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Pgc

""""""±to miss class. I will

record a lesson for that

day and email
to everyone

and post it on
canvas .

Please watch
the recording

before Weds , le
/27

I 'll probably record
it

tomorrow or
the next day .

No class on Monday , justwa,,n,,,µyp,ea



pgc
Reca
• f :lR→lR

f- C- L° means
there exists

a

non -
decreasing sequence

of

step functions ( an /
F- 1

Where 9N→
f almost

everywhere

and Inigo Jan
exists .

We defined
ff= / in /a

nix

• All step functions
are

in L°

OE ✗El

• fee where
1-1×1 -_ {I ¥! is.

¥



• We showed that Jf pay

for f- c- L° is well - defined

• We showed
that if

f
, g
Eli and

f- (x ) 3 gcx
) for

almost all
✗

then ff > fg



pgc
theorem's Let f.get
and 2) PER with ✗ 30

and 1370,
then ✗ ftp.gc-LO

and

J( ✗ftp.g/=xfftpfgproof:-HW
.
☒

-

Note: One can show
that

[ is not a
linear space

.

That is ,
one

can
find f,gEL°

where
f- g¢L° .

email

see WJ book on pg 54-55 ) to

YOU .

or Weir pg . 43 .



This motivates us to enlarge

pgcoirrspaceoffvnctions.DE#
We define

the space
Lt

ofLebesgveinterablefvnctions-o.sk
= { f / f-

- s - h
where}

9 ,
h E E

Given f- = g - h
with g.

hell

we
define

ff = Sg
- Sh
7-F
E integrals

we say that f : ☒
→ R is

integrable if fell .



pgc
theorem's [ E L

'

proofi Let g c- [ .

Set h : IR→ IR where hcxko

for all ✗ c- R

Note that h=
✗
go ,
= ✗ ¢

So
,

hell since #_h,
h is a step

function [by HW]
.

✓

Then , g = g
- h Ell .

÷, i
☒



pgtt
Theorems [WJ book corollary 1.5.1]
The integral defined on L

'

is well-defined .

That is,

suppose
that f- EL

' where

f- = g - h
and f- = v - w

where g ,
h
,
V
,
W C- L° .

Then fg - fh
= Jv - Sw

¥ ¥

proof:_ We have
that

g - h
= f- = v - w .

So, gtw
= V th .

By HW [Ps4 in notes?
we have

that gtw c- [ and vthEL°z



and fgtw = fgtfw pgL8

and fvth = fvtfh .

Thus
,

fgtfw-fgtw-fvth-fvtfh.D.ws
=vth

Hence, fgtfw-fvi-f.tn
Therefore, fg - fh=fv

- fw



theorem [WJ book
- Thon 1.5.2)

P9(

[ is a linear
space

of functions .

That is ,
if f, UEL

' and

2,13 EIR
then ✗ftp.UEL

'

Furthermore,
if this

is the

case
then

f@ftp.u/--xff+pfuproof:-
Since f- EL

' and UEL
'

we
know

that there
exist

9 ,
h
,
V
,
W C- L° where

f- = g - h
and U=V

- W .



aseli-seadp-or.sc
Note that

✗ ftp.u-dlg-h/tp(v-w)=(2gtpv)-(xh+pw)
By previous

thm / HW problem

since 2,1330
and 9 ,VEL°

we know
that ✗gtpv

c- [ and

fcxgtpv /
= xfgtpfv

Since 2,1330
and h

,
well

we know
that ✗htpw

Eli and

ffthtpw )= a)
htpfw



Thus
,

✗ ftp.u-d?n---L.h+y.wlEL
'

And

Jfsnftpu)=f(dgtpv
) - fcxhtpw)

%afgtpfv-fnfh-ipff-xfsg-shi-pfsv.fr]
f- =g -h→= xfftpfu
This concludes case 1

.



The remaining cases are proved pgtz
in the same way

as case 1

Using the given
decompositions below .

caÉ
Write

✗

ftp.u-xg-dht/3v-pw=(C-x)h+C-p)w)-(fdgt(-p)v)case3#P0
Write
✗
ftp.u-xg-xhtpv-pw
= (xgtc-p.tw/-(xhtC-p)v)case4:--P0

Write
✗ ftp.u-xg-xh-pv-pw
= (C-a)htpv )

- (C- a) gtpw
)

☒


