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Identity theorem: Let

adgbe analytic in
Ia region A. region

means open

and path-connected
L

Suppose there A ---
:

exists a sequence ,
· Z,

! ↑

=> ,,zz,z3,...
ofdistinct

points ! ·Zz ↑
in A converging S

·73

tozo
in As
,

"
·

Zy
↑

↑

such that
⑧
2

↑

f(z) =
g(zn).

-

- O

-

↑

for n
=1,2,3,...

-

-

-

Then
f(z) =g(z)iterate



o

llary:Let f and I
be

analytic in a region
A.

Suppose f(z)=g(E)
for all z

in some open
disc inside

of A,

then f(z)=g(z)
for all z in A.

oruf: A,zrl
Suppose f(z)=g(z), /

/

/

for all Z
in

-D(Erir)<A. ↑
I

I

Let I
W

~

En
=Zut I

-

!
I

for ny, l
↳

I
↳

Then each In is ↳

n

-

/

inside of D(Zojr) and thus



inside of A.

And En- Zo
and ZoEA.

And f(En) =g(zn) for all n, 1

by assumption.

By the identifytheorem
f(z) =g(E) for all ZEA.

#
-

or:Let f and 3 be

analytic in a region A.

Suppose there
is a

line segment(contained
in A

Suppose f(z) =g(z) for all
Z

on L.



Then f(z)=g(z) for all Z A
in A.

--- ---
orf:
Let to be

atthe mindle
it--

For each n, I pick
a zn on

L

where IEn-Zolt.n -

then, ZnEAfor
- ⑧

z-all 150 and ·
f(zn) =g(En) for
mc, 1 and so by
the identity thm f(z)=3(z)

for all
ztA

E



#

Suppose f: 4+K

is an entire
function.

Thatis, f is analytic
on
all of K.

Suppose also

f(x) =f(x+i0) =e

for all XEIR.

frenteresting!Ireal line)L
if(z)=eTyze
Proof. Note thatif

XERRand
-
z=x +0i

=

x,
then

e(cus(y)+isin(y)



2x +iO

e =e =ex(x)+i,0))
0

= eX =f(x) =f(z)

So f(z) and eagree on the

real-axis.

So, they agree
on a

line segment
in K.

Since ofand et are
both entire,

by the identify
the corollary,

f(z) =ezfor
all zED.

#



You could apply the same

reasoning tosin(z) and

cos(E) for example.

-

-1680:

A &Kis
path-connected if
-

for every pair
ofpoints ZyzzeA

there exists
a piece-wise

smooth curve
W: [a,b]

-A

with Wal
=z, and 5(b1

=Z2

- ..

A
W -- &

/

isti2
B ↑

A ~(a)
=z, -

W -
- -



Def: A setSIKis
-

disconnected if there
exist
-

set s A,BIK
such that:

open disconnected↳① S =AUB picture
-

② (SA) F4
-

-

(SB)F4

-·If S is notconnected.
-

E



Theorem:Let SIK
be

-

an open
set. Then S

is connected iff S is

path-connected.
proof: We will prove (f).
e

The proofof(1) is in
Hoffman/Marsden book.

S is open
(4)Suppose
and connected.

We mustshow
that S

is path-connected.
Fix some arbitrary

at S



Let there exists
a piecewise 3smooth curve 5 starting

A =[x=S) ata and ending atX
und ~ lies in S

-...S
Eal:Show A=S. I I

This world ! I~show that
7

I

S is path -

connected E · I

/

since a is
↳

-

arbitrary. picture of XeA

Suppose tothe
contrary,

thatAF S.

LetB =S - A
=[x)xeS,xGAY

We will show this implies S



is disconnected by A and B

yielding a contradiction

① S =AU (S-A) =AUB N

② SAFI because
at SMA

A
SABFO because B =S

- A

and we assumed

AFS.

③ (SA) n(S1B) =ARB
-

=Ar(S-A)
=4

④We justneed toshow

Aand B are both open.



An

open: LetXbe in A.

We need toshow
that x is

an interior point of A.

Since xis in A there exists

a piecewise smooth
curve J

starting ata and ending atX

where 8 lies in S.
-

S
e

Since S is open -

--A,
-
I

-

>

i+ir)there exists S > R ·E
S

a disc - "Pt- :D(X;r)IS ~
I

a -

for some 530. 7
⑧ ↳- ↑

Let's show
↳

W
--

- -

in fact
that 2

-

-

D(Xj5) =Awhichmakes open.



Let z ED (Xjr.
Leti be the straightline curve

from
X to z-

Then B lies in
D(Xr)<S.

B]
Thus the curve WTB

* [U first,
then

lies in 5 and connects a to Z.

Mus, ZEA.

So, D(xjrl[A.
Thus, xis an interior point and

A is open.

next time... B is also open...)C


