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- T.to
L
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theorem [WJ book Thm 1.5.3] 7£
If f- c- L

'
and f- (x ) 30 for

almost all ×,
then ffzo .

proo Since f- c- L
'
we know that

f- = g- h
where 9 ,hEL° .

We know -11×130 for almost
all ✗ .

Thus , 91×1 - h( ✗
170 for almost all ✗ .

So, 91×13
hlx ) for almost

all × .

By our
theorems on

[ we
have

that Sg > Sh
.

+ To
integrals

integrals

Thus , Sg > Sh
.

So, Sg - 5h70
.

Thus, Sf 70 .
☒



Let f.gel
. PL

If f- 1×7391×1 for almost
all ×
,

then Jf > 59 .

proofi Let h= f
- g .

By a previous theorem,
hell

.

Since f- ( ✗ 1391×1
for almost

all ×,

we know
that

hlx ) = f-
(X)
-g(✗130

for almost
all ✗ .

By the previous
theorem Sh 70 .

We know fh =/ f - g =p If
- fg .

f,g
Thus

,
ff -5970 .

so
,
Sf > fg . ☒



theorem: Let fell . P⑤
Let g : IR

→ IR be any function
.

If f- (✗ 1=91×1 for almost all ×,

then the following
is true :

① get
and ② fg=ff
pro Homework . ☒

-



E Let f- = ✗ co,z]
' P

Then
,
f- Eli and ff= 1. (2-0)=2

t.EE/-@-ohi
Let hdxt-XE.it#g-q-Then
,
h ,(✗1=1-1×1

for ✗ EIR- { I} .

So
,
h
,

-_ f- almost everywhere .

So
,
h.EE and fh , -_Jf=2 .
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Let 1 if ✗ c- (0,2]

1 if ✗ c- On and ✗¢6,2]hd×t={ o if ✗ ¢ @ and ✗ ¢012]

part-alpictveofhzff.co
• •
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- rz

We have that hz(×) =/
f- 1×1 Iff

*¥£÷÷÷¥-
subset of Ch which

has

measure zero .

So
,
hfxl -_f(✗ 1 for almost all ✗ .

Thus
,
hzEL° and fhz=ff=2 ☒



Theorems. Let f- c- Lt . P⑤
Let g- : IR

→ IR be any function .

If f=g almost everywhere,
then

the following
are
true :

① 9 EL
'

and ② fg=ff

proof Since
f- c- L

'

we know
that

f- = a- b
where

a
,
b c- L° .

And ff= ) a- Jb .

Note that

g =
f - f + g = a

- b - f + g

= a - (b + f- g)
p a-

We know
snow thisi÷i



Since f=g almost everywhere, P
there exists an

almost everywhere

set A where flx)=g(✗ 1 for all ✗EA .

Thus
,
f- ( x1 - g. a)

= 0 for all ✗ C-A .

Thus
,
blx)tf(✗1-91×1=61×1

for all ✗ c- A .

So
,
b + f-g=b

almost everywhere
.

By the previous
theorem,

since
bet

we know
btf - g Eli

and

fcbtf - g)
= Jb .

Summarizing,
both a c- U and btf

-GEL?

Thus , g= a-
(btf

-g) Ell .

And, fg=fa - ffbtf
- g) =fa - Sb

P = Sf .
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theorem:(Monotone convergence thm) PIL
Let ( fn )n? , be a non - decreasing

sequence
of L1 functions [ie, f. c- L'

for allN
Suppose that ( ffn )n? , is a bounded

sequence .

Then
,

/ in f. (x ) converges
for

almost all ✗ .

ntr

Moreover, if f
: lR→R where

f- (x) = 1in
fnlx ) for almost all ×,

ntx

then fell
and / f- =/ inftp.n-xproof?-Handout in email .

☒



Éy: Let f- c- L' and PL
f- 30 almost everywhere .

[ ie , f- ( ✗130 for almost all ×]

If Jf=O, then f=O
almost

everywhere
mea f- (✗ 1=0

for almost
all ✗

proof's Define fn = n .
f torn> 1

.

So, fncxl
= no f- ( x)

for all
✗ .

By a thin
in class

,

fn EL
'

.

Then for
all ✗ c- IR we

have that

1. f- (x)
< 2. f- (x) < 3.

f- (x ) <
• .
.

f¥<fÉ< ¥1s
. .

.

So
,
(fn ) is a non - decreasing sequence

D= , of L
' functions .



Also, gfn=Jn.f=nff=n -0=0 .

€
So the sequence ( ffn )n? , is

O
,

O
,

O
,

O
,

O
,

. . .

+ t TT t
ff , Jfz Sf} ffy Sfs °o°

So
,
( ffn )n? , is bounded

.

By the monotone convergence
theorem ,

1in noflx)
=/ in f. (x )
nix

n→x

Converge
for almost all ✗ .

Note if ye R
and y -1-0 ,

then

lim n . y = ✗ .

n→x

Thus, the
only times

that 1in
n . f- (x )

n→x

converges is
when f- 1×1=0 .



So
,
f- 1×1=0 for almost PK
all ✗

. ☒
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