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① (al Consider ⇐ n' E

We hav htt

(ntl IZZ

r
-

-

line / -- hi.nu/nZtfIIIIzIh-7xnZt2n=lniggIzl#If--IZlo1=tzI
Thus, by

the ratio
test ,

if 12-1<1

then €
,

NZZ
" converges

and if
I 2- I > /

the
series

diverse .

So the
radius

of

convergence
is 12=1 .

Note that
if 12-1=1 ,

then hi;yln
' -24 -_ rim n

'
-

- no

intro

so
,
the series diverse if 12-1=1 .



¥:÷÷i÷÷.it#EiiiaA--{ 2- I 1714 }

I did a little more
than

the

question
asked just to

show

you
some

more
info .



① (b) Consider ⇐ n ! Ii

Note that

kind"÷÷÷t.fi#ztfntn.*i.lCntil!=CntiloCn!TL--hi;sIztnnITn--high
.# In CH

Let's calculate Inigo⇐Y
'

Note that

(⇒
'=ehU⇒? en

.hn#

Note that



his n . In I -- tin
.

'
←

I

÷÷. ±.
n÷n

iftysmlatg
= him.En:#t.cn#7

!:f÷]

= Inigo in = It = - t '

Thus
,

his. (⇒
= Line.

en
-
in

= cliffon
. h(Ft)
,
er! ¥



Thus,

him
.

H⇐Y=hi;
'¥

And
'# < I iff

Iz ke .

Thus , the
radius of

convergence

is R'- e .
n

The power
series ei

converses
for IZKC ,

-
-

,

in:i÷÷÷ii¥When
-
-

it's unknown '
-

ei

You
could try

n some we at
least

plugging
it

get convergence

boundary
points

to

here . You
can

try plugging
in

see what
happens .

boundary pts
to

see
what happens



① lol consider ⇐ II
We have

lII zeitlin. f- 'II

Note that 17,1<1 iff
12-134

iff Iz 1<2

Thus, the
radius

of convergence

is 12=2 .



① (d)

Consider ⇐ ¥

Note that

kin.ie#InI--ti.aiz-ittIznI
.

ii. An
In

=

And
I cliff

H -its 2 .

Thus ,
12=2

is the
radius

of convergence .



② ( at f- (H -- E ,
2=1

f-
'

(zI=eZ , f'Like

f-
"

( z ) -- et, f
"like

÷. :

fin'HkeZ , f
"'ll)=e

Thus
,

the Taylor
series

fo- et

centered at
7. =/

is

⇐ f"n Cz - n'
= ⇐I. G- it

Since
fCzl=eZ is analytic

on
A=¢ ,

by Taylors
thou ,

the above
series

converges
for all

2- EE .

So
,

its

radius of convergence
is R=

%: :S:*##
of ¢



② Cbl ffzl -_ ¥ ,
2=1

Method's
¥=,+¥=¥znT

qn.EE#Dn=Ec.iicz.ii
eaasit¥¥i

This series
is a geometric

series
which

converges
iff f - (z

- 1) ICI
iff Iz

- Ils )

set see ges
on

a



Method
f- (z ) = E

'

,
f ( 11=1

f-
'

(z ) -- - E
'

,
f 'll ) = - I

f-
"

(z ) = 2E
'

,
f-
" ( 11=2 !

f-
' "'
G) =

- 3.2 - E
"

,
f-
"'(1) =-3 !

fitz , = thin ! f'
"

hi -- thin !

So,
the Taylor

series is

,

⇐ " ez - ii. E
.

"nHii
x

= [ C- life
- it

n-_
0

Note that
f-HI = Lz is analytic



A -_ E- Go}

B
,i

:÷÷i÷÷:÷÷:÷¥¥*¥¥
by Taylors

'

Thm
So
,
a

f- = {Hitz
- it
"

h=o

when
ZE B ,

This is a geometric series [€!- Cz -n ))
so it

converges

Iff I - Cz - a)KI
iff Iz

- it s t .

