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HW 4- 6lb ) PIL
- removed hint on problem statement

nmadetwosdutionsfortheproblemtesi-OMonday.to/
18

Study - notes
& homework

HWI
- Does a set

have measure zero
or
not ?

- f=g almost
everywhere

- proofs involving
measure

tero

- proofs involving
f=g almost

everywhere

Hw4_ -

- Write step function
in a rep

.

with only

disjoint intervals

- Sf for step functions
f

- proofs involving
characteristic functions

✗
s

- proofs with step
functions

Ended Topic 4 on 9127/21



Questions : PG
Not every ✗

s
is a step function .

✗
IR

is not a step function .

µ,
stepfvnctii.fr
= c

,
✗
I

,

t . - -
+ Cn

✗
In

Ij are bounded
intervals

can assume Cj =/ 0



Our goal now is to show that PL
the def of Sf when fEL°

iswell-defined.lemmao-Letlq.tn?,

be a non - increasing sequence

⑨+11×1<-91×1 for all nzl
and

✗ C- IR)
of non - negative [91×130

it

step functions
such that

1in E. ( ✗ 1=0
for almost all

✗
.

n→

Then
,

1in
n→x
/ 9N = 0

.



Eof: Pfl
Let E > 0 .

Since 9
,

is a step function,
there

exists an
interval [a. b)

where

9,1×1=0
for all ✗ EIR- [a ,b]

Also
,
since 9,

is a non - negative q ,

step function
< >

there
exists 1

Where

0<-9,1×1 EK

for all ✗ C- [a. b) .

Since (g) n? ,
is a non-

increasing ,

non-negative sequence
of step

functions

we know
01%1×1<-9,1×1

for all ✗ EIR .



So
,
for all n > 1 we have P⑤

9n( ✗ 1=0 for all ✗ c- IR- [a,b]

and

0<-9^1×1 I K
for all ✗ c- [a,b] .

Each an has a finite number

of discontinuities .

Thus
,

A- = { ✗ /
there exists

n > 1 where

his discontinuous
at ✗ }

So
,
A contains all

the points where

the qn 's
are

discontinuous .

A is countable
since its

the

countable union of finite
sets .

Thus
,
A has measure Zero

.



Let Y
B={ ✗ 11%9.1×11=0}

By assumption, B has measure zero .

Let C- AUB .

Then,
C has measure zero .

Thus, there
exists a sequence

I
, ,
Iz ,
I } , •

00

of bounded open
intervals where

C E
Ñ Ij
j=1

and Él( I ;) EE
j=1



Consider any point pE[a,b] P¥
where p¢C .

Then
,
1in qncpl = 0 ]
n→x →Thus

,
there exists an

integer Np ,

depending on p,
where

19 ( p )
- ol < E.

Np

thus
, 0<-9%41--1%41 /

< E
.

Since p¢c , it
is not a

point of

discontinuity
of Gnp ,

thus there

must exist
an open ,

interval Jp

where PE Jp
and

bounded
^

9

Gnp is
constant on JP

• µ-#i÷É"



Thus
, 0<-9%1×7 < E PIL

for all ✗ C- Jp -

Also
,

since the sequence is

non - increasing,
if n > Np

→then
O£9n(x1£9npC×)<E&
for all ✗ C- Jp

The open
intervals In

with n> 1

and Jp with p¢C, pE[
a,b]

form an cover
for [a,b] .

open



By the Heine - Borel theorem 49L
[Math 4650] there is a

finite sub cover

In
, ,
Ina

,
. . . ,Inr

,
Jp

, ,
Jpz , . . ,Jps

that cover [ a ,b] .

There may not
be any Jp 's in

the above,
ie ps=0 .

If that happens
just add

some in
so we get Ps3

/
.

Define M=max{ Np
, ,
Np
. ,

.
. Nps}

Then , 0<-91×1
< E

for all ✗ E Us Jpj when n > M .

g-=\



pg
Let

s=Ñ( Inincais])
e- =L- each

these
and s

( g-
is a

1- = U
g.nfa.by#

of

bounded
interval

g-=L but
might
not
be

since each
S and T open

are the
union 0fa^¥¥¥of

intervals,

by HW 4 problem
7- (bl,

we may

express
S and T

as the

union
of a finite

number

of disjoint
bounded

intervals ,

S=Ñ Si and 1- = Tj
g- = I

e-=L



Since SEE Ini IL
f- 1

by HW 4
, problem

7-let
,
we have

that Él( Sits Él( In;)
e-=L i = I

s Élc In )£E .

n =L

Since TE [a ,b ] , by
HW 7

problem 12
,
we

know

£11T;) I b- a
g- =L

By all the above ,
if ✗ c- [a ,b], then

f. ( x )
E k - Xs(✗It E.

✗
+
(x )

ei÷÷÷;:for all so oencxl EK

if ✗ c- T,
then TEU Jp;

n > M .



Note
,
STER from HW , PEL

so Xs and
✗
t
are step

functions .

Thus
,
integrating the previous

formula

we get if n> M
then

0<-59, f) K - Xst
E. ✗ t

b

= KILLS;) + E.
Ellt;)
5=1

e- = ,

I K . Et E.
( b- a)

=
E [ktlb

- at]

Thus
,
given E

'
> 0

we can
set

E=K¥aJ•¥
and there

will exist

an
M > 0

where
if n > M ,

then

159-0 /=/ 9ns
E[kt(b-at]=É< E

'

Thus ff9n=0 . ☒


