


① We have that A -- REQ and

for n > 2 we have fn : IR-7k given by

"* fit
'

Ii ÷

I for In EX

fi
(al

2

- it



f 'I

←i¥
-- it



(b) Let

tango't: :I for X > I

f
l

of
#

- I

Show that f. ( x)
converges

to ft )

pointwise on IR

Let x EIR .

casethatx= .



Then

nliffncxl-liyafnlot-lni.gg 0=0
= Hot .

So
,
f. (O ) converges to

f- (o) .

case2isvpposethatxso.ie#.::ii'""

Then if n >N we

have that

xc - EE's f- '

and so fnlxk - l for n> N .

Thus, if n > N then

Ifn Cx) - Hx) ) -- I - I - fi ) ) = O CE .



So
, Inigo f. ( x)

= - I =fCx) .

Case 3 : Suppose that x 70 .

-

Let E > 0 . fn
-

an NH where I-
'

÷÷÷÷÷÷:
And so,

if

n> N ,
then

f. ( x ) =/ .

Thus,
if n>

N then

Ifnlx ) - f- (x) 1--11-11=0
- E

So, Lin,gfn(x)
= I = f- (x ) .



Combining the three cases

we see that for any fixed XEIR

we have that

tin fnlxl = f- (x )

n-7A

Thus
,
fn converges pointwise

to f

on A = IR .



② (Method 1- by definition)

Letfo (z) =0 for all EGD(0jr).

Let270.

Then, if ZtD(0jr)
then

(fr(z) - f.(z))
=1- 0/

3

=(zi ) =E1 =n
[DCOir)

We need t < 5.
r3(n2

Notethatadiff -

iff
< n,



Let N > TIE .

Then if nzN > FE we have

lfnlzt-f.CH/.sFsE
for all 2- ED ( O ,- r ) .

Thus
,
fn→f.

Uniformly on
DCO;r ) .



method+z = D(0,r),
3

Then 12KV. p

So,(f(z))
=122) =1

LetM=
Thm IM

=

v3[ In which

n
=

1
n
=1

N

convages
since its

a p=2
series

By the
Weierstrass

M.Test, flt)
uniformly on DOS).

converges
the sequence

By HWC
#6,

Cfall, conveges
uniformly to
the

zero
function on D(OT).



③ (a)
M

*-
(b)(e+01rc),

Legn(z) =2", so (z1
=1

n

thatEz=Egn(z).

⑦

n
=1 n=1

1xLet's use the Weierstrass

Le+z Ar

Then 12 and so

(9n(z)) =(") =1/e



Let Mn -- In .

Then , 19nAHE Mn
for all 2-EAR .

Note that RI e r
" for n > I

.

Also, since •
O Erol
,
the geometric

series Er" converges.
n= I

Thus
, by

the comparison
test
,

E. Mn - E. I
converges .

Thus , the
conditions ① & of the

Weierstrass M - Test hold on Ar .

so
, E.sn#--EEco::gseusniItsmgYeb

'
'

on Ar where OER 4.



④ We use the analytic convergence theorem.

LetA
=[z)1z1 > 13. D

LetD ba 8
a closed disk

in A.

on D.

·We will showthatEn
n =1

converges uniformly / I
We do this

with

the Weierstrass M-test.

Let9n(z)
=in for n, I.

Letto
be the center ofD

and w

be the radius
ofD. So,

D=Ez11z-zorb.

Let S
= 1Zol-r. [Secpicture)

Note thatSil because D is in
A.



aim: IfZED, then 12138.

⑱ofclaim: LetZED.
Then, Iz-zolr.

Thus,

1201 =(z - z
+z)

=(z - z)
+1z)

-((- 1)(z
- z.) +(z)

=(-1)1z
- zo) +(z)

=
(z -

zo) +(z)

-> w
+(t)

Thus, Izo1+
121.

Se, 12K,
12.1-r

=S.

Therefore, ifZED,
then IEKS.
m-

So, ifZED,
then

19.12)1 =1E1*=(!)



Let Mn --#
n

.

So
,
if ZED , then

Ign# IE Mn .

Also, since 8 > I we know I < I .

So, £
,

Mn = I.
,

is a convergent

geometric
series .

Thus
,
by the

Weierstrass
M - Test,

⇐ gnlzl -_ ⇐ In converses uniformly on
D
.

So, by
the

analytic convergence
theorem

g Cz
) is

an analytic function on
A .

When ZEA
we
have

that
- I

(b)

g'Czk
gifts -- ⇐ (Enl's § ,

- n En

-
n

= -EF'

NII



⑤

Let g(z) =E,n
A =K - 503

(a) Show g is analytic on A

(b) Find a formula for y'on A.