So, B
,

is the
set that

the

series converges
on .



②Cd
a

f- (z ) -- E , 2-0=0

We know
that E=n€ IT for az¥¢

,

thus , EEE. E. e÷

Which converges
for all

Z E Q .

#E
Converges on

all of ¢



② (d)

We know
that

sink ) =
C- IT

,

fo- all Zee

Thus,

sin ( z't
=

C- 15
ntl

(zntl ) !

= E.ni IIIs :

for all
Z E Cl .



② (e) Note that f-
(zl=z7z is analytic at

Zo= I . So we can
make a power

series

centered at
Zo 't .

We will use the formula

for the power series Iot"n (z - if

we have

f- ( 2- I -_ Etz
f- ( 11=2

f-
'Czl=2Ztl

f-
' (1) =3

f-
" (zl=2

f-
" (11=2

f-
' ' ' (z 1=0

f-
" ' ( 11=0

And fin '( 11=0
for n 73

.

So,
Etz = Hi)

tf (z - 1) tf"
(z - if

=
21-3 (Z - 1)

tht - if

This power series converges
for all ZEE

.



③ f(zt=cz¥, s 70=0

Method
Use partial fractions

:

,z¥z, = z¥
+ ¥2 an z

Kaczynski ,
}
"¥:#

If 2=2 ,
then f- Alo)

TBC )

÷÷÷÷÷i= ."
. .f¥÷÷÷,

So
,

¥¥za=
t # = # TEE



Note that ÷z=§?oz
" iff Izkl

And # = I!EY= E.In
iff IE lat

Iff IZ K2

Thus, when
Izkl and

IZKZ , ie
when

12-14 we get
that

iz.in#=.zt
-t.CI)

= ( It 2- t z
't z't . . .

)

-ELITE + Eat
tan)

= [ (t - Inti)z
"

n'- O



Method

a
.¥i¥¥Hi÷ki÷ )

Note that ÷z=§oz
" iff Izkl

And ⇐ = I!EY= E.In
iff IE lat

Iff IZ K2

Thus, when
Izkl and

IZKZ , ie
when

Izkl we
get that g. ftp.?anzY

.

⇒i,*⇐zHEi⇒n÷F÷÷÷÷÷÷÷÷÷⇐i÷¥÷⇐..
ii.ins

-

- t Eliott ' candy;)



Note that

¥2
.

# =#
'

t (t )
"'t . . .tk/t/

I - (E)
htt

=
= 2. [ I -÷)

Hzt¥t.ntzn=YIL
So when lzkl

we
have

cz.fi#--EE.CE..znt../zn--EElz.CI-⇒ Izn

= I ( I - Int . )zn
HI O

fishiness.li?.nsaneanswey



④ Cal

f- (z ) = E
! sin (z )

,
f- (1) = Sinai

f-
'
(z ) = - E

? sin ( 2- It E
! cos 171 ,

f- (1) =
- sin (1) +

cosh )

f-
"

(z ) = 2E
? sin Cz )

- E
'
cos Cz )

- Z
- Z
cos ( z )

- z
- '
sin ( 2- I

f-
" ( 11=2 Sincil

-
cosh )

- cos ( H
- sink )

=
- Zeosalt

since )

So, the
first few

terms of
the

taylor series
are

X

{ f"n (z - if =
sink )

n
-
- o

+ f- sink) those 'D (
Z - t )

- 2cosatz.si ( z - 112
too .

]



Note that fHI=sinz is analytic

on A -- E
- fo } .

So , by
Taylors

'

Them
,

this power
series A --E- fo}

B
,:÷:i:::iH



④ (b ) f- (z ) = et sin (z
)
, 7=0

We have
that eZ= It ZtEt t . . .

to -za!

And sin Itt
= Z -

t} - i . . for all z .

Thus,
for all

2- we
have

etsinczt-htztEIE.tt/z-EtZEo-...)=ZtzZtf-ItE)z3tf-ftf)zI. . .

