
¥:÷÷



① (a) Let A- {2-104714} i A

We want to expand ¥z+T, e"i#
in A about 2-0=0 .

ji

If ZEA, that
is 0<12-14 , then

z¥, -_¥o¥⇒q¥[
lttzlttzit . .)

needIz
= ¥ - It z

-Eto . .

Or in closed
form we get

=
& C-ynzn

- I

¥ .

*
= # ⇐TH

"

no

P
needleful

We have a pole
of order

1
,
ur
simple

pole . And Res (f ; O ) =L .



o:::* :*::
'

:
" "
"

f around Zo
= O .

Let 2- EA , that
is octzkl

- i

then we have

¥,
= z -÷, f

z . C -z )
"

FF¥EEt¥]
= ⇐C-ynznt

'
= z

-Etz
'
-z
't

. . .

Here we have
a removable

singularity .

-

WithResCfEOt=O#
Tvote that the original

function¥

is well- defined at z
-

- o .

So this

makes sense as it will
then have

a

power series expansion there ,
Dhs-H

in:c:
main cliffs



①

ftp.loazi5" "
We want to expand

f-Czk 3¥ about ZEO

inside of
A .

Suppose
ZEA , ie

2- f- 0, then

¥. E÷

⇐ ftztEtI.tresid@
= # t # t -32

t IZ t . . .

We have
a pole

of order 2
and

Res ( f ; O )
=3

.



② (al

Suppose Zte
- l

.
Then

¥÷÷÷÷i=÷.
"

÷÷÷÷ =

this is
the

Laurent series

Our function equals
this Laurent

series

for all 2- t - I .
So let

A- = Cl - f
- I}={ zloctztil

}

÷÷÷÷÷÷÷÷:÷÷÷÷÷¥i÷*



E.Ghazi
We want

to expand
f

inside of A ,
centered at 2-0=0

Let z EA, that
is l s t z l .

Then

2¥11 = ¥ . Fit

= ¥

÷¥÷÷⇐=
¥11 - tztztz

- ¥, t . .]



= ¥ Eno 'II = E
'II.

= ¥ - ¥ t¥
- Is t ' "



④ Cal

:*: af÷÷
inside

of A .

Method :

we use partial
fractions .

I

zczI ,
= ¥ t IT t#

I = A (Z
-HH -2) t BZ

(Z -2) t
C z CZ

- i)

Plug in z
-
- o :

I = AL- ill-21
t B ( o) t

c co )

- z -- A

Plug in ⇐
I : I = A Co)

t B ( ill
- i ) t c ( O )

#
- f- B

plugin
: f- Alo

) t B lo ) t
C (21111

z = C



Let ZEA .
Then
,

Fei - I. ¥
-# TE -¥

= E. It#
- ÷ .

Ht

To expand (t) we
need I 2- lol

we also need I # let
or HK 2

Both of
these are satisfied

for ZEA

since then
IZ lat .

Let ZEA .

Then (t ) becomes

I. tztftztztz
't . .)- ICH Et t

.)

= If tftztztz
't . -J -Gt

+It t .]

=
It Zytfzt

It . . .
Z

-
-

'

Et Hn



Method
As in method

I
,
let ZEA .

Then we

have both Iz
lol and IEI

- I
.

So,

z¥a⇒=¥i¥Hi'¥)
=L . # (ltztz't . .-]GtItEt

# t . .)

= zztfltllttzlztfltttztzlz
't . .)

=# [It Zztyz
't . .)

=

'

II t # t Iz
t . . .

=¥tE
.

Hn

( same as
method one)



d

④(b) Let's expand
-
2

-
B-

f(z) ==1)(z =2) - 2"it.-S

"
in B. -LetZEB.

Using partial fractions -2

like in yal
to get

try=(*)--

IfZEB then K1zK
2.

Thereforewe have (E)<1
and IE/).

Thus, (*) gives

-- -

-(1++Er+
st..]

= 3

- [1 +E +2 +
+...)

2 3

-...
- -

-

- -

-
- ...



⑤ We want to expand

f-G) =
1- into a

Ell -H

¥ iii.ii.
'

We have
that

f- (z ) = ¥ .¥

We need
to expand ¥

about Zo =/ .

The function
9kt
-
- IT is analytic

in A
,
so it

has a power
series in

A of

the form ⇐ 9Mn÷Cz- it .

We have
that
- ' and in general

g (Z )
= Z - 3

JIFF ,
- e ) gcnyzktyncntii

! E
""'

g
" '# =

- 4 ! Z
's 9

"' (1) =L- 114mi ) !



Thus
,

SHH ¥=€o
"
Cz - ish

e-EL-llnlnthfz-nnTHH-httl.nl#h--
0

So if z EA , then

ffzt-I.tl?Enol-lMntHz-hn)
x n- IJres=
Ethnthtillz -n
n
-

- o

=
t 2 - 3 (Z - i) t 4

(Z - III . . .

Z - I

we have
a pole of order I .

Res ( f ; 1) =
- I



%¥t: :*
.

""

.

