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trem (Removable Singularitythat

LetZotK. Suppose zo is an

isolated singularityof f.

Then, Zo is a removable singularity
of f iff one of the following
conditions holds:

① f is bounded in some
deleted

E-neighborhood of Zo

② lim f(z) exists
1

z +Zo

③ (im(z-zo)f(z) =0 =
2-Zo-
=

:f(z) =(z)
Z.
=0 is an isolated singularity.



Using & above we see

/im (z-0).I
2- 0

-lin **rz =0

-(im sin(z)
=sin(0) =0

z +0

So we have a removable

singularityatz =
0.

Notethatif ZF0,
then

sit=(z- !"+st-I:+..]
=1 - 5:2 +2 - I,2+...



DefineF: K -Dwhere

F(z) =1 -z +2"-I!zt...

Note that

f(z) = ESz)
when I fo

1 when I =0

The power series for
I converges

on all of K.

So, I is analytic on all of 4.

Itremoves the singularity

atZo =0.



rem: Let g and h each be

analytic atZo-

Suppose has a zero
of order m 3,0

atzo and he has a zero of
order

↳>0 at
z0.

[Ifm =0, this means g(zo)Fr]

(i) Ifmy, t, then f(z)=
has a removable singularityat Zo.

(ii) Ifmak, then f(z)=s
has a pole of order

k -m atZo.



Ex: Let

f(z) =gzi
Let Zo =0.

Note g(0)
=sinCo) =0

and h(0) =0

We have an isolated singulaity
atz=0.

Recall if 2 F0, then

sin(z) =z -+52- It...

=z(1 -!+52"-,...)

when itt



So, I hasa
oforderI

And

h(z) =7

has a zero of order
k =1 atz0 =0.

Thus, myk and the
theorem

says we have a
removable

merity.
t1"

=

()Z

Ex: Letf(z)
= h(z)

Letg(z)
=z 3

g(0) =0

and
h(z) =(et1)" h10) =0

f has an isolated
singularity

atz=0.



g has a zero
of multiplicity

m
=1 atEr

=

0.

Whatabout
h? We need

h's power series
centered at

zo
=

0. It is:

h(z) =(ez- 1)

=(- 1 +ez 3

=(A+x+z ++++..)
I

4

..
=> (z + +2 +.. C

=(E
2

3

+...)(z +z +
+r)
-e



=2 +(i +t)z+(5 +4 + 5)zt...
=2

+2 +Ezt...
=zz...)
=EG(z), where (0) FO.

So, h(z)
=(et -1 =zq(z)

has a zero of order R =2

atZ0
=

0.

Summary,
atZo

=0

f(z) =eom
atz

=0.



So, o has a pole of

Order R
- m

=2 - 1
=1 3 ca

atz=0.

Butwhat's the residue?

The nexttheorem will help.



them (on poles of order my

Letf have an
isolated singularity

atZo G K.

Then Zo is a pole
of order m

iff(z) can be writter in

the form f(z)
=14)
(I - Zr)m

for all z in some deleted

neighborhood D*(Zojr), where

9 is analytic atzo
and

q(z.) FO.

Moreover
ifthis is the

case then

Res(f; zr) =szo



=x:f(z) =E2
rusex amplepurposez"..-
-

-2+ zt...)

I
=

A+Ez z+n)

-...iE9 isanyi



-z
Theorem says

we have
a

pole oforder m
= 1,and

Res(f,0)
=(0)

(m-1)!

=9
=9(0)

-

...

=1



1 - 2 +z...
1+z +Ez +...

:
-...

&zt ...

+)
->-
...
-11zt ...-

dre


