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becontinued...)

inofthe zeros of

an analytic fraction

Suppose that f: A
+ K

where ACKis anopenset
and f is analytic A

---

/

where f(z0)
=0. , · Zo

LetZotA

I I
,

Since Ais open
I
--

there exists r>O D(Zojt)=
where -

D(zojr? A

By Taylor's theorem



f(z) = (z-z
->

f50/z-z.+0)(z-zo
Itfor all zeD(zoir).3
:ef((zo)

=0 for
Then, f(z)

=0 for all zED(zoji)

Case 2:exists
a
smallest

- where
integern

#)0



Then for zeD(Zoj) we have
- &f(z) = firstnon-zeroterm

(z-z'+

=(z -z.))+(-zst
u
not zero

=(z - z0"g(z) (n+R)(
1 -zo

where 9(z)
=IZo(n+k)!
k =0

and 4 converges on D(Zojr)



and 9(z0)
=A0.

9 is analytic on D(z0j)

since its a power series.

Summary of cuse 2:

f(z) =(z - z."q(z)Wwhere I is analytic atZo
and G(z) =0

In this case, we say that

f has a zero of order n
-

ao.



-1,Zo=
(1 - 112

f(z) =f(1) =2 - 1 =e - 1

For any ze
D we
to

(2-112
f(z) =e - I Sohe
de

=- 1 +on!(z-1
=
-x+(y+(z-4 +5 ++.)
=(z - 11 [1 +I!(z - 11+5!(z -17...]
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q(z)

=(z -11q(z)

is analytic atzr=1

and 9(z) =9(1) =1 F0

Zo= 1 is a zero of order 2

for f(E).



Theorem: [Isolation of zeros
-

of an analytic function)

Suppose thatf: A+ K
where

A =K is open
and f(z0) =0

for some ZoCA.
Suppose f

is analytic on
A.

Then either:

①There
exists so

where

D(zoir) = A
and f(z)

=
0

for all
ze D(zrjr)

-

f I 0↑Tre



--st--- d

If is locally the zero function
atzof

⑳
② there exists so

such

thatD(Zoir)
=Aand

f(z) F0 for all

zeD(zoir) -Ez.3
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---- - f(z)A
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⑰LaurentSeries

Herem (LaurentExpansion
Theorem

Let0r,2
and ZoeK

Consider the
annulus

A, =-,

-A
=(z)rckz-zrkr

We allow r
=0I u

and /or r2
=D

Eme

Suppose f: A + Kis

analytic on A.



rewean(z-e
=[..tz +90+a,(z -zo)

2

+ (z(z - zo)

+...]

for ZEA.

Both series above
converge

absolutely on A and uniformly

in sets ofthe form

Been=(z(9,
=1z - z01-923

7
where is9, <92 TV2.



This series for 2

A

f is called the

entseethe iW
atZo in the
-

sA.

If y is a
circle A

around to, oriented

counte-clockwise,
with radius

r "where ri <r<2

then



an=zSitin dw

for n =0, 1,2,3,...

and

b=2( f(w).(w-tr)"
dw

for n
=1,2,3,...

The Laurentseries
for f is

unique. That is,
any pointwise

convergentexpansion
of f

ofthis form in A
equals

the Laurent
expansion.

of: Hoffman/Marsden book




