


① (al

I
,

in
,

if HEI 't II.I

-

- i E.LET

This is a geometric
series .

Recall that §oZ " converses
iff IZ la }

with sum equal to
¥2 if it

converges .

Here we
have
.

E-I and let
= lil = Isl .

Thus, I ,
converges

to the sum

Ei÷.

-

-

i Edit: i
= i

n
-

- i =T



① (b) We have that

⇐ 9n+, Yet ,

'+3

= let it [¥6
t 2¥, t ÷g

t . c)

= Ceti ) a [It
t at . . .]

-

- teal¥. ⇐ 2¥
= cent¥. I!⇒

"

Note
that I# 120.16<1 .

Thus
,
this geometric

series converges
to

let it¥. . ( i÷⇒=kHz÷GI



① (c)

Note that

⇐ Yr¥ st ,t÷st "

= fit '÷r,.tt#rsztiJ

= E
.

i= ⇐ KEY

Note that 12%-1=2.8971
.

Thus
,

the above geometric
series

diverges .



① (d) Note that ,

his:L 's'ii÷¥÷÷⇒
Also ,

df¥
him
.

hittin thin.fi#m--hi;oitiTn--hin.En=o
Thus, lignin -- o .

.i
So
, him
.

D=# = ' to .

So
, by

the divergence
theorem , £

,

n

diverges .



① let

we need to use partial fractions here .

Let's solve

n¥= htt ¥,

which becomes

I = A Intl )
t Bn

(*)

This must
be true

for all n .

Plug in n=
- I into

CH to get

I = A Colt
BC- l l

B = - I

Plug in
n=o

into 1*1 to get

I = All )
t B (o )

Atl .



Thus
,

n¥= ht - htt t - n > l
.

Let 's look
at the partial

sums

s
.

-

- E.in#t=E..Lnt-⇒
We have that

s
, -4 - E)

=L - E

'Ii

sit'÷¥ 't
Ht 's

s
.
-

- H -Htt't# H
- tht 't

:



In general

Sh = I - htt

So
, k l

his. Eo
= Lissa

=

-

- hi:( that

= I - O

= I

Thus, &,¥,
converses

and

⇐ ninth = I
.



② If no =L
,
the series are the same .

Suppose he > l .

Let she a ,
t . . - t an

be the partial

sums
of ⇐ an and

I

Sh'= an . tarot
,
t - - -
t an.tk

be the partial

x

sums of
San .

n
-

- he

⇐D) Suppose ⇐ an exists
.

Then
,

Iim Snes for
some SE

Q .

Ktx

Note that

Sn .+u=
A
,
tact - eat an

.
- I
tanotan.tt .

-it Anon

= Ait Azt
. . . tano- ,
t SI

= wt SI

where w
-

- a ,
tart . . - tan .- ,

is a fixed

complex number .



So
,

hip
.

si -- his.tn#-wl--fhi;nsno+a ) - w
= S-W .

Thus
, Eman exists

and

w

-

€n
.

an = €
,

an
- ( a. tazt.cat an . . . ) .

x

⇐ Now suppose
Ean exists .
h= no

Then , Lin,
Su
'
-_ s
' fo- some

SEE
.

As before we
have Sn .+k=

wtsu .

Thus
, high. sn.tn

-

- Lingo (Wtsi )

= W thingy Sn
'
= wts !



Thus
, tiny, Su = tiff snotu

= w t s
'
.

So
, ⇐ an converges

and

re

⇐ an = w
t s
'
= a

,
t . . . tano , t

E an

n = neo



③
Let n

s =[ an = a , t azt
a
,
t ay t . . .

n k -- I

and
n

Sh
'
= E bae = b

,
t bet b, t by

t . . .

b- I

be the partial
sums
fr the two series.

Then lim Sn -- A and 1in Sn
'
= B

.

htx
thx

x

(at

The partial sums
for the

series [(ahtba)
b.=L

are n

si
'
-

- ⇐ Cant but =
ant be sntsi .

I



Thus
,

1in Sn
"
-

- high thing
AtB

[propertyofconuergentseguen#

So
,
{ (aatbu ) converges to At B .

K-- I
x

(b) The partial sums of { Law
are

G- i

Sn
"
- E. Kaul -- a an

-

- as
.

Thus,

hip.
si
"
- Lingknifed him

.

"

pr;gq7en
=L A .

So
, ⇐Law converges

to LA .



⑭ -I am denote
Let S=a, +ant...An

k =1

thpartial sumof
the series

converges.
k =1

Then (Sul, converges.
Cauchy sequence.

Thus, (S),
is a

Let<
0.

Then since (sub is a Carchy sequence

there exists
N30 where if

(*)

n,m>N
then ISm-Sald.

Letus,
N and m

=ntp
where pl

Men, my
N also and

Ism-sells- stian
-E,t

so () gives (Sir



(2) Suppose thatfor every 30

INCO so that
ifnN then Iack

for p = 1,2,3,...

We can use this
toshow that

(Sal

is a
Cauchy sequence.

LetE70.

