = Jf

(a)b) [a,b ]
(a)b) (a)b)

We can
denote these

integrals
b

by { f- or { fcxsdx
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Jf and Jf are
sometimes

Caio)[a,x)
✗

Written as { f-

Jf and Jf are
sometimes

C-ya)
C-ya]

a

written
as Sf

-✗
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Ex:_ Let f :lR→1R

be f-(x )=× for all ✗ .

Let's show

that f- c- L' (GD) . c|
Let 5- ✗g. ☐

• f-

Then , <-§÷_
g(×)={H×

) if ✗ c-Gig

0
otherwise

we saw earlier
in the class

that get EL
' and 59=1-2 '

So
,
f- c- L' (GD)

and

[

= f.
"

f = Jg =L
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theorem's Let aecsb

Where a,b, C EIR .

If f- c- L' ([a, a] )
and

f-EL
' ( Csb] ) ,

then f- C- L' ( [a ,b] )
and

§f= JI + fbf
a

c

proof's HW 7 # 6

☒
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④ Let f-Eli and g :R→R .

Suppose
f- =g almost everywhere

.

Then,
① get

and ② fg=ff

proofj
We are given

that there
exists

an
almost everywhere

set HER

where flx
)=g(x )

for all ✗
EA

.

Since f- c- L° there
exists a

non
-
decreasing sequence

of

step functions
(an )F= ,

where

1in 91×1=1-1×1
for all

✗ c- B

h→x
n

where B
is almost

everywhere
set and Iq



high / 9 converges,
and pay

f. f- =/ in Sohon→x

Since A and B are
almost

everywhere
sets,

AMB is

an
almost

everywhere
set .

If ✗ c- AAB ,
then

1in g.(x )
= fcx)=g(

x)

pp
n -7 ×c① X

Thus,
(g) n? ,

is
a
non -

decreasing

sequence
of step

functions
with

9.→ g
almost everywhere

.

Since ( Senlis ,

converges,
geL° and

Sg --1in fan -_ Sf . ☒
n→x