Ztzz't
Oz

"
t . . .

.

""

HE
converges on all of Cl



⑤(a) Let fH=¥z,

We know
that# = Iot for 12-14 .

That is , it
has radius of

convergence
12=1 .

Differentiating
both sides we get

¥,=L
'
= E.onE

' for tzkl

That is ,

¥,
-

- E
,

NZ
" with Ign!:3..



⑤(b) This is the same idea as 5cal
.

We have

¥2 = €
,

n z
" ' fo- Iz lat

ie radius
of

convergence
13=1 .

By differentiating
both sides

we have

¥,

= £
,

n Cn -HE
"

for lzkl

ie radius
of

convergence
12=1

So
,

= I nin -DE
' for Izkl

ie radius
of

convergence
12=1



⑥ Letf(z)=anz" have radius

ofconvergence
RC0. LetA

=[z)12/R].

Then f
is analytic in

A.

Since I
is a

simple,

piecewise
smooth,

lyins
inside iclosed curve

ofA,

by
Carchy's

math
4680),

E
Theorem

St =0.
8



⑦ Let AEE be open .

.

-
.

. .tt
Let f be analytic on A . i

i

Let Zo EA with f- (Zuko . i
Dftoir ) ;

' i

sine A is open, there
:

exists r > 0 where c

1) (Zo,
-

r ) EA .

'

-
- -

i
'

thiiiiiiIi¥ii¥iii⇒tt¥÷c⇒oiT#
forzEDlZoI then

-

: If f
'" (Zo)

-

- O for
all k>

0
,

case ti) for all
2- ED ( ZoIrl '

by 1*1
we know

f-G-f- O

caselii
Otherwise,

there exists
a

smallest integer
n> 0 where f-

"'Golfo

If n=
0
,
then f- (Zo) -- f

" (Z . ) # O .

But we assumed
f- (Zo) = O .

Thus n > 0 must
be true .



Thus
,
n > 0 and

f- (z ) = t"f ( z -Z.tt
(z - tint't . . .

-

not O

=Ezoi[¥t
' iz - zit .)

-

not 0

= (Z -tote (Z )

where qCzI=
t

Cz -zit . . .

and plz . I
=
f
'n'Gol
T.IO .

We showed in class
that

(Z )

is
analytic at

Zo .

Since op
is then

continuous
at Zo

by Math
4680 HW 4 #

5
,
there exists

and plZo)
¥9 ,

f > o where
9Gt to for all ZED (

Zojr ) .

here we take
far .



Thus, if ZED (Zo;
F ) - Ez . } , then

f- (z ) = (z - Zoya (Z ) # O
.

. .

. ft
-

'

i s

- -
-Ngor, i

-
' l

l l
r
,

-
PG I

,

I I
'

-

,
-
• Zo ' l l

l l
'
-

'

II
'

i r

- -
-
-



⑧ A -

f -
-

-

-

e
- -

F
- 11 ,

- ''

Note that i
• Zo ' '

i i
- friedthe disk -

¥ ist " a!±-¥÷R- IZol l

L l

is contained in A. ,

Thus
,

the radius
of

-
-
-

-

-

convergence
of the Taylor

series centered at Zo must be
at least

R - lzol .
Thus
,
R- Hot E R - pic if

I > Rt
-

-

-

-
Hol

/
-
-
-
I
\

On the other hand,
A is contained in,
I r

-

In 1
A R l

the disc
of radius , ,

' R

Rtlzol centered
at Zo '

, ,
1

If I > Rtl
Zo l ,¥z / r

then f
would be l l ,

analytic on a
strictly uh - - e - e

- ✓

-
-



bigger disc than A centered

at Zo . But this isn't true

since R is
the radius of

convergence
of f centered

at O
,
which is the largest

disc centered at 0
that f

is analytic
on .

Thus
,
RE Rtl Zo l .

So
,

R - Iz . I
E RE Rtl Zo l


