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Math 5800 - Spring 2021 - Test 1

• You can only use your mind to take this exam. No help from any sources or people.

No books, no notes, no online, etc.

• Use blank paper (like printer paper) if you have it please.

• On the first page of your exam, before any of your solutions, put these three things:

(a) Your name.

(b) The time period that you chose.

(c) Copy this statement and then sign your signature after it:

”Everything on this test is my own work. I did not use any sources or

talk to anyone about this exam.” your signature

• After your name and the above statement with signature, start putting your solutions

to the problems. Please put them in order. That is, first problem 1, then problem 2,

etc. You can put each one on its own page.

• Please scan your test using a scanner (such as a free one on your phone) and put it

into one pdf document with your problems in order.

• To get a clean scan, make sure there is plenty of light, the phone is held flat directly

above the paper, and the paper is placed on a flat object such as the floor or a table.

• Please upload your answer to canvas.
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Test 1 Monday PL
Man 5am - Tues 12 noon

You pick 2.5 hour window

canvas will
time you
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start
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ÉÉ. PIL

De Let h : IR → IR
Define ht : IR → IR as

h+(× ) = {
h(✗ 1 if hlxlzo

0 if hcxl < 0
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%Theorem:_ If h is a step

function , then ht is a

step function .

4 ☒

proofi.lt#Lemma:-Letf,gc-L?

Suppose (a) n? ,

and ( t.tn? ,

are non
-
decreasing sequences

of

step functions
where g.→

f

almost everywhere
and th → g

almost everywhere .

Suppose

1in fan and 1in fth exist .
n→x

n→x

Suppose f- 3g almost
everywhere

[ ie f(✗ I > gcx
) for almost

all ×]

Then , Ling
,
San > t.info Stn



¥1 Fix some integer MZI . P
Consider the sequence of step

✗

functions (Tm - 9) n= , )

that is

Tm-9 , ,
Tm - 42 , Tm

- 43 )
• • •

Note that

Hm-911×1=141×1-91×1
> tmcx) -9+11×1
9

(a)% ,
is

non - decreasing-9c×↳-q
= ( th- 9^+111×1

91×1<-9^+11×1 for all n > 1

and ✗ c- IR .

So, ( tm
- an )n? ,

is

non - increasing [ in n] .



Let

S
,

-_ {✗ / Liaqat # fan}
⇐

E- {✗ IH¥w<
ss={✗ / limtmlxl -1-91×1}

Mtx

By assumption, Si , 5,53
all

have measure Zero .

Let 5=5 ,
Uszusz .

Then 5 has measure
zero .

And ,

IR-S={ hirynihlxtflxl , f- (x
) > 91×1,

and limtmcxtglxl}
m→x

IR- S is an almost everywhere set .



Let ✗ c- IR- S . Pok
Then,

1in (tmlxl-q.CH/--tmCx)-flx
)

n→x
⇐ tm(✗ I - g(× )

[fC×)Zg
F- 0

We know 4mi )
- gcx ) so

because

1in tmlx)=g(×)
and Hm(x) )I= ,

m→xIaIi%si""""""i :*
'

• 4,1×1.i÷::



Thus
, ( tm-q.tn? , is a PIL

non - increasing sequence
of step

functions where

1in ( tmcxl-q.CH/ so
for all

n→x

✗ EIR- s [ ie
almost all ×] .

Consider the sequence
( (tm-q.lt/n? ,

that is,

( tm- 9.)
+

,
(tm-92)+, • • .

This is a non - increasing sequence

of step functions
which are all

non - negative .

Since 1in ( tmlx) - 9^1×11<-0
n→x

for all ✗ EIR
- s
,
we know

that

that t.info ( tmlxl -9^1×17=0 .

for all ✗ER
- S

.



Thus, Atm -9^1+15=1
is a non - increasingP

non - negative sequence
of step

functions where Inigo (tn
- a)+1×1=0

for almost all ✗ .

By Monday 's lemma,

1in fan- a)
+
= 0

ntx

But ( tin -a) 1×1<-1%-91+1×1
for all ✗

.

Thus,

1in Jam- a) Stig / Hm-9^15=0
n→x

So
,

Iim 5µm-a) £0 .

n→x



Thus, for any fixed
m> 1 we have PL

Stn-1%19--11.11%-41<-0
Now take the limit as m→x

to get

1in Stm - Inigo fan ± 0
m→x

So
,

1in Stn ⇐ hi:S a
m→x



Itheorems Let f- EL?

Then
, Jf is well - defined .

# Suppose (a) n? ,
and (tm )Ñ= ,

are two non - decreasing sequences

of step functions
with 9.→ f

almost everywhere
and tm→f

almost everywhere
and

1in Joh exists
and 1in ftn

n→x

n→x

exists .
If you apply

the

previous lemma twice
using g=f

we get dig fans his Stm

and Li: ftmehi:/ %
.



Hence hi;zftm=k;zSa . ok

so
, ff =L;yftm and

ff = high fan
are equal

and Sf is well -
defined . ☒

-

Corog : Let
f
, g

c- hi .

If f(✗13g
(x ) for

almost all
×
,

then ff > fg .

pro This is the previous

lemma
before the

theorem .

☒