¥t¥y=
'¥ - Itza ,

=

' [It C-E) tf
- z't't C- 2-471-2-7

't
. . .)

p
we have 12-14 = lt# ( I -Etz

"
- z 't -28- . .)

t÷I¥=a+⇒[¥ - tztz -ETE .]

=[¥ -tztz-ztz.IT#-ltZII:....y=zIztztz-tz-ltZtzZ-z3-z4tzstzE...
Also,

Res ( f ,-01=-1 .



⑦ A -- EH 04714 }

is::#in a

and 2- to, so

fake
"Z

.# sina.EE
-
= (It # t # It #

t . .][It ztztz't

-

I t Iz
t IT

.

. # t ¥
.

- Ist . . .

-

z t I
t ÷ .tt#.ztztfTztzt

.
- .

Z't z t #
t # It# ztztsztst

.
' .

÷:*:÷÷÷÷÷÷÷÷÷:÷÷÷
.



= . . . t ( IT t IT. t IT. t . . . ) . ¥2

+ ( I t IT t 's,
t ¥ t . . . ) -¥

+ ( I t I t IT. t IT. t I, t . . . )
- I

+ ( I t I t IT
.

t f, t f, t . . .) Z

µ O o °

= ( e - ) . ¥ t (e - i ) . I t e
t e z te z
I . o .

o o o t 2
-

T T

p
TT b

i ao a ,

:÷:÷÷÷÷÷÷ s .
.
n = e - z

b
,

= e - I

a .
= e

a
,

= e



⑧ lat

f- (zI=¥zy=z¥
This is the

Laurent
series

for

f- centered
at Zo =L

and
A

min:{Ilona - ' is

We have
a pole

of

order
2

.



⑧ ( b) Since we can write fCzI=sinf
plz )

as ¥2
where celzksinlz - it

and plz ) is
analytic at Zo

-

- O and

910170 we have
that

f- has a pole
of order

2

at 2-0=0 (From
thin in class)



⑨

¥ = (HztEz¥¥T¥
I

= ztI¥Z¥Z

¥ - It # Z to . .

÷÷*¥i÷÷÷÷÷



So
,
we have a pole of order 1

with Res (f ; 01=1

And b
,

=L
,
a. =

- I , a. = Tz .



③ (a) Note that

f- (H=z# = (z¥zt, = ¥ . ¥1

Also gczk¥,

is analytic at
2-0=1

So it
has a power

series there
.

Let's find it .

gfzl -_ (
ztlt
" g( 1) =L

g4zI=
- Cztii

' g' ( it =
-# =

- ¥

942-1=212-+153 g'
' (1) = # =¥
:

e
-

:

So near Zo =/
we

have

9H=¥=£o9"n Cz - it

= I - I, ( z- 1)
tglz - Ift . . .



So
,
hear Zo =L we get

f-Czk ¥ . ¥1

=# . [ I - # (
Ztlltgtcztll

't . .)

= '¥ - f tf (
z - 1) t

.
. .

So
,

Res (f ,- 1)
=
Yz



④ (b) We use part ( al but
also

we expand Z about Zo =/ .

You could use
the formula

{ s"n (z - it but in
this case

its easy .

We
have

2- = It (
z - l)

Thus, hear
2-0=1 we

have

f- (zl=z¥=
Z . ¥1

Chez
- it][¥

- ft IA
- ht . .)

=# th
- tilts -HE .tt

. . .

= z÷tI,
- f- (z - 1) t

. . .

Res ( f ,
- 1) = Yz



④ (c) If zto, then

ffz , = eZ¥
= -lt
= f-ltttfztzzfzII.tt#
= ¥ . (2- t Iz

't Iz't . .)

= Iz t It Iz
t . . .

Res ( f ,- o ) =/



① Id ) If z # o
,
then

far
Z

- Ite
= I

=f÷ztz÷÷. )
Z

= ¥ . (z t Iz
't Iz't . .)

= It I
2- + IZ't . . .

Res(f;o#
This is a

removable
singularity .

The original
function f.,

isn't defined

at O .

But we
can
fill it

in

at 7=0
by giving

it the
value

of the power
series at

O which
is /

,



① Suppose that f is analytic

at Zo and has a zero
of multiplicity

k at Zo .

That is, f- ( z ) = (Z - Zo )kq ( z )

where q (z )
is analytic at

Zo and

Q (Zo ) #
O
.

Then ,

f-
'

( z) =
kfz-z.lk

-

te Cz ) t (z -
zolkoeltzl

And so ,

f-
'Czl

kcz - to)"cefzttft
-701kHz ,

⇒
=

#
(z- folk @

HI

=¥z
.

+
In
QCZI

Note that
since q is

analytic at

Zo and q (Zo ) ¥0
we know

that



4 is analytic
-

a_(z -z. * at Zo and9
=[ so 4

S is

q(z) n
=0 & analytic at

Zo by 4680.

and converges
near

Zo.

Thus,I
Thus, near is analytic

- M

W atZ0.

San (E- zo So by

Zo we
have dinin= zn= Taylors

theorem

so,
Res(=iz)

=k we set
this