-

We use the

analytic convergence theorem.

LetD be a closed
disc in A.

LetI have center to and

radius r.

So,D
=[z)1z -z =r3



Let A

sar-redim:If

ZED, then

121 >8.

ofclaim: Let ZED.
Then, 12-Zolr.

Thus,

101 =120 - z +z1

=(z - z) +(z)

=>(z - zo +(z)

=r +1z).



So, 1Z1-r = 1E).
-

S

Thus, 8 =IE).i
S

IFZED,then ↓

In:En)=i: =n:n
e

Ma
LetMr=an

Does Mn converge?
n =1

Let's use the ratio test



/-I
Front-list
(n+I). [n!) =0F

Since 0<1, by the ratio test

M =n! a converges

n =1

By the Weierstrass M-test

the series. E,!r converges
uniformly (and absolutely) on D.



By the analytic convergence theorem

31.1 is
(a) g(z) =n!zu
analytic on As

and

(b) if ZeA, then EY'
g'(z) =I(n!Er)

I[= - nZ

-
=- nis!Ent



⑥ (Method 1)
Suppose thatquiz converges

R =1

uniformly on some subsetAK.

LetE70.

By the Cauchy criterion,
there exists

N20 so
thatifn

N and ZEA then

14 gn(z)) < 3
1k=n+ 1

forp
=1,2,3,4,...

Takep = 1
toget
thatifanx,

N

and z =Athen (9m+(z) 9.

LetF =NH. Then if
na,

then n, N+1
and son-K, N

und So 19n-iti(z) /< 3
if zeA;

thatis Ign(IK3,if ZE
A.



In summary, ifn<,
W and z =A

then 1gn(z) -f)) < d
0

So, (92) converges to
to uniformly.

#

(Method 2 is on the
nextpazel

↓



⑥ (Method 2) o

suppose that,9n(z) converges
uniformly

on AFK. Prove thatthe
sequence (9ul=1

converges uniformly tothe
zero function for on A.

:At4, f(z) =0 fzeA]

prof:Let970.
LetS(z)

=E,9k(z).

LetSn(z)
=[9r(z) be the n-th partialI

k=1 sum of 29,(z).
k=1

Since E,9K(z) converges uniformly on A,
there exists N20

where ifn,N

then (Sn(z)-S(z)) < 42
for all zEA.

Thus, ifn, NH
and ZEA, then

19n(z) - 01 =19n(z))
-

fo(z)
=1 E,9nz) -,9x(zs)
=(Sn(z) -Sni(z)/



=> (Sn(z) -s(z) +S(z) -Sn-i(z)

=(Sn(z) -s(z)) +/S(z)-SnAl

= (Sn(z) -s(z)1
+ (Sn-,(z) -s(z))

T s +E[
-
E,

Thus, (9n), converges uniformly
tothe

Zero function on
A.



④ Let 213 denote the A - - -
,

boundary of
B
,
ie / Sz -

, y
l

2B -- { 2- I IZ
- Zol=r } . ,

since BEA
and

,

,

I

A is open ,
for each

l l

ze 213
there exists 2B

,

Sz's
where

( ,

Dczjsz) EA
- -

[Recall Dlzjsz
) = { w/ Iw

- zlesz}) .

Now we
shrink that

disc in
half

and look
at DCZ ,

- SE ) .

Consider the
open

cover

O={ DA; ¥ ) / ZE 2B }

of JB .



Since 213 is compact , there

exists a
finite sub cover

O'={ Dft; ; ¥ ) / i -- 1,2, . . .sn}

of 2B .

Let 8=min{ ¥1
it
,

2
,
. . .sn } > 0

Let 8 be the
circle of

radius p
= rt

S centered
at Zo

Since p >
r
,
we

have
that

8 contains
B .

We now
just have

to show

that r
is

contained in A .



Let w be a point -

,

•

i÷÷÷÷÷÷i :÷÷÷÷÷
"

2B

connecting
w
to

Zo .
This

line

intersects
2B

at some point
z

that satisfies
1W -
2-1=8 .

Since z EJB,
we

know

ZE D (Zi ; SEI ) for
some
i .

So
,

IZ - zits 8¥ .

Then ,

Iw - zit -- Iw - Ztz - Zil sm
EIW-zltlz-2-ilc.SE#+SESEtSzzi--8Zi



So
,
we Dlzijszi ) EA .

Thus
,
all of 8

is

contained in A '

⑤