Then from
our

assumption
there

exists NCO

where if
N then Ial

for p = 1,2,3,...

Letn,
m>N.

Withoutloss
ofgeneralitysuppose

man.

1:Suppose m
=n.

Then,

ISm-Sel=(Sn-Sn1
=0 < 3



2:Suppose m>n. Smptn

Then minty
for some pilo

n+P

So, ISn-sel
=15,an

- ,") =(EE,s
From the two cases we see that

given m,n, N,
then ISm-S,KE.

So, (SnL?, is Cauchy.

Thus, (Sn)?= converges.
D

Hence Zan
converges.

k=1 *



⑤ Let Sn be the partial sums

x

of Eau and Sn
' he the partial sums

her
x

of Ebu '

k#
(a) Suppose

Ebr converges .

Let E >0 .

By the
Cauchy criterion

for series (problem 4)

there exists
N 70 so

that if

n > N
then

bntitbntzt . - itbn+p¥/bn+ ,
tbntzt . . -

t bnp / CE

bkreajerno.si
for all p >

I .

Since Ocala
Else for all k

we get
that

/ ant , t antzt . . .
t antp I = anti tant zt

. . . tant p

E bntitbntztiactbntp
CE

for all p > I . Thus, by
the Cage hy

criterion for series ( problem 4) , Eak
converges

K -- i



(b) (See here)- Eyer:

Suppose thatI ak diverges. (b)
k=1 this is

Thus, (Sn)=, diverges.
the
converse

Note thatsince
each as0, the

of scal

and so

D

Iis true,Sequence Sn
=a,tact... tan

is
= Hereis
a proof

an increasing sequence. without
the seeing

If (Sul was bounded,
then by

this
n=1

monetune convergence
theorem in

real analysis (4690), the
sequence

So would have a
limit.

Thus, (snl, is
rebounded,it

into
as ntx.

Since as
bi for all k,

this

that
tellsus

Sa =astact...
+an

↓ bit but
...

+b
=se

Thus, the sequence
si is also

unbounded,

So, (Sn) *=

in intro
as t

does not
converge

and Ebi diverges



⑥ (a) Consider the sequence 7£
,

sinful

Nole that

F-
=

''
'

- et)
sin ( Iti)

=

E- "til e-
icai ,

= (E-E) to

sink -it -- Sint-TKO = Effie'T -to
sin Cri't =

sin C- ti) F
- sin (Ii)

4¥%¥Es
Sin (ti

" ) = sinful
= O

sin Crist-_sinHil=¥Gi
sin ( it e-

61£ sinCti
') = O

! ! The terms
alternate between

the above
four numbers

and

hence don't go
to 0 . By

the divergence
than,
this

series diverges.



⑥ Cbl

Note that 0jinewal
I "n f-

'Y"tY;
=
I
NZ

K-ifnt-I-ilh.TL
And , £

,

# = 2€
,

ht converges .

Thus
, ⇐ /ltn

"

/ converges by
the

comparison
test since I

' IE F
- for

all n .

(problem 5)

So
, €,

'
converges

absolutely
.



⑥ (c) Suppose (zK1.

Then, E, 12" = E, 1z1

= (z +Iz)Iz+...
=
|z|-

=(z)[1 +1z1 +1z1.)p 1- (z|

-from class

Thus, Ez converges
absolutely

if1EK1.

⑨zksl
If Iz1 = 1, then

lim1z=hig1z=lie-
n
+D



If 1EK 1, then

lim1z=hiz
=D

n
+D

Recall
lim an

=0instatenx OThus, if12K, 1,
then

lim z" FO
n +D

So, by the divergence test

Iz
n
=1

if 121, 1.diverges



⑦

Let Sn = §
,

ah be the n-
th partial

sum
of the series .

Since ⇐ an converges, Ling,
Sn = S

for some
SE Cl .

Thus,

Iim an
= hi,mx((qtazt - - -

tan) - (aitazt
. .
# any)

ht

= him. Csn
- su]

= line,
Sn
- Inigo

Sn - i

re

=
s - s

=
O



⑧ (al

Consider the K - th partial sum

Sh -- T t It f-
too . t tf

we will show
that (Sula? , is

unbounded and hence cannot
converge .

We look
at a sub - series .

Note that

{.
-
- S

,
=/

Sz , = Sz=
It I

sa
-

- S
,
-_ It Etf's tf )

> it 'zt¥ )
Z

= It It I = It 2. I



Sz, = It It ( ft 4) + ( ft ft Itf)

> It It ( Etty )
+ ( ft ft Itf )

a- T

= It It I
+ I = It 3. I

In general,

{n 7
It k

. 'z

Thus, {were
as
k→x .

Therefore , ( she)E= ,
is unbounded

and thus diverges .

So
, ⇐ In diverges .



⑧ (b) Let PER with PII .

x

Casely Suppose pal .

Then €
,

ht = §
,

I

which diverges by 8cal
.

Casely Suppose pal .

Then
, ht > NI

for all n >
l
.

Thus
,
by the

comparison
test

since ⇐ I diverges,
so does

http .


