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The function ¥3 is analytic

on

Cl - { I} . So
, ¥p is analytic

on and
inside the curve

12-1=12

Thus by Cauchy's thin
(math 4680)

dz

we know f Fzp=0
12-1=12



① (b) The function f-Cz't

in:i÷÷÷¥÷.
>

Thus, by
the residue

than

§
= Ziti Res (fit )

Note that HzI=¥zp=zI=¥P
Laurent expansion of

f at Zo =/

and the cz÷ term is missing .

So
, b. ,

-

- O .

Thus
,

§I¥s=O



'

ear.

Then f is analytic

on Cl - { I } where

it has a pole
at 1 .

Note that z

fH=÷zp=÷zIp=
plz)

=

where q (
2- I =

- EZ

is analytic
at 2- =/ and q

( IHO .

This gives
a pole

of order 3
at

Zo =/ and Res (f ; 1) =
9"

\
(3 - l ) !

q
'# = -E, e'

'

Czk - et ? -e÷= -¥e



Thus
,

fz.y.ie#p=2tifIeI--
-



Q!! ' futz
Then f is

analytic

on E
- { 0,1 } .

f has poles
at o

and I .

We have
that

tH=E÷⇒=
-

- EET.

where g(zI=
- eYz is analytic

at l

and q ( 1) f-
O .

So we have
a pole of

order 3 at
Zo
-

- l .
.

Also , gfz )
=
- Z

- ' et

q' ( z ) = z
-Zet - E'EZ

Q'
'

( z ) = -
ZEKI z

-Zeit

+ z
- Ze Z - z

- '

e
Z



By the
residue

thru,

¥
,
t.fi#sdZ=2itiResCf;1

)

= ziti of
" - " ( l )

¥
.

µ
Guise 't die

'

+ Clik
'
- Cli'd)

= Ti [- 2e te te
- e)

""¥ee¥¥
=



① let

¥::÷÷÷: "
is anais. tic on E- Eon }

It has poles
at 2-0=0,1

By the residue
theorem

§z¥¥F=
Ziti Res (f ; o ) t

ziti Reff ;D

Note that
f- Lz) =

= 9
ZZ

where q (
z)=f¥p is analytic

at

Zo -- O and 9,61 ¥0 .

So we Lahat
a pole of

or defend so
Zo= O



we have Resff ,
- ol = 9"" =

pilot
( 2 - l ) ! I

qfzkcz- IIF
=-3 ( o- 154ft Co

- Iko

qty! - 3 - I
Also, flzk

=
9¥

Ez - IP
(Z - 113

Where q(z )
= EYzz

is analytic

at 7=1
and qc ,)=e%=e

to
.

So , we have
a pole

of order
3 at

Z . = I .
Also,

92(Z )
= z

-Zet

K'Cz ) =
- Zz

-Te't EEZ

9242-1=+6 EYEZ
-

ZEE - 2E3eZtE2eZ
= GEEZ- 4E3ett EEZ



So
,

Res Cf ; 1) =
9"
( 3 - t ) !

645
"

e
'
- 445k't 451

'

÷

=
6e-z.ie# =

Thus
,

§zzz¥pdz=
Ziti C- 4 + Ie

)

= -8Tit3ITieL



② (a) Let E- xtiy .

Then cos # = O

iff etEi! O

Iffeitte-it-oiffeicxtiylte-icxtiy.IO
iff e-

' E-
i'

+ e' e-
i'
= O

Sint- x )

" tie:&: is:c?⇒=o÷÷:C
-
iff (e-

'te ) cos (x)

+ ice
'
- e
')sinCxI=0

"' a.EE?:::i::Yxi:Q,



In equation H)
either

Ete -- O or cos
G) = O

y

But e-9>0 and e
'
> o ,

so e-
'
te # O .

Thus, for
Ctl to

hold we

need X=zIt
Tin

where
NEZ .

t.it#EoI.Izf
Now plug x

-

- It Itn
into (*ty

to get

⇐ '- e
' ) sin (Et

Ith) =o

Since
sin ( Et

Itn ) # O for all n

this gives e-
'
-
e' = 0 .

Multiply

by e
' to get l - e' = O ,



So
,
e'' =L .

Thus , y
-

- O .

Therefore the solutions
to

cost 2-1=0

are Z=Xtiy= It th ,
NEZ

.

^

aol.si#.titiHEtEF



② ( b ) .

From 2cal we know n

that cos ( 2- 1=0

i

:÷÷÷÷÷¥÷÷:
Thus, si

poles in
T

f- ( 2- I = cos CZ )

has poles
at

2- = ILI ,
I ,

.
. .

So, Iz
and

are
the poles in

T .

I



Let g (t )
= since ) , h

G) = cos Czl.

Then
g. (E) =

sin (E) =L to

h (E) =
cos (E)

=0

h' (E) =
-
sin (E) =

- I # 0

Thus , LI
is a

simple pole
of f

and Ruff ;
E) = 9h¥¥I=÷=

- I

Also
get ) = sin

(E) =
- l

Z
31T

h(IT ) -_
cos ⇐ 1=0

2 3I

h't#
=
-
sin ( z )

-
-
I # 0

2

Thus , LI
is a

simple pole
of f

3¥
- l

- I

and Res (f ;
# = ftp.#----



Thus
,

§ {%# dz
= Ziti (Res tf ,-E) t Res (f- ED

= Ziti C- I - I]

=-4



③ Note that E- 1=0

iff e I iff z = Oti
2in

Where n E Z
.

I
.

÷÷÷÷÷i*÷÷÷÷:at z=i2Hn
I

n E Z .

The poles
of f

d

that are
inside

8 are

- Ziti
and O

and ZITI
.



Now
,

f- ( z ) = 94¥, where

g ( 2-1=1
and h Czk

et- l
.

We have
h 'Czl=eZ .

⇒Ii ) =/ , ht
- ziti ) - E 1=1 - 1=0

h 't- ziti )
-
- E
"

I to [
So
,
Res Cf ; - crit

-

- 9fI,= 'T -

- I

-
O

Athey
9101=1 , NO

f- e - 1=1
- 1=0

O 1--8=1 to o
sff ; O ) = 9¥, = 'T =①

A- they
9121Tit

=L
,
h ( ziti ) - e

'
= I - 1=0

Zhi ) = e
'"

I # o

so
,
Res Cf ; a-it

= ,
- T



Thus
,

f¥
de

= 2 IT i [Res (f ; - ziti) t
Res (f,- O )

t Res tf ,
- ZhiD

= 2 Ii [I t It D=



④

iii.¥i÷÷÷:f- is
analytic
on
G- { o } .

Then, get
f- ( z ) = -zz

where qCtl=eZZ

and plot
=e° I ¥0

and q is analyte
at O .

Thus ,
f has

a pole of

order 2
at 2-0=0 .



S " Res ft ; ol =

zi
=
'

To z Io
.

Thus
,

§ ez dz
= Ziti Res (f ;

o )

= Ziti (O)
= O .


